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Preface 


Recursive or Computable Mathematics is the study of the effective or com- 
putable content of the techniques and theorems of Mathematics. Recursive 
Mathematics has been an active area of research for the last 25 years. Its 
tools are the techniques of modern Computability Theory. These tools have 
been applied to analyze the effective content of results in a wide variety of 
mathematical fields including Algebra, Analysis, Topology, Combinatorics, 
Logic, Model Theory, Algebraic Topology, and Mathematical Physics. 

This volume consists of surveys and new results from many of the leading 
researchers in the field. Almost all of the major subfields of Recursive Mathe- 
matics are represented in the volume. There are contributions which analyze 
the effective content of results from Algebra, Analysis, Combinatorics, Or- 
derings, Logic, Non-monotonic Logics, Topology and Model Theory. 


In this introduction, we will describe the historical roots of Recursive 
Mathematics as well as summarize some of the major themes that have arisen 
in the study of Recursive Mathematics and that are covered by the articles 
in this volume. We also provide a brief description of the articles of this 
volume. Finally we will end with what the editors believe are promising 
areas for further research. 
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Historical roots of recursive and 
constructive mathematics 


Mathematics consists of constructions of new mathematical objects from old 
and of proofs that these objects have certain properties and lack other prop- 
erties. Cantor’s work on set theory in the late nineteenth century presented 
to the mathematical world what Hilbert called the paradise of set theory. 
Although Cantor’s work was controversial at that time, the set theoretic 
point of view is at present widely accepted. Thus in the twentieth century, 
most working mathematicians have accepted Zermelo-Fraenkel set theory as 
the foundation of mathematics within which their work takes place. That is, 
almost all working mathematicians generally accept that Zermelo-Fraenkel 
set theory provides a foundation for mathematics with the caveat that occa- 
sionally one might have to extend ZF or ZFC by new axioms to accommodate 
certain proofs and constructions. 


Within Zermelo-Fraenkel set theory, sets are built up by operations which 
construct sets from sets such as union, intersection, and power set. In addi- 
tion, one employs comprehension-like schemes which assert that a set exists 
consisting of all elements having a property expressed in the language of set 
theory. The expression of the property in the language of set theory may it- 
self involve sets as is the case with the axiom of replacement. Moreover, one 
assumes that the basic objects, sets, are extensional. That is, if two different 
properties are satisfied by the same elements, and one property defines a set, 
then the other property defines the same set. 

However there are much narrower conceptions of mathematical objects, 
constructions, and proofs proposed by finitists and constructivists. In one 
way or another, they can be more or less adequately described within the 
classical Zermelo-Fraenkel set theory, but some of them are better viewed as 
alternate foundations of mathematics. 


The earliest instance of such constructivist tendencies is the classical 
Greek fascination with what can be constructed by limited means. For in- 
stance consider the concept of a ruler and compass construction. Here one 
is naturally led to ask questions like: “What are the ruler and compass con- 
structible regular polygons?” or “Is a segment the length of a circumference 
of circle ruler and compass constructible from a segment the length of a 
diameter?”. 
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Algebra as developed by the Greek Diophantus and by the Persian al- 
Khwarismi and his successors was wholeheartedly constructive. They wanted 
to find formulas for the solution of algebraic equations. In fact, it is thought 
by some that the word “algorithm” comes from the name al-Khwarismi. 
Descartes’ seventeenth century coordinatization of Geometry was intended 
as a reduction of geometric construction problems to the problem of solving 
algebraic equations. This endeavor was highly constructive. In fact, the 
explicit formula-based approach to Algebra continued into the nineteenth 
century to the time of Galois and Abel. By then negative results could be 
obtained since, through Lagrange, the notion of a solution by radicals of the 
fifth degree equation became precise and Galois’ theory showed there were 
no such solutions for the general fifth degree equation. 

Of the two strongest algebraists of the middle of the nineteenth century, 
Kronecker and Dedekind, Kronecker was the one to develop explicit formula 
and algorithms for all of his complex and Diophantine Algebraic Geometry. 
Kronecker’s philosophy was that the true subject matter of mathematics 
is concretely representable structures whose operations are combinatorial. 
Dedekind preferred a set theoretic approach, which was not algorithmic. One 
need merely contrast Dedekind’s set-theoretic definition of prime ideals and 
primary ideal factorizations with Kronecker’s wholly constructive description 
via polynomials found by factoring algorithms. Dedekind explicitly said that 
he wanted set-theoretic definitions which are independent of the algorithm 
used. Thus Dedekind distinguishes himself from Kronecker and started to 
lead us away from algorithmic mathematics and toward Cantor’s absolutist 
set theory. 

In Analysis, Newton and Leibniz put great emphasis on solving geometric 
and physical problems by translating them to purely symbolic forms. Newton 
especially emphasized power series. For physicists ever since, publishing 
proofs without algorithms is just not satisfactory. Almost all of Analysis 
was highly constructive till the Weierstrassian revolution in the 1850’s when 
exact definitions and proofs were developed for real n-dimensional Analysis 
and pure existence proofs using compactness arguments started to become 
popular. After the time of Dedekind in Algebra and Weierstrass in Analysis, 
general non-algorithmic set-theoretic methods took hold. 

However, very early on, mathematicians, including Cantor himself, 
realized that there were paradoxes within naive set theory. The response 
to these paradoxes led to an extensive interest in the foundation of mathe- 
matics by many of the leading mathematicians including the likes of Hilbert 
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and Poincaré. Of course, one reaction to the paradoxes was to develop a set 
of axioms for set theory which was free of the paradoxes and yet was strong 
enough to capture almost all mathematical constructions. This work led to 
the axiomatization of set theory by Zermelo and Fraenkel, and by Godel 
and Bernays. Quite another reaction was to abandon naive set theory and 
return a completely constructive foundation for mathematics as reflected in 
the work of Brouwer and Heyting. In 1918, Brouwer (11, 12] announced his 
constructivism, and played a role in Analysis similar to that of Kronecker in 
Algebra. He developed n-dimensional calculus with proofs and constructions 
that can actually be carried out by (mental) algorithms. Since he denounced 
classical logic and the resulting classical mathematics as being wrong-headed, 
rather than simply saying that it was a less constructive species of thought, 
he encountered a great deal of hostility. One of the reasons for this hostility 
is that he used all of the words of the conventional mathematician, both 
for mathematics and for proofs, but with a different meaning, and asked 
everyone else to accept his meanings. He was understandably hostile to for- 
malizing constructive logic, because as a humble human being, he thought 
that the human mind might extend his or anyone else’s notion of construction 
by finding new ones at any time. 


Hilbert’s Program and the development of 
computable functions 


The conflict between the philosophy of constructive mathematics which was 
being pursued by Brouwer [11, 12] and by his student Heyting [65, 66] and 
the overwhelming success of abstract methods, in part developed by Hilbert 
himself, lead, in the 1920’s, to Hilbert’s program to provide a finitistic proof 
of the consistency of mathematics. 

Of course, Hilbert’s program of proving mathematics consistent by fini- 
tary means was generally accepted as coming to an end with Godel’s famous 
incompleteness results [51]. Indeed, Godel observed that his theorems applied 
to any “sufficiently rich” theory and that the notion of “sufficiently rich” 
could be rephrased as systems which could compute a wide class of functions 
by employing the proof procedures of the system. Within a few years, the 
idea of a computable function on the integers had emerged through the ef- 
forts of Church [19], Kleene [79], and Turing [154]. Later significant versions 
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of the definition of computability were published by Post [120], Markov [97] 
and Mal’tsev [92]. By the end of the 1940’s, all the proposed definitions 
up to that time had been proven equivalent and the formal definition of 
computable function was widely accepted as a plausible formalization of the 
intuitive notion of a function of integers whose values can be computed by a 
fixed program or algorithm. Moreover great effort was spent to show that ev- 
ery definition of program that one could think of yielded a function which was 
computable in the formal sense. Indeed, it remains the case today that no 
one has produced a function on the natural numbers which can be computed 
by an algorithm or program that is not included within the formal definition 
of computable function. However, just as Brouwer was humble enough to 
understand that there may be people with new constructions which we will 
all accept, so too we have to admit that it is possible that some computa- 
tion scheme, not hitherto thought of, might extend the class of computable 
functions. But till then, we accept Church’s thesis that the formal definition 
of recursive function captures the intuitive notion of computable function. 

Accepting Church’s Thesis has profound implications as well as limita- 
tions. To understand’ these implications and limitations, consider Hilbert’s 
10-th problem which was to find a procedure which, in a finite number of 
steps, determines whether or not a Diophantine equation has an integral so- 
lution. We regard Matijasevié [100] as having solved this problem because 
we have accepted that such a procedure must be represented by a program 
computing a computable function with the currently accepted definition. If 
someone in the future extends the notion of computable function beyond 
our current formal definition of computable or recursive function, we would 
have to revisit Hilbert’s 10-th problem. The proof of the unsolvability of the 
word problem for groups, Church’s theorem on the undecidability of formal- 
ized arithmetic itself, etc., all have this limitation, as does most of the work 
presented in this volume. 

We should note that Hilbert never gave up on his program. Godel said 
that perhaps the only way to close the issue is to find universally acceptable 
axioms for finitary methods and then to show that consistency cannot be 
proved by any method obeying the axioms. This has not been done yet. 
Heyting’s formalization of constructive proofs by intuitionistic predicate cal- 
culus was not accepted as the last word by Brouwer for the same reasons 
as expressed above. That is, one cannot rule out the possibility that new 
constructive rules of reasoning might be discovered tomorrow and accepted 
universally. Nevertheless, Heyting’s formalization remains important since it 
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has been seen to have very deep connections with Church’s lambda calculi, 
and the Church-Curry theories, in their typed reincarnations, have had wide 
impact in Computer Science. In the end, the significance of both the formal 
definitions of computable functions and of intuitionistic logic will have to 
rest on the insights they give us about the nature of constructions and their 
usefulness in mathematics, computer science, linguistics, and other areas of 
science, and not on their problematical philosophical significance as final 
descriptions of intuitive computability and intuitive constructive reasoning. 

While the historical roots and motivation of Recursive Mathematics can 
be found in constructivist philosophies of mathematics, Recursive Mathemat- 
ics does not lie within Constructive Mathematics. Researchers in Recursive 
Mathematics use classical reasoning unacceptable to constructivists to prove 
theorems about the non-existence of computable procedures. They accept 
Church’s Thesis that the modern definition of a recursive function captures 
all functions which are intuitively computable. Constructivists simply do 
not accept the classical logic behind Recursive Mathematics. Bishop was 
the first to capture the constructive content of modern Functional Analy- 
sis, (Brouwer’s work was finite dimensional). Bishop did not view Recursive 
Mathematics as within the constructive philosophy of mathematics espoused 
in his book on Constructive Analysis [6]. He was, however, interested in 
Recursive Analysis and was helpful to researchers in Recursive Mathemat- 
ics, including Metakides, Nerode, and Remmel. Despite the fact that Re- 
cursive Mathematics is not part of Constructive Mathematics, the work on 
Recursive Mathematics does have interesting implications for Constructive 
Mathematics. For example, many of the counterexamples in the literature 
of Recursive Mathematics can easily be translated into counterexamples ac- 
cepted by a constructivist as espoused say in the work of Troelstra and van 
Dalen [152, 153]. The converse is also true that constructivist counterexam- 
ples can be used as the basis for counterexamples in Recursive Mathematics. 


Development of recursive mathematics 


With the development of a coherent notion of computable function, it was 
quite natural that researchers would begin to apply it to other areas of math- 
ematics. 

In the 1930’s, Church and Kleene raised the question of effective content 
of the theory of ordinals, namely, which ordinals and operations on ordinals 
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are constructive from the point of view of recursive functions? This they 
called the theory of constructive ordinals. The Church-Kleene constructive 
ordinals were later shown by Markwald [99] to be the ordinals represented by 
recursive well-orderings. What is noteworthy is the non-extensional character 
of the Church-Kleene theory. Their theory is a theory of recursive operations 
on notations (indices) for ordinals. The questions of whether a number is a 
notation for an ordinal, or whether two notations for ordinals are notations for 
the same ordinal, are highly non-constructive. This means that all algorithms 
should act on notations (indices) for ordinals, not on the ordinals themselves, 
Thus Church-Kleene theory of recursive ordinals contains a basic insight 
which is shared with constructivists, namely, constructive operations should 
cannot be restrained to be extensional. 

Brouwer-Heyting intuitionistic mathematics continued on in the 1930’s. 
Brouwer influenced the algebraist van der Waerden. In his 1937 book, 
Modern Algebra [157], supposedly based on lectures of the highly abstract 
algebraist Emil Artin, he said in a most un-Artinian manner “a field A is 
given explicitly if its elements are uniquely represented by distinguishable 
symbols with which addition, subtraction, multiplication, and divisions can 
be performed by a finite number of operations”, and proved that if a field A 
is given explicitly, then every simple algebraic extension A(t) and every sim- 
ple algebraic extension A(v) defined by an irreducible polynomial ¢ is given 
explicitly. On the other hand, van der Waerden states that the construction 
of a splitting field requires that the field have a factorization algorithm for 
polynomials. He states explicitly that there is no known universal method 
for factorization and “there are reasons for the assumption that such a gen- 
eral method is impossible” and refers to his 1930 paper [155] as justification. 
With the development of recursion theory it was natural to apply its def- 
initions and methods, and analogous results were proven in the recursive 
mathematics context by Frolich and Shepherdson [48] in the 1950’s. 

As for determining the effective content of Analysis, in the 1940’s Good- 
stein [58] asked what it means to be a primitive recursively computable func- 
tion of reals. Pre-World War II work of Banach-Mazur [101] was published 
in the same area in 1963. 

The development of Recursion Theory in the 1940’s and early 50’s by 
Kleene [80, 82], Post [121], Peter {119], Myhill [109], Rice [132], and many 
others, provided the basic tools for the first results in Recursive Mathemat- 
ics which appeared in the 1950’s and early 60’s. In particular, Frolich and 
Shepherdson [48] and Rabin [124, 125] provided explicit counterexamples of 
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recursive fields which failed to have factorization algorithms, which justified 
van der Waerden’s claim. Spector analyzed the effective content of recursive 
well orderings [144]. Kreisel analyzed the Cantor-Bendixson theorem [85]. 
Dekker and Myhill began to develop Isol Theory which can be viewed as an 
effective version of the theory of cardinals [33]. Lacombe [88], Goodstein [58] 
and Markov [98] started their work on Recursive Analysis. Similarly Julia 
Robinson [133] and Davis, Putnam and Robinson [29] started their work on 
Hilbert’s 10-th problem which was finally culminated in Matijasevié’s result 
[100, 28] that there is no recursive algorithm to decide whether an arbitrary 
Diophantine equation has an integer solution. 


Modern history of Recursive Mathematics 


While there was not a formally recognized subject of Recursive Mathematics, 
a number of results in Recursive Mathematics appeared in 1960’s and early 
70’s. For example, in Iso] Theory, the work of Ellentuck {34] and Nerode [110] 
answered many of the fundamental questions about the theory of effective 
cardinality on the natural numbers so that researchers begin to apply effec- 
tive cardinality theory to algebraic structures. In particular, Crossley [23], 
and independently Manaster, developed a theory of constructive order types. 
Ellentuck [36], Applebaum [2] and Hasset [62] developed a theory of isolic 
groups, Dekker [30, 31] developed isolic vector spaces. Finally Crossley and 
Nerode gave a general theory for isolic structure in their book Combinatorial 
Functors [25]. Remmel [126] extended Hay’s theory of co-r.e. isols to the gen- 
eral setting of Crossley and Nerode. Similarly there was considerable work on 
the effective content of theorems of combinatorics. Jockusch [72] studied the 
effective content of Ramsey’s theorem. Jockusch and Soare produced their 
fundamental papers on II}-classes (74, 73] which can be viewed as the study 
of the effective content of Konig’s lemma on trees. Manaster and Rosenstein 
studied the effective content [95, 96] of Hall’s matching theorem and graph 
colorings. The study of the effective content of Analysis continued to flour- 
ish throughout this period. In particular, there was the work of Sanin [137] 
and others in his Leningrad school, including Orevkov [118] and Ceitin [14]. 
Other contributions include the work of Kusner [87] and others in Moscow 
who were influenced by Markov. In the West, key contributions were made 
by Aberth [1], Hauck [63], and, much later in the 1980’s, by Pour-El and 
Richards [122]. 
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The foundations for much of the work represented in this volume can be 
traced to fundamental work by Ershov and Nerode in the early 1970’s. First 
in Russia, Ershov building on Mal’tsev’s work on constructive algebra [92] 
published his theory of enumerations [38, 39] in which he defined a construc- 
tivization of a model A with universe A to be a surjective function a:w—4 A 
such that for any atomic formulae y in the underlying language £, the 
relations {@ : A — y(a(@))} are recursive uniformly in y. In fact, Ershov’s 
theory of constructive models was first written in 1967 at Novosibirsk but was 
not published until after 1973. Ershov’s work led to a vast amount of research 
on constructive Model Theory and Algebra in the former Soviet Union. This 
effort was lead by Ershov, Goncharov and their students Peretyat’kin, Nur- 
tazin, Dobritsa, Khisamiev, Kudaibergenov, Ventsov, Fedoryaev, Morozov, 
and many others. 


Independently, at Cornell University in the United States in 1972, Nerode 
began his program to determine the effective content of mathematical con- 
structions and started to develop a systematic theory of recursive structures. 
Let Yen denote the partial recursive function of n variables computed by the 
e-th Turing machine. Here we say that a structure 


A= (A, (Riess Uf dier {icv )> 


(where the universe A of A is a subset of the natural numbers w), is recur- 
sive if A is a recursive subset of w, S, T, and U are initial segments of w, 
the set of relations {R4};cs is uniformly recursive in the sense that there 
is a recursive function G such that for all i € S, G(i) = [n;,e;] where RA 
is an n,;-ary relation and ¢.,n, computes the characteristic function of RA, 
the set of functions {f4},;¢7 is uniformly recursive in the sense that there 
is a recursive function F such that for all 7 € T, F(z) = [n:,e;] where fA 
is an n,-ary function and %e,n, restricted to A computes fA, and there 
is a recursive function interpreting the constant symbols in the sense that 
there is a recursive function H such that for alli € U, H(i) = cA. Note 
that if A is a recursive structure, then the atomic diagram of A is recur- 
sive. Thus a recursive structure which is isomorphic to a structure B can 
be viewed a constructivization of B. It follows that recursive structures and 
constructivizations are essentially interchangeable. 


In particular, in a series of papers with his student Metakides [102, 103, 
104, 105], Nerode introduced the systematic use of the finite injury priority 
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argument applied to algebraic requirements to construct recursive models 
which could be used to give effective counterexamples to classical mathe- 
matical theorems. This allowed the whole technology of modern Recursion 
Theory as developed by Friedberg, Rogers, Sacks, Lachlan, Soare, Jockusch, 
Lerman, and others, to be applied to these problems. Many applications of 
the priority argument to Recursive Mathematics were produced by Nerode’s 
students at that time: Remmel, Metakides, Millar, Kalantari, Retzlaff, Lin, 
and subsequently by many others in North America, and also by Crossley, 
Ash, Downey, Moses, Hird and others in Australia. Another theme that 
emerged from this work was a systematic theory of the lattice of recursively 
enumerable substructures of a recursive structure (see the 1982 survey paper 
by Nerode and Remmel [112]). 


During the late 1970’s and 80’s, Cold War politics allowed almost no 
communications between the schools in Novosibirsk of Ershov and the school 
of Nerode in the West, so that often results in Recursive Model Theory 
and Algebra were duplicated. Nevertheless, 25 years of work by researchers 
associated in one way or another with these two schools have generated a 
large body of results which is the main subject of most of the papers in this 
volume. Unfortunately, it is impossible within a single volume to cover all 
the areas of Recursive Mathematics and its connections with other subjects 
such as Reverse Mathematics, Constructive Set Theory, and Decidability 
Theory. However, we feel that the articles in this volume will provide the 
reader with a good overview of a significant portion of the work that has been 
produced and continues to be produced in Recursive Mathematics. In addi- 
tion, the bibliographies on Recursive Algebra and Model Theory compiled by 
Kalantari and on Recursive Analysis compiled by Brattka and Kalantari are 
valuable resources for current and future researchers in Recursive Mathe- 
matics. Recursive Mathematics continues to be a vital field and our hope is 
that this volume will inspire others to deepen our understanding and broaden 
the fields of application of Recursive Mathematics. 


Some general themes of Recursive Mathematics 


A number of important common mathematical themes emerged from the 
past work on Recursive Mathematics which the reader will find reflected in 
this volume. These include the following. 
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1. Fix a given recursive structure, ideally one which is universal for a 
large class of recursive structures, and study the complexity of various 
model-theoretical and algebraic constructions on that structure. 


2. Find necessary and sufficient conditions for the existence of recursive 
or constructive models of a theory with given properties. 


3. Classify the class of recursive models within a classical isomorphism 
type that are unique up to recursive isomorphisms. More generally, 
find necessary and sufficient conditions for existence of recursive or 
constructive representations of a given structure with nonequivalent 
algorithmic properties. 


4. Study the lattice of recursively enumerable substructures of a given 
recursive structure. In particular, investigate the similarities and dif- 
ferences with the lattice of r.e. substructures of an algebraic structure 
and the so-called Post’s zoo of maximal, simple, h-simple, hh-simple 
sets in the lattice of r.e. sets. 


5. Determine whether the class of all recursive models of a given structure 
is computable. 


6. Study the complexity of the set of solutions of a recursive instance of 
a classical combinatorial, algebraic or analytic problem. 


7. Study the possible degrees of models of a given theory or the set of 
degrees of all structures which are isomorphic to a given structure. 


8. Study the differences between r.e. presented structures and recursive 
structures. Here, an r.e. presented structure consists of a recursive 
structure modulo an r.e. congruence relation. For example, an r.e. 
Boolean algebra can be represented as a recursive Boolean algebra 
modulo an r.e. ideal. More generally, study the differences between 
recursive structures and structures recursive in some oracle set A. 


In the first area, many algebraic structures have been studied. In the 
West, the computability of ordered sets was studied by Ash, Case, Chen, 
Crossley, Downey, Feiner, Feldman, Fellner, Hay, Hingston, Hird, Jockusch, 
Kierstead, Knight, Lerman, Manaster, Metakides, McNulty, Moses, Remmel, 
Richter, Rosenstein, Roy, Schmerl, Schwarz, Soare, Tennenbaum, Trotter 
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and Watnick; the computability of vector spaces by Ash, Dekker, Downey, 
Guhl, Guichard, Hamilton, Kalantari, Remmel, Retzlaff, Shore, Smith and 
Welch; the computability of rings and fields by Ash, Hodges, Jockusch, Mac- 
Intyre, Madison, Marker, Metakides, Nerode, Mines, Remmel, Rosenthal, 
Seidenberg, Shlapentokh, Smith, Staples, Tucker and van den Dries; the com- 
putability of the structures with a dependence relation by Baldwin, Downey, 
Metakides, Nerode, and Remmel. Other mathematical structures that were 
also extensively studied include groups by Ash, Barker, Ge, Kent, Knight, 
Lin, Oates, Richards, Richman and Smith; graphs by Aharoni, Bean, Beigel, 
Burr, Carstens, Gasarch, Golze, Kierstead, Lockwood, Manaster, Magidor, 
Pappinghaus, Remmel, Rosenstein, Schmerl and Shore; Boolean algebras by 
Carroll, Downey, Feiner, La Roche, Remmel, Soare and Thurber; topological 
spaces by Kalantari, Leggett, Remmel, Retzlaff and Weitkamp. Computable 
Ramsey’s theory has been studied by Clote, Hummel, Jockusch, Seetapun, 
Simpson, Solovay and Specker. In the East, Goncharov and his students ex- 
tensively studied recursive Boolean algebras and orderings, Morozov studied 
groups of recursive automorphisms, Khisamiev studied Abelian p-groups es- 
tablishing connections between constructivizability and Ulm’s quotients, and 
Odintsov studied semi-lattices of recursively enumerable subalgebras. 

For the second type of problem, the following principal results were 
obtained: the Ershov theorems about kernels and the theorem about the 
existence of constructive models for a theory with finite obstacles, Baur’s 
theorem about the existence of constructive model for Vi-theories, the Gon- 
charov and Harrington theorem about the decidability of prime models, 
the Morley theorem about the decidability of homogeneous models, the 
Goncharov-Peretyat’kin criterion for decidability of homogeneous models, 
the Khisamiev-Millar theorems about omitting recursive types, and theo- 
rems due to Lachlan, Peretyat’kin, Millar, and Ash-Read about decidability 
of Ehrenfeucht theories. 

For the third problem various equivalence types on constructivizations 
of models were studied. In particular: recursive equivalence, autoequiva- 
lence, algebraic equivalence, program equivalence, uniform equivalence were 
investigated by Goncharov, Peretyat’kin, Nurtazin, Ash, Nerode, Ventsov, 
Uspenskii, Remmel, Kudinov and others. In this direction, powerful criteria 
for the existence of nonautoequivalent recursive representations of models 
and criteria for autostability were found by Goncharov, Nurtazin, and Kudi- 
nov. Goncharov constructed a series of examples of nonautostable models 
of finite algebraic dimension. Goncharov, Cholak, Shore, Khoussainov found 
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examples of nonautostable models with autostable enrichment of constants. 
Ash and Nerode established close connections between autostability and de- 
finability of hereditarily enumerable relations. Ash developed the method 
of labeling system that provided an essential advantage in the description of 
hereditarily arithmetic relations. This in turn, led to series of applications by 
Ash and Knight. Harizanov began important investigation of Turing spectra 
of relations. 

Extensive studies of the lattice of r.e. substructures for a variety of re- 
cursive structures have been carried out. For example, there is a large body 
of work on the lattice of r.e. subspaces £(V.,.) of an infinite dimensional 
recursive vector space by Ash, Bauerle, Downey, Hird, Kalantari, Kurtz, 
Metakides, Nerode, Remmel, Retzlaff, Smith, Shore, Welch, and others. The 
lattices of r.e. subalgebras and r.e. ideals of a recursive Boolean algebra have 
been studied by Downey, Carroll, Goncharov, Morozov, Remmel, Yang and 
others. The lattice of r.e. open sets of a recursive topological space by Kalan- 
tari, Leggett, Retzlaff, Remmel, and others. Lattices of r.e. suborderings have 
been studied by Metakides, Remmel, Roy, and others. The lattices of r.e. 
affine spaces of a recursive vector space over an ordered field have been stud- 
ied by Downey, Kalantari, Remmel and others. In addition, there has been 
significant work on providing a unified setting for the study of that lattice of 
r.e. substructures. For example, the study of the lattice of r.e. substructures 
of effective Steinitz systems, which cover both L(V.) and the lattice of r.e. 
algebraically closed subfields of an algebraically closed recursive field with 
an infinite transcendence basis, has been carried out. by Baldwin, Downey, 
Metakides, Nerode, Remmel, and others. Remmel provided an even more 
general setting which covers all the lattices described above, see the article 
by Downey and Remmel in this volume. For a survey of results up to 1982, 
see the survey article by Nerode and Remmel [112]. 

For the fifth problem, Nurtazin proved the computability of the class of 
all constructive models of a fixed signature without function symbols and 
demonstrated that such a class is not computable if the signature contains 
functional symbols. Furthermore, Goncharov proved that the class of con- 
structivizations for a decidable nonautostable model is not computable. A 
number of results concerning the complexity of index sets and the infinity of 
the Rogers semi-lattices of computable enumerations of classes of construc- 
tive models were obtained by Dobritsa. On the basis of the Ash method, the 
complexity of index sets in the arithmetic hierarchy was studied by Ash and 
Knight. 
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For the sixth type of problem see the survey articles by Gasarch for com- 
binatorics, Downey for linear orderings, and especially the survey article by 
Cenzer and Remmelon II} classes and Recursive Mathematics in this volume. 

For results on the seventh type of problem, we refer the reader to the 
survey article on degrees of models by Knight in this volume. 

Finally, prototypical results for the eighth type of problem include Feiner’s 
result [43] that there is an r.e. Boolean algebra which is not isomorphic to 
any recursive Boolean algebra, and a recent result of Thurber [150] that every 
low, Boolean algebra is isomorphic to a recursive Boolean algebra. Also see 
the survey article by Downey on linear orderings in this volume for various 
results of this type for linear orders. There has been a significant number 
of papers on r.e. presented structures. For example, Ash, Downey, Gon- 
charov, Jockusch, Knight, Metakides, Nerode, Remmel, Stob, Thurber, and 
others, have studied r.e. presented Boolean algebras; Ash, Downey, Gon- 
charov, Jockusch, Knight, Metakides, Moses, Nerode, Remmel, Roy, Rosen- 
stein, Soare, and others, have studied r.e. presented linear orderings; and 
Downey, Metakides, Nerode, and Remmel have studied r.e. presented vector 
spaces. 

The list above is by no means complete nor is the list of contributors 
listed in each area complete. Nevertheless the reader will find that keeping 
these themes in mind will explain the motivation for many of the articles in 
this volume. 

The questions above arose mainly in the study of Recursive Model 
Theory and Algebra. There is a large body of work in Recursive Analysis 
and Topology, as can be seen from the bibliography on Recursive Analysis 
and Topology at the end of this volume. The emphasis in the research on 
Recursive Analysis and Topology continues to be on analyzing the effective 
content of constructions and theorems of Analysis and Topology based on the 
definitions of computable real numbers, computable functions of the real 
numbers, and effectively closed sets. 

Just as the formalization of computable functions in the 1930’s naturally 
lead to Recursive Mathematics, the development of Complexity Theory by 
Blum, Cobham, Cook, Hartmanis, Karp, Ladner, Lewis, Sterns, and oth- 
ers in the 1960’s and 1970’s in Computer Science has led to development 
of a polynomial-time, and more generally, a feasible version of Recursive 
Mathematics which is called Polynomial-time or Feasible Mathematics. Of 
course, the definition of the polynomial-time hierarchy, the polynomial-space 
hierarchy, etc., were defined by analogy with the arithmetic hierarchy from 
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Computability Theory. The work of Karp on NP-complete problems has 
lead the ever expanding list of NP-complete problems, see Garey and John- 
son [49], and to the increasing importance of the fundamental question of 
whether P equals NP. The paper by Baker, Gill, and Solovay [4] introduced 
oracle arguments into Complexity Theory. All these ideas, plus ideas from 
Recursive Mathematics, have played an important part in the development 
of Feasible Mathematics. 

The work on Feasible Mathematics started with the work of Friedman 
and Ko [84, 46], where they developed a coherent notion of a polynomial- 
time computable function of the reals, and related a number of classical 
complexity-theoretic questions to questions about complexity of operations 
on polynomial computable functions. This subject has continued to develop 
(see the survey article by Ko in this volume). Remmel and Nerode devel- 
oped a theory of the lattice of NP-substructures of a polynomial-time pre- 
sented structure, and showed that priority arguments on oracles could play 
a fundamental role in the analysis of such lattices. The driving analogy in 
the Nerode-Remmel work is that recursive is to recursively enumerable as 
polynomial-time is to nondeterministic polynomial-time. Thus, for example, 
the polynomial-time analogue of Dekker’s [30] result, that every r.e. subspace 
of a recursively presented infinite dimensional vector space over a recursive 
field has a recursive basis, is that every NP-subspace of a polynomial-time 
presented infinite dimensional vector space over a polynomial-time field has 
a basis in P. This analogy is true over certain infinite polynomial-time fields, 
but is oracle dependent over finite fields (see [115] and the article by Cenzer 
and Remmel on Complexity Theoretic Model Theory and Algebra in this 
volume). 

Cenzer and Remmel have developed a rich theory of Polynomial-time and 
Feasible Model Theory which is also outlined in their paper in this volume. 
A number of interesting refinements of questions in Recursive Model Theory 
have arisen in Feasible Model Theory. For example, the questions of when a 
recursive model is isomorphic or recursively isomorphic to a polynomial-time 
model, or when a recursive model is isomorphic or recursively isomorphic 
to a polynomial-time model with a standard universe, such as the binary 
representation of the natural numbers or the unary representation of the 
natural numbers, leads to a surprisingly rich theory. Other developments 
in Feasible Mathematics include the work of Crossley, Nerode and Remmel 
(27, 116] on a polynomial-time analogue of Isol Theory which is far from a 
mere imitation of standard Isol Theory. Also other models of computation 
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have been studied. For example, Blum, Smale and Shub [8] developed a 
theory of complexity for computing with real numbers and Khoussainov and 
Nerode [77] have developed a theory of automata representable structures. 


Overview of the Handbook 


The Handbook of Recursive Mathematics contains over 1350 pages and hence 
we were forced to split the Handbook into two volumes. The editors decided 
that it was best to split the papers between the two volumes according to sub- 
ject matter. The first volume covers Recursive Model Theory and the second 
volume covers Recursive Algebra, Analysis, Combinatorics and a variety of 
other topics. Since we did not originally plan for two volumes, the partition 
of the papers between the two volumes could not be accomplished without 
some overlap. That is, there are a number of papers in the second volume 
which are relevant to Recursive Model Theory and use recursive model theo- 
retic techniques, and there are a number of papers in the first volume which 
are relevant to Recursive Algebra and use recursive algebraic techniques. We 
shall provide brief summaries of the papers in the two volumes below. 


Volume 1: Recursive Model Theory 


The first two papers of volume 1 were chosen because they provide good gen- 
eral introductions to Recursive or Computable Model Theory as developed 
in both the West, mainly the United States and Australia, and the East, 
mainly in the former Soviet Union. The rest of volume 1 is devoted to more 
specialized topics in Recursive Model Theory. The last paper of the volume 
is asurvey paper by Cenzer and Remmel on Polynomial Time Model Theory 
and Algebra. The Cenzer and Remmel paper shows how seriously taking 
into account the resource bounds of computations greatly affects the types 
of questions and results that one obtains when considering effective content 
of model theoretic questions. It also surveys results on resource bounded 
versions of algebraic constructions, and thus provides a nice segue into the 
second volume. 


In the first paper of volume 1, Harizanov provides a very valuable survey 
of results in Recursive or Computable Model Theory mainly from the Western 
perspective in her article “Pure Computable Model Theory”. In particular, 
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she supplies the model theoretic background as well as the proofs of a large 
number of basic results in computable model theory, including the basic 
effective completeness theorem and effective omitting types theorem, various 
results on conditions which ensure the existence of various types of decidable 
models including prime, homogeneous, and saturated models or models with 
effective sets of indiscernibles, results on decidable theories with only finitely 
many models or finitely many recursive models (the so-called Ehrenfeucht 
theories, or effective Ehrenfeucht theories), a theory of the degrees of models, 
and classification results on the number of computable models. Thus her 
article is an excellent place for a student who is interested in Recursive Model 
Theory as well as a valuable reference for established researchers in the field. 


The article by Ershov and Goncharov, “Elementary Theories and Their 
Constructive Models”, is a good introductory article for those who are un- 
familiar with the approach of the Ershov school to Recursive Model Theory. 
They provide a survey of some of the basic existence theorems for construc- 
tive and strongly constructive models. In particular they provide a proof of 
the Goncharov-Peretyat’kin criterion for the existence of a decidable homo- 
geneous model. They also apply their theory to Boolean algebras, which is a 
rich source of examples and for which a well developed theory of constructive 
models exists. 


The paper, “Isomorphic Recursive Structures” by Ash, surveys several 
results on when a recursive structure is unique up to recursive isomorphisms, 
A$ isomorphisms, etc.. In a similar spirit, Ash looks at conditions which 
ensure that a given relation is always recursive, r.e., ©9, etc., in any recur- 
sive structure which is isomorphic to the original recursive structure. Such 
relations are called intrinsically recursive, r.e., etc.. A number of character- 
izations of intrinsically recursive and r.e. relations can be found in the Ash 
article. 


The article “Computable Classes and Constructive Models” by Dobritsa 
presents a large body of results on when the set of recursive models, which are 
isomorphic to a given recursive model or are extensions of a given recursive 
model, are computable; in the sense that one can effectively list all such 
models. In addition, he surveys a number of results on conditions which 
ensure that the class of such recursive models lies in the arithmetic hierarchy. 
A theory of effective reductions of one class of models to another class of 
models is also presented. 
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In the paper “S—Definability of Algebraic Systems”, Ershov proves a num- 
ber of interesting results on the extension of his theory of numerations and 
constructivizations where recursive and computable functions are replaced 
by definability notions from the theory of admissible sets. He thus defines 
the notion of a L-definable algebraic structure of an admissible set, and 
proves a number of analogues of results on constructivizations of algebraic 
structures in this setting. This work opens up another extension of Recursive 
Mathematics using notions from a-recursion theory and admissible sets. 


In the article “Autostable Models and Algorithmic Dimensions”, Gon- 
charov defines several reducibilities which can be defined on the class of 
constructivizations, Con (2), of a given model Nt. That is, given two con- 
structivizations v, 2: w — SM, we say that 


l. v <x yp, if there exists a recursive function f such that v = pf 
(Kolmogorov reducibility), 


2. v < p, if there is an automorphism y of IM such that yy <K ps 
(autoreducibility), 


3. v <u y, if there exists a computable operator F' such that F(x,-1(s)) = 
Xv-1(s) for all relations S which are stable in the sense that S is invariant 
under automorphisms of IN (uniform reducibility), 


4. v <p yp, if there is a partial recursive function f such that if y, is the 
characteristic function of 4~1(S) for some stable relation S, then y(n) 
is the characteristic function of v~'(S) (program reducibility), and 


5. VY SaAlg HM, if every stable relation of St which is decidable under the 
constructivization y is also decidable under the constructivization v 
(algebraic reducibility). 


Goncharov then discusses the relations between these reducibilities, and 
surveys a number of results on conditions which ensure that the set of 
reducibility classes of a model has cardinality 1, w, or is finite. 


In her article “Degrees of Models”, Knight presents another significant 
theme in recursive model theory, namely, she surveys a number of results on 
the sets of degrees of structures which are isomorphic to a given structure or 
the set of degrees of models of a particular theory. For example, let DI(A) = 
{deg(B) : B is isomorphic to A}. Generally DJ(A) is closed upwards so that 
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it is natural to ask whether there is a least element in DI(A), i.e., when 
is there a degree ¢ such that DI(A) = {d: d 2r c}? Knight surveys a 
number of results on structures for which such a degree c exists, and on 
structures for which no such degree c exists. More generally, one can define 
a structure to have a-th jump degree d for a given recursive ordinal a if 
{b() : b € DI(A)} = {ce : ¢ >7 d}, where b'*) denotes the a-th jump of 
b. Knight also surveys a number of interesting results on structures which 
have an a-th jump degree. Finally Knight presents results on the possible 
degrees of non-standard models of arithmetic and on results which guarantee 
the existence of recursive models of nonrecursive theories. 


In his article “Groups of Computable Automorphisms”, Morozov pro- 
vides a survey of results on the groups of all automorphisms, of all recursive 
automorphisms, of all arithmetic automorphisms, etc., of a recursive or con- 
structible model over an effective language. He starts his survey with a 
number of general results on the set of recursive automorphisms of a recur- 
sive model. For example, there exist many examples of recursive models 
which have 2% automorphisms but only a single recursive automorphism. In 
fact, one can construct a homogeneous strongly constructive model which 
has 2%° automorphisms, but every constructivization of that model has only 
one recursive automorphism. Similarly, one can construct a hyperarithmetic 
model with 2%° automorphisms, but which has a unique hyperarithmetical 
automorphism. He also surveys results about when a recursive model I 
can have a computable set of recursive automorphisms Autr(9I). He ends 
his survey with a number of interesting results on the set of recursive auto- 
morphisms of recursive Boolean algebras and vector spaces. For example, it 
is known that if B is a decidable atomic Boolean algebra and B’ is any recur- 
sive Boolean algebra, then the fact that Aut,(B) is isomorphic to Aut,(B’) 
implies that B is isomorphic to B’. On the other hand, a result of Remmel 
shows that for any recursive Boolean algebra with infinitely many atoms, 
there exists a recursive Boolean algebra C isomorphic to B such that every 
recursive automorphism of C’ moves only finitely many atoms. Morozov’s 
article shows that there is a surprisingly rich theory of the various auto- 
morphism groups of recursive models. 


In his article “Constructive Models and Finitely Axiomatizable Theories”, 
Peretyat’kin surveys a number of results on finitely axiomatizable theories. 
Finitely axiomatizable theories have been extensively studied in model the- 
ory, and Peretyat’kin provides a nice summary of such results in his article. 
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He then surveys results on the complexity of the the prime, countably homo- 
geneous, and countable saturated models of such theories as well as a large 
number of index set results for finitely axiomatizable theories. He also sur- 
veys a number of interesting results on the complexity of the Lindenbaum 
algebra of finitely axiomatizable theories. Finally he presents a long list of 
open problems in the area. 


As mentioned above, the last article of volume 1 looks at how resource 
bounds affect questions in Recursive Model Theory. That is, one restricts 
one’s attention to models where the underlying universe, functions, and rela- 
tions are limited to be in some natural complexity class such as polynomial- 
time or polynomial-space, and studies how such restrictions affect the types 
of results developed in Recursive Model Theory. As the reader can see from 
the article by Cenzer and Remmel in this volume, and the article by Ko on 
Polynomial Time Analysis in the second volume, restricting one’s attention 
to feasible functions does not produce a theory which is a mere imitation 
of results in Recursive Mathematics. Cenzer and Remmel provide an in- 
troduction to the types of questions which arise in Feasible Mathematics in 
their article “Complexity Theoretic Model Theory and Algebra”. Cenzer and 
Remmel give a survey of their theory of polynomial-time and feasible models 
in this paper. They also survey the theory of Polynomial-time Algebra and 
the theory of the lattices of NP-substructures of a polynomial-time structure 
that has been developed by Nerode and Remmel. This paper provides a good 
introduction to an area that is really in its infancy. Nevertheless, the results 
achieved so far show that this is an interesting area of research in which a 
number of new phenomena arise which do not appear in Recursive Algebra. 
Thus Polynomial-time Model Theory and Algebra offer a rich opportunity 
for further research. 


Finally, volume 1 ends with two extremely valuable bibliographies. The 
first is a bibliography on Recursive Algebra which was compiled by Kalantari. 
The second is a bibliography on Recursive Analysis and Topology that was 
compiled by Kalantari and Brattka. Both of these bibliographies were put 
together in response to a rather late request by the editors. Because of the 
lack of time, the bibliographies could not be as exhaustive as desired and we 
apologize to those whose work has been inadvertently omitted. Nevertheless, 
these bibliographies are valuable additions to this volume and provide those 
researchers and students who want a deeper treatment than is presented in 
this volume a valuable guide to the literature. 
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Volume 2: Recursive Algebra, Analysis, and Combinatorics 


In the first paper of the second volume, “II? Classes in Mathematics”, Cenzer 
and Remmel provide a fairly comprehensive survey of the uses of II? classes 
in Recursive Mathematics. It is well known to recursion theorists that II? 
classes are ubiquitous in many areas of mathematics. The reason why II? 
classes arise so naturally in Recursive Mathematics is because it is often the 
case that the set of solutions to a recursive problem can be viewed as the set 
of paths through a recursive tree. For example, the set of proper k—colorings 
of a recursive graph G can be viewed as the set of paths through a recursive 
tree Tg, and hence is a II? class. The question then becomes whether for every 
recursive tree T, the set of paths through T is in one-to-one degree preserving 
correspondence with the set of k-colorings of some recursive graph. Ifso, then 
one can transfer a vast number of results on the possible degrees of elements 
of II? classes and index set results for II¢ classes to results about the set of 
k-colorings of a recursive graph. Cenzer and Remmel give a large number of 
problems for which this type of correspondence, and weaker correspondences, 
exist. They also give an overview of basic results on II? classes, and explain 
how such results can be used to give a complexity analysis of a large number 
of problems considered in Recursive Mathematics. 


Downey, in his paper “Recursion Theory and Linear Orderings”, provides 
an extensive survey of results on recursive orderings. A number of very in- 
teresting questions have arisen in the theory of recursive orderings, including 
the question of classifying when certain recursive orderings are unique up 
to recursive isomorphisms, the question of finding the effective dimension of 
a recursive partial ordering, the question of when an r.e. presented linear 
ordering or low linear ordering is isomorphic to a recursive linear ordering, 
the question of when a linear ordering has an effective w or w* sequence, 
and many others. Downey’s paper is an excellent starting point for those 
who are not conversant with Recursive Mathematics, as his paper starts out 
with a good introduction to many basic theorems and techniques of modern 
computability theory. 


In the paper, “Effective Algebras and Closure Systems: Coding Proper- 
ties”, Downey and Remmel show that a large number of results on the lat- 
tice of r.e. substructures of various recursive structures can be given uniform 
proofs which often involve simple coding arguments based on results from 
the lattice of r.e. sets. They work in a general setting due to Remmel [129] 
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called effective closure systems, which cover a large number of lattices, in- 
cluding the lattice of r.e. sets, the lattice of r.e. subspaces of an infinite 
dimensional recursive vector space over a recursive field, the lattice of r.e. 
algebraically closed subfields of a recursive algebraically closed field with an 
infinite transcendence basis, and the lattice of r.e. ideals and the lattice of r.e. 
subalgebras of a recursive Boolean algebra. They also give some examples of 
lattices which cannot be covered by their general setting. 


Gasarch provides an extensive survey of results on the effective content of 
theorems in combinatorics in his article “Recursive Combinatorics”. Many 
results in infinite combinatorics are not effective, and there is a large body of 
work on classifying which of the various theorems from graph theory, order- 
ings, Ramsey theory, matching theory, etc., are or are not effective. More- 
over, there are many beautiful recursive variations of combinatorial problems 
that provide many avenues of interesting research. For example, Dilworth’s 
theorem that every partial ordering of width n can be covered by n chains 
is not effective. Indeed, it is relatively easy to construct recursive partial 
orders of width 2 which cannot be covered by 2 recursive chains. However 
Kierstead [78] showed that every recursive partial order of width n could 
be covered by 5 (5" — 1) recursive chains. The exact bound on how many 
recursive chains are required to cover a recursive partial order of width n 
is not known. Gasarch’s article has extensive connections with the articles 
of Downey on recursive orderings, of Cenzer and Remmel on II? classes and 
Recursive Mathematics, and of Kierstead on recursive and on-line colorings. 


In his article “Constructive Abelian Groups”, Khisamiev looks at the ef- 
fective content of the theory of Abelian groups. First he surveys a large 
number of results on various classes of groups which have a constructiviza- 
tion, i.e., groups which have a recursive presentation, and groups which have 
a strong constructivization, i.e., groups which have a decidable presentation. 
This provides a number of nice examples of the differences between construc- 
tivizations and strong constructivizations. He then goes on to classify which 
groups have a unique recursive presentation up to recursive isomorphisms. 
He also presents a number of results which show that Ulm’s theorem for p- 
groups is not effective. Finally he surveys results on the constructibility of 
torsion-free abelian groups and results on the constructibility of subgroups 
and factor groups in constructible groups. The Khisamiev article thus pro- 
vides a fascinating chapter of the interactions of Recursive Mathematics with 
a classical Algebra. 
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The article by Kierstead, “Recursive and On-Line Graph Coloring”, stud- 
ies another very interesting connection of recursive mathematics with com- 
puter science, namely the theory of on-line algorithms. In the on-line coloring 
problem for a graph G, the set of vertices of the graph are presented one at 
a time and the on-line algorithm is required to decide the color of that ver- 
tex based only on the knowledge of the colors assigned to, and the edges 
between, the points which have previously appeared plus the current vertex. 
The connection with finding recursive colorings is due to the fact that to give 
a procedure to recursively color a graph, one can only use local information, 
and hence an on-line coloring algorithm can be translated into results about 
recursive colorings. It turns out that many of the techniques developed in 
the study of recursive colorings of recursive graphs have applications to the 
on-line coloring of graphs. In particular, certain recursive counterexamples 
can be translated to give counterexamples for on-line colorings. It should 
be noted that the theory of on-line colorings contains many subtle questions 
which have no analogues in recursive graph theory, and Kierstead’s article 
presents a number of such questions and surveys a number of interesting 
results in this area. 


Ko presents a survey of results in Feasible Analysis in his article “Poly- 
nomial Time Analysis”. After a brief survey of results on recursive analysis 
and the basic definitions of the complexity theoretic hierarchies, Ko presents 
the Friedman-Ko model of complexity of computable functions f : [0,1] > R. 
He then studies the complexity of various operations on computable real 
functions including maximization, root-finding, integration, solving ordinary 
differential equations, and solving integral equations. In each of these cases, 
there are very strong connections with standard Complexity Theory. For 
example, one of the first results in this area is due to Friedman, and states 
that the following are equivalent: 

1. P= NP. 

2. For each polynomial-time computable function f : [0,1]? + R, the 
function g(x) = max{f(z,y) : 0 < y < 1} is polynomial-time com- 
putable. 

3. For each polynomial-time computable function f : [0,1] > R, the func- 
tion g(z) = max{f(y) :0 < y < x} is polynomial-time computable. 

4. For each polynomial-time computable function f : [0,1] > R that is 
infinitely differentiable, the function g(x) = max{f(z,y):0<y <1} 
is polynomial-time computable. 
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For each of the operations listed above, Ko surveys results on conditions 
which guarantee polynomial-time or polynomial-space solutions, as well as re- 
sults connecting the problems of finding polynomial-time or polynomial-space 
solutions in general with well known separation problems from Complexity 
Theory. Thus, Ko presents another interesting area of Feasible Mathematics 
which is a fruitful area for further research. 


The theory of recursive or constructive Boolean algebras provides an im- 
mensely rich area for Recursive Mathematics, see for example Remmel’s 
survey article [130] and Goncharov’s book [57]. In his article, “Generally 
Constructive Boolean Algebras”, Odintsov surveys a number of results on ex- 
tensions of constructible Boolean algebras. A strongly constructive Boolean 
algebra is a Boolean algebra B such that there exists a map vy: w + B such 
that the set of all (n, bo, ..., b:-1), where n is an index of a first order 
formula y, such that BF on(v(bo),..., v(bn-1)), is recursive. One can 
generalize this notion in several ways. For example, one could restrict the 
set of formulas y, to consists only of ©, formulas or I, formulas. Simi- 
larly, one could insist that the set of all (n, bo9,..., bn-1), where n is an 
index of a first order formula y, such that BF yn(v(bo), ... , v(bn-1)), be 
arithmetic rather than recursive. One could also consider formulas in some 
fragment of second order logic like L(Q), where Q is the Mostowski quanti- 
fier, “there exist infinitely many”. Finally one can add extra predicates such 
as predicates for various types of filters. Odintsov surveys results on all of 
these possible extensions and shows that there are many natural extensions 
of the basic notions of constructivizability and strong constructivizability 
which yield fruitful areas of study. 


The article “Reverse Algebra”, by Simpson and Rao, provides an intro- 
duction and survey of results on Reverse Mathematics and Algebra. The goal 
of Reverse Mathematics is to answer the question about which set existence 
axioms are needed to prove theorems in ordinary mathematics. To this end, 
five subsystems of second order arithmetic have been introduced: RCAg which 
consists of the usual axioms for the ordered semi-ring (w, +,-, 0,1, <) plus 
A°’-comprehension and ¥9-induction, WKLo which is RCAg plus the state- 
ment of weak Konig’s Lemma (every infinite n-ary branching tree has an 
infinite path), ACAo which is RCAg plus comprehension axioms for all arith- 
metical formulas, ATRo which includes ACAg plus the axiom that arithmetical 
comprehension can iterated along any countable well ordering, and IIj-cA 
which consists of RCAg plus comprehension axioms for all II} formulas. At 
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this point, there are a large number of theorems of classical mathematics that 
have been classified according to these five subtheories. For example, consider 
the theorem that every commutative ring has a maximal ideal. Friedman, 
Simpson, and Smith [47] have shown that this theorem can be proved in 
ACAg, and moreover that any theorem which can be proved in ACAo can be 
proved in the theory RCAg plus the axiom that every commutative ring has 
a maximal ideal. Thus one could say that this theorem has the same power 
as arithmetic comprehension. Simpson and Rao survey a number of theo- 
rems in Algebra that have been classified with this framework and provide 
an interesting section on the connections between Reverse Mathematics and 
Recursive Mathematics. 


Relations with other subjects and 
future developments 


We have attempted to show in this introduction that there is a natural re- 
lation between Recursive Mathematics and other areas of Mathematics. For 
example, there is a natural relation between Recursive Mathematics and Con- 
structive Mathematics. There is also an intimate relation between Recursive 
Mathematics and Reverse Mathematics which was started by Friedman to 
classify theorems of mathematics by their proof theoretic strength over weak 
theories of arithmetics (see Simpson’s article in this volume). Similarly, some 
of the work on Recursive Combinatorics is naturally connected with the the- 
ory of on-line algorithms (see Kierstead’s article in this volume). 


There are many important unsolved problems in Recursive Mathematics 
and many areas which require further development. For example, the effec- 
tiveness of model-theoretic constructions continues to supply a rich source 
of problems. Pour-E] and Richards [122] looked at the effective content of 
results from mathematical physics, but their work has just scratched the sur- 
face of a large area of interesting problems concerning the effective content of 
other applied areas, such as physics, control theory (see the article by Ge and 
Nerode [50]), and statistics. The work on Feasible Model Theory still lacks 
the sort of general sufficient conditions for the construction of polynomial- 
time models that abound in Recursive Model Theory. Similarly a theory 
of Polynomial-space Model Theory and Algebra is yet to be developed. In 
general, the work on Feasible Algebra has not yet yielded the equivalences 
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with classical complexity theoretic questions that can be found in the theory 
of Polynomial-time Analysis. In contrast, the use of the priority method 
which has many applications in Recursive Model Theory and Algebra has 
not found any uses in Recursive Analysis. This raises the question of whether 
there is an essential difference between Recursive Model Theory and Algebra 
versus Recursive Analysis, or whether we have just not studied sufficiently 
deep questions in Recursive Analysis to require the priority method at this 
time. Many open questions remain on the effective content of fields and 
topological vector spaces. 

The exact relation between Recursive Mathematics and other areas is not 
well understood. For example, are there relations between Recursive Math- 
ematics and typed lambda calculus interpretations of higher order intuition- 
istic logic, as in the work of Girard, or between Recursive Mathematics and 
untyped lambda calculus models of intuitionistic Zermelo-Fraenkel set the- 
ory, as in the work of McCarty [91]? In the same vein, the relation between 
Friedman-Simpson’s weak systems which have only limited comprehension, 
the systems of Reverse Mathematics, and Recursive Mathematics is still not 
completely understood. For example, does the finer analysis of the effective 
content of Kénig’s lemma, i.e., the full theory of IIf classes, give a finer anal- 
ysis of proof theoretic strengths? For example, can Reverse Mathematics 
distinguish between problems which can represent an arbitrary recursively 
bounded II? class as opposed to the class of separating sets of a pair of r.e. 
sets (see the article by Cenzer and Remmel on II? classes in this volume)? 
We hope that the methods surveyed in this book will help to clarify these 
matters. 
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Introduction 


Exploiting the fundamental concepts of computability theory, computable 
model theory introduces effective analogues of model-theoretic notions. By 
combining methods from both fields, it has enabled the development of ma- 
chinery for investigating the effective content of model-theoretic construc- 
tions. While some model-theoretic constructions can be replaced by effective 
ones, for others such replacement is impossible. Thus, another important 
objective for computable model theory is the discovery of effective coun- 
terexamples to model-theoretic results. For instance, Vaught’s theorem (no 
complete theory has exactly two non-isomorphic countable models) cannot 
be effectivized. 

The article begins with the foundations of computable model theory: the 
definitions and examples of decidable theories, and computable and decid- 
able models. It then presents the effective completeness theorem and the 
effective omitting types theorem; and characterizations of decidable theo- 
ries with decidable prime models, and then with decidable saturated mod- 
els. The next sections characterize decidable homogeneous models, and give 
examples of decidable theories with exactly two non-isomorphic decidable 
models. The following sections present the results on decidable theories with 
only finitely many, and on decidable theories with only countably many, 
non-isomorphic countable models, and investigate the model-theoretic na- 
ture and the computability-theoretic complexity of models of such theories. 
Later sections study indiscernibles from the computability-theoretic point 
of view, and the degrees of models. Finally, we consider the isomorphisms 
of effective models and related subtopics, such as intrinsically c.e. relations, 
computably stable models, and computably categorical models. 

Computable model theory was developed simultaneously and for the most 
part independently in the West, mainly in the United States and Australia, 
and in Russia. Because of poor communication between the two groups, 
many results were independently discovered by both groups. This article 
looks at computable model theory from the Western perspective. (There 
are articles in this volume on the Russian approach.) However, the article 
also presents some results of the Russian group, and often emphasizes the 
connections with and gives references to their results. 

Almost every section contains a detailed proof with a survey of the 
computability-theoretic and model-theoretic background needed. The bib- 
liography contains both Western and Russian papers in pure computable 
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model theory, but not papers in computable algebra nor in computable com- 
binatorics. Another survey article on this subject has been recently and 
independently written by Millar [148]. 


1 History 


The goal of computable mathematics is to find the extent to which certain 
classical results of mathematics are effectively true. Although many consider 
the modern study of computability of algebraic constructions to have started 
with Frohlich and Shepherdson in 1955-56 and Rabin in 1958-60, even van 
der Waerden in his book [210] from 1930, see also [211], discussed the problem 
of carrying out certain field-theoretic procedures effectively. He also defined 
an ezplicitly given field as one whose elements are uniquely represented by 
distinguishable symbols with which one can perform the field operations ef- 
fectively. In a pioneering paper from 1930, van der Waerden [209] proved that 
there does not exist a splitting algorithm applicable to every explicit field. 
Frohlich and Shepherdson [62, 63] used the precise notion of a computable 
function to obtain a collection of results and examples about explicit fields. 

Rabin [176, 177] did a systematic study of computable groups and com- 
putable fields. In Russia, a systematic study of constructive algebraic systems 
and their enumerations was initiated by Mal’cev [124] in the 1960’s, and con- 
tinued by Ershov and his collaborators, see [56, 57]. 

In the 1970’s, Nerode and his collaborators revived the study of com- 
putability of algebraic constructions. At the 1974 Recursive Model Theory 
Symposium at Monash University (Melbourne, Australia), Metakides and 
Nerode announced that, in addition to other computability-theoretic tools, 
they started using the priority method as an important tool in the algo- 
rithmic part of computable mathematics, see [128]. Thus, they founded in 
the West the field of the post-Friedberg-Muchnik computable mathematics. 
Metakides and Nerode used the priority method in their systematic study of 
the effective content of specific structures, such as vector spaces [129], fields 
[130], and structures with a dependence relation [131]. For more information 
on the development of computable mathematics see [38, 132, 183]. In Rus- 
sia, the post-Friedberg-Muchnik constructive mathematics was founded by 
Nurtazin and Goncharov in the 1970’s [79, 159]. 

In the West, the computability of ordered sets has also been studied by 
Ash, Case, Chen, Crossley, Downey, Feiner, Feldman, Fellner, Hay, Hingston, 
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Hird, Jockusch, Kierstead, Knight, Lerman, Manaster, Metakides, McNulty, 
Moses, Remmel, Richter, Rosenstein, Roy, Schmerl, Schwarz, Soare, Ten- 
nenbaum, Trotter and Watnick; the computability of vector spaces by Ash, 
Guhl, Guichard, Dekker, Downey, Hamilton, Kalantari, Remmel, Retzlaff, 
Shore, Smith and Welch; the computability of rings and fields by Ash, 
Hodges, Jockusch, MacIntyre, Madison, Marker, Mines, Rosenthal, Seiden- 
berg, Shlapentokh, Smith, Staples, Tucker and van den Dries; the com- 
putability of the structures with a dependence relation by Baldwin, Downey 
and Remmel. The computability in other mathematical structures is also ex- 
tensively studied: in groups by Ash, Barker, Ge, Kent, Knight, Lin, Oates, 
Richards, Richman and Smith; in graphs by Aharoni, Bean, Beigel, Burr, 
Carstens, Gasarch, Golze, Kierstead, Lockwood, Manaster, Magidor, Pappin- 
ghaus, Remmel, Rosenstein, Schmerl and Shore; in Boolean algebras by Car- 
roll, Feiner, LaRoche, Remmel and Thurber; in topological spaces by Kalan- 
tari, Legett, Remmel, Retzlaff and Weitkamp. Computable Ramsey’s theory 
has been studied by Clote, Hummel, Jockusch, Seetapun, Simpson, Solovay 
and Specker. Computability in analysis and physics has also been studied, 
see [175]. 

The generalization of the definition of a particular computable algebraic 
structure to an arbitrary model yields one of the basic concepts of pure com- 
putable model theory, an area of logic developed in the last twenty-five years. 
That is, the notion of a computable model, and a stronger notion of a de- 
cidable model. Lerman and Schmerl have given examples of theories with 
computable models. The first general results in computable model theory 
have been obtained by following the fundamental notions and results of clas- 
sical model theory. For example, Millar has obtained the effective version of 
the omitting types theorem, and Harrington, Goncharov and Nurtazin have 
found when a complete decidable theory with a prime model has a decidable 
prime model. Millar and Morley have characterized decidable theories with 
decidable saturated models, and Goncharov and Peretyat’kin have charac- 
terized decidable homogeneous models. Barwise, Schlipf and Ressayre have 
introduced the notion of a computably saturated model. Although developed 
in the context of admissible sets and admissible fragments of infinitary logic, 
computably saturated models have also provided a useful tool for research 
and exposition in classical model theory. 

In the West, Millar has further produced an extensive body of work on 
topics including effective Vaught’s theorem, the structure of types in decid- 
able models, decidability and prime, saturated and homogeneous models, 
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decidable theories with finitely many and decidable theories with countably 
many non-isomorphic countable models. Reed has also studied decidable 
theories with finitely many non-isomorphic countable models. Kierstead and 
Remmel have investigated the degrees of sets of indiscernibles in decidable 
models. Ash, Knight, Macintyre, Marker, Nadel, Nies, Richter, Jockusch, 
Lachlan, Scott, Shoenfield, Shore, Soare and Tennenbaum have studied the 
degrees of models of various theories, including the theory of linear orders, 
Peano arithmetic, true arithmetic, and the theory of Boolean algebras. 

The whole spectrum of questions involving the isomorphisms of abstract 
computable models has been investigated by Ash, Barker, Chisholm, Cholak, 
Crossley, Downey, Eisenberg, Guichard, Harizanov, Hird, Khoussainov, Kni- 
ght, Manasse, Manaster, Millar, Moses, Nerode, Remmel, Shore, Slaman and 
Wehner. The lattices of computably enumerable submodels have been stud- 
ied by Ash, Guichard, Carroll, Downey, Metakides, Nerode, Remmel and 
Smith. More recently, Nerode, Remmel and Cenzer [31, 157] have been de- 
veloping feasible model theory (as a part of feasible mathematics), the theory 
of models with bounded space and time resources. They have investigated 
how feasible models differ from computable models. The feasible models 
studied include Boolean algebras, abelian groups, linear orders, models of 
arithmetic, and graphs. 


2 Notation and Basic Definitions 


The set {0,1,2,...} of all natural numbers is denoted by w. Unless explicitly 
stated otherwise, it is assumed that all languages considered are first-order 
and computable (hence at most countable), and that the domains of the 
considered models are subsets of w. For a set of sentences T, by L(T’) we 
denote its language. A set of sentences T is deductively closed if T contains 
every sentence o of L(T) such that T+ o. A consistent deductively closed 
set of sentences is called a theory. 

Models are denoted by script letters, and their domains by the corre- 
sponding capital Latin letters. By A C B we denote that A is a submodel of 
B, and by A x B that A is an elementary submodel of B. By A= B we de- 
note that A and B are elementarily equivalent, and by A = B that A and 8 
are isomorphic. A model is prime if it can be elementarily embedded in every 
model of its theory. Hence a prime model for a countable language must be 
countable. Two prime models of the same complete theory are isomorphic. 
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Let A be a model (with domain A) for L. By Th(A) we denote the 
theory of A. For X C A, let Ly be the language LU {a: a € X}, L 
expanded by adding a constant a for every a € X. Let Ay = (A,a)aex 
be the expansion of A to the language Ly such that for every a € X, a 
is interpreted by a. The atomic diagram of A is the set of all atomic and 
negated atomic sentences of [4 which are true in Ay. It is denoted by Ay. 
The complete diagram of A is the set of all sentences of L4 which are true in 
Aa. The complete diagram of A is often called an elementary diagram of A. 

A sequence of variables displayed after a formula or after a set of formulae 
includes all the free variables occurring in any of the formulae. For two 
sequences © and 7 of the same length k, by writing &/y after a formula or a 
set of formulae, we denote the result of replacing every occurrence of y(7) by 
2(z) for i < k. To simplify the notation, instead of 0(y)(x/y) we often write 
only 0(z). For a set of formulae 0, AQ is the conjunction of all formulae 
in ©. For a formula 9, let 0! =ger 6 and 6° =der -8. 

A formula is in a ©§ = II} form if it contains no quantifiers. For n > 0, 
a formula is in a U2 (I°, respectively) form if it is logically equivalent to a 
formula in a prenex normal form which begins with an existential (universal) 
quantifier and has n — 1 alternations of quantifiers. SU? (II?, respectively) 
sentences are also called existential (universal, respectively). T3 (Ty, respec- 
tively) denotes the set of all existential (universal, respectively) sentences in 
T. For infinite cardinals « and A, L,, denotes the infinitary logic which 
has « individual variables, allows conjunction and disjunction of a set of < k 
formulae, and allows universal and existential quantification over a set of < » 
individual variables. In particular, L,, is classical first-order logic, and Luu 
allows countable conjunctions and disjunctions but only finite quantification. 
For more information on infinitary logic see [98]. 

A type of a theory T in variables zo,... ,%p—1 is a maximal consistent 
set of formulae containing 7’, with free variables among Zo,...,2%n_1- To 
emphasize its maximality, it is often called a complete type in the literature. 
An n-type is a type in n variables, and a (finite) type is an n-type for some 
né€w. IfP(xo,...,2n-1) isa type and 2;,,... ,2i,_, € {£0,--- ,Tn-1}, then 


| {zi,,--. ,2i,_,} is the subtype of I in variables z,,,... ,t;,_,. A formula 
6(xo,-.. ,2n—1) is complete in T if for every formula #(Z0,... , Zn-1), exactly 
one of 


TH (V2o) ane (V2n-1)[A(z0, sae In-1) > (Zo, eee stu-1)|, 
TER 2p) 0 (Wena NO Goin vad) ogee oR 21)] 
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holds. That is, there is exactly one (complete) type of T in zo,... , 2n—1 which 
contains 6. A type which contains a complete formula is called principal. 
The set of all (complete finite) types realized in a model A is called the type 
spectrum of A. A type spectrum of a theory is the type spectrum of one of 
its models. 

Let X be a set. |X| denotes the cardinality of X. X is countable if 
|X| = w. X is at most countable if |X| < w. Let « be an infinite cardinal, 
and let T’ be a complete theory in a countable language. T is called stable 
in power k, or k~stable, if for an arbitrary model U of T, for every subset 
X of U with |X| = «, the model Ux realizes exactly « many 1-types. T is 
called stable if it is stable in some power. If T is No-stable, then T is stable 
in every infinite power (see Chapter VII of [32]). T is called superstable if it 
is K-stable for every x > 2®°. For more information on stability theory see 
[22, 120, 174]. 

The quantifier J!z abbreviates “there exists a unique z”. The empty set 
is denoted by 9g. For a set X, P(X) is its power set. If f is a partial function, 
then dom(f) is the domain of f, rng(f) is the range of f, and f(a) | denotes 
that a € dom(f). The length of a sequence 7 is denoted by lh(z). If F = 
(xo,-.. ,2n-1) and f is a unary function, then f(F) =der (f(2o),--- » f(€n-1))- 
The concatenation of sequences is denoted by ~. <A set 7 of sequences of 
numbers is a tree if it is closed under subsequences. The empty sequence 
is the root of 7. Elements of 7 are also called nodes. A branch of T isa 
maximal linearly ordered subset of 7. The terminal node of a finite branch 


of T is a leaf. 

Let yh), yl), yo), ... bea fixed effective enumeration of all n-ary partial 
computable functions. If X C w, let peer gle oie on be a fixed 
effective enumeration of all n-ary X-computable functions. The superscripts 
are usually omitted for n = 1 or when it is clear from the context. y, (yx) 
is also denoted by {e} ({e}*), and e is called the Godel number or index 
of y.. We write ».,,(n) = m if e,n,m < s and m is the output of y(n) 
after < s steps in the corresponding computation. Let W. =der dom(y.) and 
W.,s =der dom(Ye,5). Thus, Wo, W1,W2,... is a computable enumeration of 
all c.e. sets. We fix (-, -) to be a computable bijection from w? onto w, 
which is strictly increasing with respect to both arguments. For X C w and 
2 € w, we define Xl = {k : (k,z) € X}. 

Let X Cw and Y Cw. The join X @Y is 


{2n:n€X}U{2n+]1:n EY}. 
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By X <r Y we denote that X is Turing reducible to Y. X <r Y denotes 
X <7 Y but Y <r X. X =r Y if X <7 Y and Y <7 X. deg(X) 
denotes the Turing degree of X. Let O =der deg(@). If x = deg(X) and 
n > 1, then x =4¢ deg(X(), where X) is the n-th jump of X. Define 
X) = {(k,n):k € X™ A k,n € w} and x = deg(X™)). A degree x 
is low if x’ = 0’. Turing degrees x and y form a minimal pair if they are 
nonzero and for every Turing degree z, 


(2g xAZzcy)=>2z=0. 


The set of all Turing degrees is denoted by D. For more information on 
classical computability theory see [108, 160, 187, 196]. An ordinal is com- 
putable if it is finite or is the order type of a computable well-ordering on 
w. The computable ordinals form a countable initial segment of the ordi- 
nals. Kleene’s © is the set of notations for computable ordinals, with the 
corresponding partial ordering <o, see [187, 189]. The least non-computable 
ordinal is denoted by wf“, where CK stands for Church-Kleene. To obtain 
hyperarithmetic sets, we define the representative sets in the hyperarithmetic 
hierarchy, H, for a € O. The definition is recursive, and is based on iterating 
the Turing jump: 
H, = @, 


Ao => (A,)’, 
Hy3.5¢ = {27 -3" 22 € F{e}(n)}- 


A set of natural numbers X is hyperarithmetic if (da € O)[X <r H,]. The 
hyperarithmetic sets coincide with the A} sets. 


3 Decidable Theories, and Computable and 
Decidable Models 


Computable model theory explores the effectiveness of constructions and 
theorems in model theory, see [32, 44, 92, 188], and in universal algebra, see 
[37, 80, 125]. It begins by defining effective analogues of classical concepts 
of algebra and model theory. Three of its fundamental concepts are: decid- 
able theories, computable models and decidable models. One of the basic 
problems is determining whether computable or decidable models satisfying 
certain conditions exist. 
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Definition 3.1 
(i) A theory T is decidable if T is a computable set of sentences. 


(ii) A model A is computable if its domain A is computable and its relations 
and functions are uniformly computable. That is, A is computable if 
A is computable and there is a computable enumeration (a,);ce. of A 
such that the atomic diagram of A is decidable. 


(iii) A model A is decidable if A is computable and there is a computable 
enumeration (a;)ie, of A such that the complete diagram of A (that is, 


Th((A, a;)iew)) is decidable. 


We assume that a formula is identified with its Godel number, so a set 
of formulae is thought of as a subset of w. Thus, a theory is decidable (resp. 
belongs to P, where P is a complexity class) if the set of Godel numbers of its 
sentences is computable (resp. belongs to P). Hence, if Az is a set of axioms 
of a theory T, then T is decidable if there is an algorithm which determines 
for every sentence o of L, whether Ar + o. Clearly, a computably axiom- 
atizable theory is computably enumerable. Hence a complete computably 
axiomatizable theory is decidable. In particular, a complete finitely axioma- 
tizable theory is decidable. An example of such a theory is the theory of dense 
linear order. Peretyat’kin [167, 168, 170, 169, 171, 172, 173] has developed 
intricate methods for constructing finitely axiomatizable theories satisfying 
various additional properties. In 167], he constructed a complete, finitely ax- 
iomatizable, X,—-categorical theory which is not No-categorical. Well-known 
and important examples of decidable theories in mathematics include the 
theory of equality, the theory of unary predicates, the additive number the- 
ory, the theory of the field of real numbers, the theory of the field of complex 
numbers, the theory of algebraically closed fields, the theory of real-closed 
fields, the theory of p-adic fields, the theory of Boolean algebras, the theory 
of linear order, the theory of abelian groups, and the theory of free commu- 
tative algebras. Well-known and important examples of undecidable theories 
in mathematics include number theory, the theory of simple groups, the the- 
ory of semigroups, the theory of rings, the theory of fields, the theory of 
distributive lattices, and the theory of partial order. For more information 
on decidable and undecidable theories see [58] and Part III in [149]. For 
computability-theoretic complexity of various sets of sentences satisfied in 
certain classes of models see [201]. 
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A model A is computable if A is computable, and if there is a comput- 
able enumeration (a;);¢, of A and an algorithm which determines, for every 
quantifier-free formula 6(zo,... ,Zn-1) and every sequence (a;,,... ,4i,_;) € 
A”, whether Ag — O(aj,,...,ai,_,). A model A is decidable if A is com- 
putable and there is a computable enumeration (a;)ie, of A and an algo- 
rithm which determines for every formula 6(z0,... , Zn-1) and every sequence 
(@ij,--- 5@i,_,) € A", whether Ay — O(a;,,...,a:,_,). Clearly, every decid- 
able model is computable. The converse is not true. For example, (w, +, x) is 
a computable model which is not decidable (by Gédel’s incompleteness theo- 
rem [64]). Peretyat’kin [162] has constructed a decidable linear order without 
a computable proper elementary extension. In [159], Nurtazin characterized 
decidable models which are isomorphic to computable non-decidable mod- 
els. Peretyat’kin {165] has shown that there is a complete decidable theory 
T which is neither No-categorical nor X,-categorical, and which has, up to 
isomorphism, a unique decidable model. Moreover, all computable models of 
T are decidable. 

A model is computably presentable if it is isomorphic to a computable 
model. Goncharov [67] has constructed an 8,—-categorical theory which is not 
No-categorical and whose only computably presentable model is the prime 
model. On the other hand, Khoussainov, Nies and Shore [104] have shown 
that there is an 8,—categorical theory which is not No-categorical and whose 
only countable non-computably presentable model is the prime model. It is 
sometimes convenient to call a model computable (decidable, etc.) even if it 
is only computably (decidably, etc.) presentable. 

Morozov [151, 152, 153] has extensively studied the automorphisms of 
computable models. He constructed a decidable model [151] whose theory 
is No-categorical and which does not have non-trivial computable automor- 
phisms. He also constructed a computable model [152] with 2%° many auto- 
morphisms and without a non-trivial hyperarithmetic automorphism. 

The notion of a computable (resp. decidable) model corresponds to the 
notion of a constructive (resp. strongly constructive) model used by the 
group in Novosibirsk. A constructive (resp. strongly constructive) model 
is a pair (A,v), where A is a countable model, and v is a function from w 
onto the domain of A, such that the model “induced on w by A via v~!” is 
computable (resp. decidable). v is called a constructivization (resp. strong 
constructivization) of A. For example, the field of rational numbers has a 
constructivization, while the group of all computable permutations of w does 
not. 
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In general, the Turing degree of a model A with finite language is the 
least upper bound of the Turing degrees of its universe, and its relations 
and functions. Hence a model is computable if its Turing degree is zero. 
Isomorphic models may have different Turing degrees. Tennenbaum [199] has 
proved that there is no computable nonstandard model of Peano arithmetic. 
Scott and Tennenbaum [193] have established that every degree d such that 
d > 0’ is a degree of a complete extension of Peano arithmetic, and that 
no computably enumerable degree d such that d <0’ can be a degree of 
a complete extension of Peano arithmetic. Jockusch and Soare [95] have 
shown that there is a nonstandard model of Peano arithmetic of low degree. 
Jockusch and Soare [96] have proved that for every non-zero c.e. degree d, 
there is a linear order of degree d which is not isomorphic to any computable 
linear order. Lerman and Schmer! [121] have given a number of examples of 
important theories with computable models. 

By a theory of linear order we mean a theory whose language consists 
of a binary relation symbol, and which contains the axioms of linear order. 
Lerman and Schmerl [121] have extended Peretyat’kin’s [164] result that 
every c.e. (D°) theory of linear order has a computable model, by showing 
that every 2} theory of linear order has a computable model. They have 
also constructed a A$ theory of linear order without a computable model. 
Lerman and Schmerl have further shown that if x is a Turing degree such 
that x £ 0”, then there is a theory of linear order of degree x without a 
computable model. 


Definition 3.2 (Millar [143]) Let P be a class of theories. A theory T is 
persistently P if for every n € w, for every complete n-type ['(zo,... , Zn-1) 
of T and a sequence ¢o,... , Cn—-1 of new constants, the theory I'(co,... , Cn—1) 
belongs to P. 


In [55], Ershov has studied persistently V—finitely aziomatizable theories. 
A theory T is V-finitely axiomatizable if for every theory S extending T, Sy is 
finitely axiomatizable. For examples of persistently V-finitely axiomatizable 
theories see [55, 100]. Ershov [55] has established that every c.e. theory 
extending a persistently V-finitely axiomatizable theory has a computable 
model. This result implies the previously mentioned result that every c.e. 
theory of linear order has a computable model. It also implies that every 
c.e. (L°) theory of trees has a computable model. By a theory of trees we 
mean a theory whose language consists of a binary relation symbol, and 
which contains the axioms of a partially ordered set such that the set of all 
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predecessors of any element is linearly ordered. Lerman and Schmerl [121] 
have constructed a A$ theory of trees without a computable model. Lerman 
and Schmerl have further shown that for every Turing degree x such that 
x ¢ 0’, there is a complete theory of trees of degree x without a computable 
model. 

Lerman and Schmer! [121] have proved that if T is an arithmetic No- 
categorical theory such that for every n € w, the set of all h?,, sentences 
in T is a U2,, set, then J has a computable model. They bee also shown 


that for every n € w, and a Turing degree x such that x £ 0”, there is an 
No-categorical theory T of degree x such that the set of all U2,, sentences 
in T is computable and T does not have a computable model. In particular, 
for every Turing degree x, there is an No-categorical theory of degree x such 
that the set of all existential sentences in T is computable and every model 
of T has the degree > x. 

Feldman (60, 61] has constructed a complete decidable No-categorical 
theory T of a partial order with the greatest lower bound operator. T has a 
decidable model in which every countable lower semilattice can be embedded. 
Knight [109] has constructed a complete, decidable, superstable theory T 
with 2° many types, such that no independent sequence of formulae (with 
respect to T) is computable in a type of T. A sequence (0,,())new of formulae 
in L(T) is independent with respect to T if for every a € 2<”, 

Thal A wide an Jy. -e,(e)l: 
a(n)=1 a(n)=0 
Hurlburt [93] has given some general conditions which are sufficient to con- 
struct computable models for highly non-decidable theories. 

According to the Ryll-Nardzewski theorem, a complete theory T is No- 
categorical if and only if for every n € w, the set of all n-types of T is finite. 
For such a theory 7’, the function which assigns to every n the number of all 
n-types of T is called Ryll-Nardzewski function. Schmerl (191], Herrmann [90] 
and Venning [202] have proved independently that a complete decidable No- 
categorical theory does not necessarily have a computable Ryll-Nardzewski 
function. More generally, the following relativized result holds. 


Theorem 3.1 (Schmerl {191]) For every Turing degree x, there is a function 
f :w—w of degree x such that for every Turing degree y with the property 
that x is c.e. in y, there is a complete Xo-categorical theory of degree y (in 
a language consisting of one binary relation symbol) whose Ryll-Nardzewski 
function is f. 
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We can assume that the characteristic function of a consistent set I'(Z) 
of formulae in L is a function y : w — {0,1}, defined by: 
1 if (zr) € T(z), 
Xr (*) = ; 4 - 
0 if 4,(z) ¢ T(z), 


where 00(Z), 91(), 02(),... is an effective enumeration of all formulae in L 
whose free variables are among those in Z. The set ['(Z) is computable if 
its characteristic function is computable. Equivalently, ['() is computable if 
the set {n : 0,(Z) € ['(z)} is computable. 


Proposition 3.2 Every type realized in a decidable model is computable. 


Proof. Let A be a decidable model such that a type ['(zo,... ,2n-1) of 
Th(A) is realized in A by some ao,... ,@n-1 € A. Since A is decidable and 


¥(Xo,--- »En-1) € T <> Ag F 7(a0,--- , An-1); 


[ must be computable. QO 


A set of codes of a set of computable (complete) types of a theory T is a 
set of Godel numbers of characteristic functions (which are computable) of 
these types, containing at least one index for each type. We say that a set of 
computable types belongs to P, where P is a complexity class, if it has a set 
of codes which belongs to P. The following proposition follows from a more 
general proposition in the theory of enumerations (see Chapter VI of [57]). 


Proposition 3.3 Every U9 ,, set of codes of a set of computable types of a 
theory T is a II® set of codes. 


Hence, every c.e. set of codes of a set of computable types is a computable 
set of codes. To determine the complexity of the set of types realized in a 
decidable model, we need from computability theory the s-m-n theorem. 


Theorem 3.4 


(i) (s-m-n theorem) For everym,n > 1, there is an (m+1)-ary computable 
function, denoted by s™, such that 


pl (Ly, pier sins ky, eas Kn) =, Deere swap Athy Sere g kn)s 


where €,l;,... ,lm,ki,... ,k&n Ew. 
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(ii) (Relativized s-m-n theorem) For every m,n > 1 and every oracle X G 


w, there is an (m+ 1)-ary computable function, denoted by s™, such 
that 
n),X 
GOA Bios oc Laie te aby) Ue rece pay bess eke). 
where e,l,,...,lm,k1,--- kn Ew. 


Proposition 3.5 The set of all types of T realized in a decidable model of 
T is computable. 


Proof. Let A be a decidable model of T and let ao, a1, a2,... be an effective 
enumeration of A. Choose g : AS” —+ w to be a computable bijection. Define 
a computable function h : w? + {0,1} by: 


h(n, k) = ‘ if AE @,(al, 

0 if AF 6,,[a], 
where g(G@) = n, and 60, 6;,62,... is an effective enumeration of all formulae 
of L(T) whose free variables are among F = (zi,,... , Zi,_,), corresponding 
to @ = (aj,,... ,@;,_,). By the s-m-n theorem, h(n,k) = yy(n)(k) for some 
computable function f. Clearly, {f(n) :n € w} is a c.e. set which is a set of 
codes of all (computable) types of T realized in A. Oo 


Proposition 3.6 Let T be a decidable theory. 
(i) The set of all Godel numbers of all computable types of T is a II} set. 


(ii) Every principal type of T is a computable type, and the set of all prin- 
cipal types of T is a II? set. 


Proof. For a given sequence Z of variables, let 09(£),0:(Z), 82(Z),... be 
a computable enumeration of all formulae of Z(T) with all free variables 
contained in ran(Z). 


(i) For e € w, y is the characteristic function of a computable type of T 
in variables Z if and only if 


VnAsVj < n3k; € {0,1} [ye0(7) = by ATF SB(A {0 (%) 25 <n})]. 
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(ii) Every principal type of T is computable because it is generated by a 
complete formula. For every 7 € w, use @' to determine whether 6;(Z) 
is a complete formula. That is, 6;(=) is a complete formula if and only 
if 

Vjak € {0, 1}[T + Vz(0(z) = 0*(z))]. 
Hence by the relativized s-m-n theorem, we can enumerate with ora- 


cle @: 


The principal type that 6;(F) generates, if 0;(T) is a complete 
formula; 


Any fixed principal type of T, if 0;(z) is not a complete formula. 


Thus, since the sets which are computably enumerable in @’ are 53, it 
follows that the set of all principal types is D3. 0 


Proposition 3.7 (Millar [134]) Every =} set of computable types of a decid- 
able theory T is contained in a computable set of computable types of T. 


Nerode and his collaborators have also initiated the study of the lattice 
of all computably enumerable submodels of a computable model. Models 
whose computably enumerable submodels have been investigated include vec- 
tor spaces, fields, Boolean algebras, and linear orders. For more information 
see [6, 30, 45, 47, 48, 81, 82, 156, 158]. 

Moses [154] has generalized the concepts of computable and decidable 
models to “[-computably enumerable models”, where [ is a computably 
enumerable set of formulae. For such a set [, a model A for L(I) is [- 
computably enumerable if the universe of A is computable, and its satisfac- 
tion predicate restricted to [ is computably enumerable. For other notions 
of an “effective model” and of an “effective isomorphism”, see [180] and [50]. 


4 Effective Completeness Theorem 


One of the major tasks of computable model theory is to obtain effective 
versions of or effective counterexamples to various classical model-theoretic 
results. To obtain an effective version of the completeness theorem, we use 
from model theory, Henkin’s method of constructing models; and from com- 
putability theory, the notion of a computable set and Church’s thesis. 
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Theorem 4.1 (Effective Completeness Theorem) A decidable theory has a 
decidable model. 


Proof. Let T be a decidable theory. A corresponding model of T will be 
obtained in an effective way by Henkin’s method. Let co,¢1,¢2,... be an 
effective one-to-one enumeration of an infinite set C’ of new constants. Let 
00,01, 02,-.. be an effective enumeration of all sentences in L(T) UC. We 
will construct effectively, by induction, a complete theory V in L(T)UC such 
that Y DT. W will be the complete diagram of a model A,, where A is 
a desired model for T. As usual, the domain A consists of the equivalence 
classes of the constants in C, where two constants c,d € C are equivalent if 
and only if (c= d) € V. We will arrange that U = {69,6,, 52,...}, where 6, 
is defined at stage s. For s > 0, let Ww =gep do A 61 A... A 55-1- 


Construction 


STAGE 0: 
Let bo =det (Co = Co). 


STAGE s = 2e + 1 for e € w (Henkin’s witnesses requirement): 
If 4. is of the form 6, = 4r@(z), we effectively find the least 7 such that 
c; does not occur in w* and let 4, =der 9(c;). Otherwise, let 5, =daer (Co = Co). 


STAGE s = 2e + 2 for e € w (Completeness of the diagram requirement): 

Let € be a sequence of all constants in C which occur in (w* = o,). Let 
= be the first sequence of variables of the same length as ¢ (in some fixed 
effective enumeration of the finite sequences of all variables) which do not 
occur in (~* => o.). We effectively check whether 


Tr V3l(¥* > oe)(z/)]. (+) 


If this is true, let 6, =aer Ge. Otherwise, let 6, =ger 7o-. End of the construc- 
tion. 

Condition (*) can be verified effectively because T is a decidable theory. 
We describe the action at stage 2e + 1 as effectively providing a Henkin’s 
witness for 6, and the action at stage 2e + 2 as effectively satisfying the e-th 
completeness requirement. O 


Proposition 4.2 (Millar [134]) Every computable type of a theory T is re- 
alized in some decidable model of T. 
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Proof. Assume that [ = ['(zo,... ,an-1) is a computable type of a theory 
T. Let co,... ,€n-1 be constants which do not occur in. TUT (co,... , Cn-1) 
is a complete decidable theory in L(T) U {c,... ,Cn-1}, so it has a decidable 
model A. The reduct of A to L(T) is a decidable model of T realizing . 0 


5 Model Completeness and Decidability 


Many examples of decidable theories constructed to illustrate certain model- 
theoretic or computability-theoretic properties are obtained as model com- 
pletions of universal theories, which allow the elimination of quantifiers. 


Definition 5.1 A theory T is model complete if for any two models A and 
B of T, 
ACBS>AAXB. 


Neither one of completeness and model completeness implies the other. 


Theorem 5.1 A theory T in a language L is model complete 


For every AE T, the theory TU Ax is complete in La. 


If A and B are models of T and A C B, then every existential 
sentence of La true in By is also true in Ag. 


I 


| 


For every formula 0(Z), there is a universal formula (ZF) such 
that 
TE Vz[A(z) > (Zz). 


Definition 5.2 T is a model completion of a theory T’ if 
(VAET\AKT), 
(VA E T’)(3B E T)[A C B], and 
(VDE T')(VA,BET)[(D GC AND CB) => Ap = Bp}. 
A model completion of a theory is a model complete theory. 


Theorem 5.2 (Robinson) If T; and Tz are model completions of T', then 
T, = T». 
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A theory 7* is a model companion of a theory T if T* is model complete 
and Ty = Tj. For example, the theory of atomless Boolean algebras is 
a model companion of the theory of Boolean algebras, and the theory of 
algebraically closed fields is a model companion of the theory of fields. Both 
the theory of atomless Boolean algebras and the theory of algebraically closed 
fields are decidable. Burris [29] has established some general criteria for a 
model companion to be decidable. 


Definition 5.3 T is submodel complete if for every model B of T and every 
AC B, the theory T U Ay is complete in Ly. 


Hence a submodel complete theory is both complete and model complete. 


Theorem 5.3 (Robinson) A model completion of a universal theory ts sub- 
model complete. 


We say that T admits the elimination of quantifiers if for every formula 
6(xo,... ,Ln-1), there is a quantifier-free formula w(xo,... ,%n-1) such that 


Tt YV2zo9,... Bere Ae eae »Tn-1) => w(zro,... eee 


If there is an algorithm which for every formula 6(Z) finds the correspond- 
ing quantifier-free formula 7(Z), then we say that T effectively admits the 
elimination of quantifiers. 


Proposition 5.4 


(i) Let T be a theory which effectively admits the elimination of quantifiers. 
Then every computable model of T is a decidable model of T. 


(ii) Let T be a computably enumerable theory which admits the elimination 
of quantifiers. Then every computable model of T is a decidable model 
of T. 


Proof. 


(i) The statement follows immediately from the definitions of a computable 
and of a decidable model. 


(ii) The statement follows from (i) because if T is a computably enumerable 
theory which admits the elimination of quantifiers, then T effectively 
admits the elimination of quantifiers. Oo 
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Theorem 5.5 A theory T is submodel complete 
<> (VA,BE T)(VD C A,B) [A and B satisfy the same existential 


sentences in L(T) with parameters from D}\ 


<=> T admits the elimination of quantifiers. 


Millar has characterized universal theories which have decidable model 
completions, thus providing a uniform approach for producing specific exam- 
ples of decidable theories. 

To state this characterization, we fix a language L and let 9,6), 62,... 
be an effective enumeration of all quantifier-free formulae of L in variables 
20,21, %2,---3 Yo, Yi, Y2,--- - The convention will be that if the free variables 
of a formula are displayed, then the free z-variables (if any) are displayed 
before the free y-variables (if any). 


Theorem 5.6 (Millar [137]) Assume that T' is a universal theory in L. T’ 
has a (complete) decidable model completion if and only if there is a unary 
computable function f such that for every i € w, 04(;) does not contain any 
y-variable and for alli,j Ew: 


(i) (8; is inconsistent with T’) < 04(:) = >(xo = 20), 
(ii) T’F Wa[Sy0,(z, 9) = Op ()], 


(iii) If 6; does not contain any x-variable and is consistent with T’, then 
94 (%) = (Zo = 20), 


(iv) (T’ U {65 (%), 0;(2, g*)} 4 is consistent) 
=> (T’V {6;(Z, 9), 6 a E,y*)} is consistent), 


y 
where rng(¥) N rng(y*) = 
) 


Notice that, by (ii), the implication in (iv) can be replaced by the equiv- 
alence. Property (iv) is often called the amalgamation property. 


Proof. Assume that T is a decidable model completion of T’. By The- 
orem 5.3, T admits the elimination of quantifiers. Thus, there is a unary 
computable function f which has the following properties: 


(a) (0; is inconsistent with T’) <= 04(;) = >(zo = x0); 
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(b) If 0; is consistent with T and does not contain an z—variable, then 
95a) = (Lo = Zo); 


(c) If 6; is consistent with T, then T + Vz[3y6,(%, 7) © 45(:)(¥))- 
Clearly, (i) and (iti) are satisfied. 
Let us prove (ii). Assume otherwise. If follows that 
T'U {33y[0i(Z,9) A 9 5¢(2)]} 


is consistent. Hence it has a model A. Since T is a model completion of T”, 
there is a model B of T such that A C B. Hence B is a model of 


TU {323 y6:(Z, 9) A 79 ,((Z)]}- 
Since T is complete, we have 
TF Ae3y[6;(Z, 9) A 79 ,i)(Z))- 


That is, 
Th -WalVy~9(2, 9) V 8s a(2)] 
or, equivalently, 
T + ~Wa[Sy6i(z,9) > Op (2)], 
thus contradicting (c). Hence (ii) holds. 
Finally, let us prove (iv). Assume that rng(y) N rng(y*) = @. Let 
T'U {Ardy [8 ()(Z) A 8;(Z, ¥*)]} 


be consistent. By the same argument as in the proof of (ii), we conclude that 
T + Axray [8 7()(Z) A O;(Z, yx)]. Hence, by (c), 

Tt 323g (3UA(Z,T) A 8;(z, 79) 
That is, T U {6;(Z,¥), 9;(Z, y*)} is consistent. Thus, since T is a model 
completion of T’, T’ U {6;(Z, ¥), 9;(, y*)} is consistent. 


To prove the converse, we assume that a universal theory T’ and a unary 
computable function f satisfy (i)-(iv). Let T be obtained by adding to T’ 
the following two sets of axioms: 


Ax I VzVy-6,(Z,¥) for all ¢ € w such that 45(:) = >(z0 = Zo); 
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Ax ID Vz[64()(@) > Jy6.(Z, y)] for alli € w such that O4(;, 4 >(t0 = Zo). 
Clearly T > T’. We will show that T is a decidable model completion of T’. 
Lemma 5.7 T is consistent. 


Proof. We will prove that the union of 7’ and the two sets of axioms is 
consistent. If o is an axiom in Ax I, then T’ F a by (i). Therefore, by the 
compactness argument, it is enough to prove that for every finite set S of 
axioms in Ax II, T’U S is consistent. Let 


5 = {VF3G0 (i4)(7) > O(7,D)] 0 <b <n—-1} 


for some n > 1. We will construct a model A for T’'US by Henkin’s method. 

We choose an infinite set C of new constants. For each k € {0,... ,n—1}, 
let Cy, be an enumeration of all sequences of elements in C of the same 
length as the length of ¥ in 6;,(%, 7), such that every such sequence appears 
in C infinitely often. Let o9,01,02,... be an enumeration of all sentences 
in L(T’) UC. We will construct the complete diagram W of Ay, where A 
will consist of the equivalence classes of the constants in C’. We will arrange 
that YW = {do,6,,52,...}, where 6, is defined at stage s. For s > 0, let 
w= {do, 51, see ,5s-1} and let ys be AWS. 
Construction 
STAGE 0: 

Let do =>def (co = Co). 
STAGE s = (n+ 2)e for e > 1: 

Satisfy the (e — 1)-st completeness of the diagram requirement. 
STAGE s = (n+2)e+1 fore Ew: 

Provide a Henkin’s witness for 6,. 
STAGE s=(n+2)e+k fore €w and ke {2,...,n+1}: 

Let Cy-2 be (,¢1,€2,.... If 9 Fi, 9) (Ce) ¢ WU’, then 6, =der (co = Co). If 
P f(ig_p)(Ce) € W*, then 5, =uer 9i,_,(€e,€), where € is a sequence of constants 
in C which do not occur in %* such that ¢ is of the same length as 7 in 
6;,_,(£,y). End of the construction. 

We can prove inductively that for every s € w, T’ U W* is consistent. 
In the proof, we use property (iv) at stages of the form (n+ 2)e+ k for 
k € {2,...,n +1}. Hence W is consistent. The corresponding model A 
satisfies T’ U S. Oo 
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Lemma 5.8 Every model of T' can be isomorphically embedded in a model 
of T. 


Proof. Assume that B is a model of T’. Let 2 be the atomic diagram of B. 
To prove that there is a model for 2 UT, we use the same argument as in 
the proof of Lemma 5.7 to construct a model for 2 U S, where S is a finite 
set of axioms in Ax II. OD 


Lemma 5.9 (VA,B E T)(VDC A,B) [A and B satisfy the same existential 


sentences in L(T) with parameters from D]| 


Proof. If follows from (ii) and Ax II that T admits the elimination of 
quantifiers, which is equivalent to this statement. 0 


Although the following lemma follows from Theorem 5.3, we also give an 
easy direct proof. 


Lemma 5.10 T is complete. 


Proof. Let o be a sentence in L such that T U {co} is consistent. Since 
T admits the elimination of quantifiers, the formula o A (yo = yo) is T- 
equivalent to 0; = 6;(yo) for some i € w. By (iii), O¢(:) = (to = Zo). By the 
definition of axioms in Ax II, T + Vzo[z0 = ro > Syo(o A (yo = yo))}. Hence 
Tho. Oo 


T is decidable because it is complete and the given sets of axioms are 
computable. T is a model completion of T’ by Lemma 5.7, Lemma 5.8 and 
Lemma 5.9. 0 


6 Omitting Types and Decidability 


Let I’ be a nonprincipal type of a complete theory T. Then there is a count- 
able model A of T which omits I. However, A does not have to be com- 
putable even if Tis. The following theorem shows that if T is decidable and 
l is computable, then [ is omitted in some decidable model of T. 


Theorem 6.1 Let I be a computable nonprincipal type of a complete decid- 
able theory T. There is a decidable model of T which omits T. 


Chapter 1 Pure Computable Model Theory 25 


Proof. Without loss of generality, we assume that [ is a 1-type, ['(z). Let 
C, (oi )iew » V = {d0, 51, 52,...}, B® and A be as in the proof of Theorem 4.1. 


Construction 


STAGE 0: 
Let 50 =aer (Co = co). 


STAGE s = 3e4+1 fore Ew: 
We effectively provide a Henkin’s witness for é,. 


STAGE s = 3e + 2 for e € w (Omitting the types requirement): 
Let ~° be of the form ~*(c.,€), where c. does not occur in ¢. We effectively 
find the first formula y(r) € [ such that 


(0) TE V2[Agb*(z,7) > y(z)I, 


where (z,¥) is an appropriate effectively chosen sequence of new variables. 
Let 5; =det (Ce). 


STAGE s = 3e+ 3 fore €w: 

We effectively satisfy the e-th completeness of the diagram requirement. 
End of the construction. 

At stage 3e + 2, the corresponding formula y exists because [ is a non- 
principal type and, by the construction, TU {Azdyw*(z,¥)} is a consistent 
set. Condition (0) can be verified effectively because T is a decidable theory. 

Stage 3e + 2 guarantees that the interpretation of c. in A does not real- 
ize [’. Since every element in the domain of A is the interpretation of some 
constant in C, A omits I. 

Clearly, for an arbitrary n-type I’, stage 3e + 2 should be modified so 
that instead of (c;);e,, some effective enumeration of all n-tuples of elements 
of C is considered. a) 


A partial type of T is a subset of a (complete) type of T. Millar has 
established the following general result. 


Theorem 6.2 (Effective Omitting Types Theorem, Millar [140]) Let T be 
a complete decidable theory. If ©, is a U§ set of computable nonprincipal 
partial types of T, and ©2 is a X39 set of computable types of T, then there is 
a decidable model of T which omits all types in ©, and all nonprincipal types 
in Go. 
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The completeness of types in ®2 plays an important role in Theorem 6.2, 
as demonstrated by the next theorem. 


Theorem 6.3 (Millar [140]) There is a complete decidable theory T and a 
computable set ® of computable partial types of T such that no decidable 
model of T omits all nonprincipal types in ®. 


The following two theorems can be obtained using the Effective Omitting 
Types Theorem. 


Theorem 6.4 (Millar [140]) Let T be a complete decidable theory without 
a decidable prime model. There are infinitely many distinct decidable mod- 
els of T such that the set of all types realized in any two of these models 
simultaneously is exactly the set of all principal types of T. 


Theorem 6.5 (Millar [140]) Let T be a complete decidable theory and let ® 
be a X} set of computable nonprincipal types of T. Assume that for every 
decidable model A of T which omits ©, for every finite X C A, Ax is not a 
prime model. Then there are 2° distinct type spectra of decidable models of 
T which omit ©. 


7 Decidable Prime Models 


Definition 7.1 Let UY be an arbitrary (possibly uncountable) model. U is 


atomic if every n-tuple of elements of U satisfies a complete formula in the 
theory of U. 


Proposition 7.1 Let T be a complete theory in at most countable language. 
(i) A countable model A of T is prime if and only if A is atomic. 


(ii) T has a prime model if and only if every formula consistent with T is 
a member of a principal type of T. 


Definition 7.2 An arbitrary model U is Xo-homogeneous if for every two 
sequences of elements of U of the same length, 


(ao,... »Gn-1) and (bo,... bn-1), 
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with the property 
(U,ao,--- ,@n-1) = (U, bo, .-- » bn-1), 
for every a € U, there is b € U such that 
(U,a0,--- 5 @n-1,4) = (U, bo,... »bn-1, 5). 


A countable model A which is Xo—homogeneous is also called a homoge- 
neous model. 


Proposition 7.2 
(i) Every atomic model is Xo-homogeneous. 


(ii) Two countable homogeneous models which realize exactly the same types 
are isomorphic. 


Proposition 7.3 Let T be a complete theory in at most countable language. 


(i) If T has > Xo types, then T has 2®° non-isomorphic countable homo- 
geneous models. 


(ii) If all countable models of T are homogeneous, then the number of non- 
isomorphic countable models of T is either 1, or Xo, or 2°. 


The following theorem, obtained independently by Harrington, and Gon- 
charov and Nurtazin, is an effective version of Proposition 7.1 (ii). It estab- 
lishes that a complete decidable theory T has a decidable prime model if there 
is an algorithm which for a given formula 0(z) consistent with 7’, outputs 
Gédel number of the characteristic function of a computable principal type 
['(Z) containing 6(Z). In the proof of this result we use from model theory, 
Henkin’s method of constructing models; and from computability theory, the 
finite injury priority method. 


Theorem 7.4 (Goncharov-Nurtazin [79], Harrington [88]) Let T be a com- 
plete decidable theory. The following are equivalent. 


(i) T has a decidable prime model. 


(ii) T has a prime model and the set of all principal types of T is com- 
putable. 
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Proof. (=): The conclusion follows from Proposition 3.5, since the set of 
all types realized in a decidable prime model of T is the set of all principal 
types of T. 


(<=): Let f be a computable function such that {f(n) :n € w} is a set 
of codes of the set of all principal types {[, : n € w} of T, where Ysn) = Xr,- 
We will use Henkin’s method to construct a decidable prime model of T. Let 
C = {co,C1,¢2,...} be a set of new constants, and let 09,01, 02,... be an 
effective enumeration of all sentences in L(T) UC. As usual, the domain of 
the resulting model A will be {[co], [c:],... }, where [c] is the corresponding 
equivalence class of c. We will ensure that in A, for every e > 0, ({col,--- , [ce]) 
realizes a principal type of T, that is, a type from {[, : n € w}. This 
is sufficient since, for example, if a (complete) formula €(z9, 21) generates 
a principal 2-type, then Jzo€(zo, 21) generates a principal 1-type. That is 
because T + €(x0,21) => (21) implies T + Jzo€(zo,271) => ¢(a1). Hence 
every finite sequence of elements in the domain of A will satisfy a principal 
type. 

We will construct the complete diagram W of A. At every stage s (s > 0) 
of the construction, we will have a finite set W° of sentences such that 


Wewcwc-.-. and Y= UW’. 


s20 


Let pp = AWS. If b* = W%(co,..- ,Cn,), then for every e € {0,... , ms}, we set 


wv =def yest eee Jyn.¥* (Co, see 9 Ces Yetlys ++ > Yns)- 


For every e > 0, at almost every stage s of the construction, we have a 
type 22 € {[, : n € w} which is a candidate for a principal type realized 
by ([co],.-- ,[ce]). We will allow 9 to be undefined for finitely many s. 
Because of the consistency property, if 2 is defined then 73(Z/¢) € 23. The 
construction will satisfy the following requirements for every e 2 0. 


P}: o- € W or 70, € WV; 
P?: Ifo. € W and o, = Jr8(z), then O(c) € U for some c € C; 
Qe: ([co],.-- ,[ce]) realizes a principal type of T. 


The priority ranking of the requirements in the decreasing order is: 


Pea das Consiga Fo 5 tag eek 
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We attempt to satisfy the requirements in the order of their priority. We say 
that at stage s > 0: 


P! requires attention if o. ¢ US"! and 7-0, ¢ W*!; 


P? requires attention if o. € V°-! and o, = 420(zx) for some @ such 
that O(c) ¢ W*-! for every c € C; 


Qe requires attention if Q3~ is undefined. 


Once satisfied at some stage, requirements P! and P? are never injured again. 
However, we say that 


Qe is injured at stage s > 0 if 23-! is defined, but w(z/e) ¢ N3-!. 


Construction 


STAGE 0: 
Let U° = ¢g and let ° be undefined for every e € w. 


STAGE s > 0: 
Let Req be the highest priority requirement which requires attention at 
stage s. We now attack Req as follows. 


Let Req = P} 
(a) If TE Val(be-! = 0.)(Z/d)], then VP = VU {o.}. 
(b) If TE Val(b°! > -0,)(F/2)], then U° = WU {=o}. 


The properties on the left-hand side of (a) and (b) can be checked effec- 
tively because T is decidable. 


(c) If neither (a) nor (b) is satisfied, we add either o, or 7a, to W*"! 
such that if some Q-requirement must be injured, then the first 
such injured requirement is of the highest priority. (Since the 
types in {I,, : n € w} are computable, we can effectively check 
whether a given Q-requirement is injured.) 


We effectively check whether some Q,, is injured at stage s. Let no be the 
least such n, if it exists. For every n > no, 0% will be undefined. 
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Let Req = P? 

Thus, o. € W*"! and o, = 4r6(zx) for some 6. Let c be the first constant 
in C' which has not been used in the construction before stage s. We define 
UW = We! VU {O(c}. 

Let Req = Q- 

Thus, ~! is undefined. We find the first (e + 1)-type ['(zo,... , te) € 
{Tn : n € wh such that 2'(zro/co,...,2e/ce) € U[(zo,.--,2e), and set 
O83 =ger P(z0,...,2e). This can be done effectively because of the following 
two facts. 


(1) Such T exists because T has a prime model, so it is an atomic theory, 
hence every formula consistent with T belongs to some principal type. 


(2) For every computable complete type, we can effectively decide whether 
a given formula or its negation belongs to that type. End of the con- 
struction. 


Lemma 7.5 For every e, Qe =der lim, 2% exists. Hence every Q. is satisfied. 


Proof. Assume that e = 0. Let to be the least stage such that 1° is defined. 
Let O° =[y,- Then v(°7'(20/co) € Pn,. Hence, by construction, Qo will 
never be injured, so N) = Tyy. 

Assume that e = 1. Let é) be a complete formula such that & € 
Qo(= [,,,). Clearly, -€o(z0) is inconsistent with Q, and Qo is never injured. 
Choose the least stage so such that (co) € Y%. Let ¢, be the least stage 
> so such that M{! is defined. If Q = [y,, then ¥)7"(x0/co, 21/e1) € Pry. 
Since every formula consistent with °°(Z/) is also consistent with Qo, it 
follows that Q, is not injured after ¢). 

The general proof is by induction on e. If e > 0, choose the least s such 
that 


Vt > 3(Q_, = M2_, = 2._1), 
we_,(Lo/co,.-- ,e-1/Ce-1) is a complete formula for Q.-1, 
Q2 is defined. 


Let ¢ > s. It follows that Nf = N8 since W3(ro/co,... ,Le-1/Ce-1, Le/Ce) E 
3, so W2_1(ro/co,... »Le-1/Ce-1) € NS, and hence N2_, C NE. a 
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Theorem 7.6 (Millar [134]) There is a complete decidable theory T with a 
prime model which does not have a computable prime model. In addition, all 
types of T are computable. 


Proof. The language of T is L = {P,(-) : n € w}, where every P, is a unary 
relation symbol. Let (x), #1(z), 02(z),... be a computable enumeration of 
all quantifier-free formulae in Z whose only free variable is x. For a quantifier- 
free formula 6(2) in L, let 


(O(x)] =aer wk(O(x) = 6:(z)). 
For a finite sequence a € 2”, let 
94(2) =det A{Px(x)* :0<k<m-}}. 


The set of sentences T is defined using a computable tree TJ C 2<” which 
will be constructed later. The idea is to use the nodes in 7 to define certain 
formulae which are consistent with T and to use the nodes in (2<“ — J) to 
define certain formulae which are inconsistent with T. Namely, the axioms 
of T fall into the following two groups: 


Ax I V2-69(x) for every 3 € 2<” —T, 
Axdl Sap cdencal. J» wie ae AK OK Balto] 


O<i<j<n-1 O<i¢n-1 
for every a € T and every n 21. 


In addition to being a computable tree, J will satisfy the following con- 
dition: 


VB[BET > B1ET). (*) 


This allows us to conclude that T has the properties stated in the following 
four lemmas. 


Lemma 7.7 T ts consistent. Hence T is a theory. 


Proof. Consistency of T will follow easily from the construction of 7. We 
can also use the compactness theorem to prove that the set of all axioms of 
T has a model. Assume that S is a finite set of axioms. Let o9,... ,O%-1 
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be a list of all axioms in S$ from Ax II. For every 7 € {0,... ,k — 1}, let a; 
be the node in 7 and n; the natural number corresponding to o;. Define 
a finite model A of L as follows. The domain A is Ag U...U Ag_i, where 
Ao,... , Ak-1 are pairwise disjoint sets, and for every 7 € {0,... ,k — 1}, Aj 
has n; elements. Fix 7 € {0,...,4—1}. Let m; = lh(a;). We define the 
unary relations on A; in such a way that o; is true, and for every 7 > mj, 
we have PA > A;. The sentences in S from Ax I are then automatically 
satisfied, because 7 is a tree with property (x). Oo 


Lemma 7.8 T admits the elimination of quantifiers. 


Proof. We will use Theorem 5.5. Let A,B EF T and D C A, B. We will prove 
that Ap and Bp satisfy the same existential sentences. Let Jyw(F,y) be a 
formula of L and let d € D<” be such that ¥(Z, 7) is a quantifier-free formula, 
and A & 3yv(Z, 7)[d]. Assume that ~(Z, 7) is in a disjunctive normal form. 
Choose a disjunct 6(z,¥) of ¥(%,¥) such that A —& 6(z,%)[d,a] for some 
a € AS”. Let m > 1 be the largest number such that P»_; occurs in 6. Let 
a € rng(a@) — B, and let y be the variable in rng(¥) assigned to a. Assume 
that O(y) is the largest subformula of 6(Z, 7), containing only variable y. Let 
a € 2™ be such that Ag —- @.(a). Clearly, O(y) is a subformula of 6,(y). 
Since #,(y) is consistent with T, we conclude that a € T, so B — Sy@.(y). 
Now it is easy to see that B & 3y(z,9)(d]. oO 


Lemma 7.9 T is complete. 


Proof. Let o be a sentence in L. If o is inconsistent with 7’, then T + -«. 
Therefore, assume that o is consistent with T. We will prove that TF o. By 
Lemma 7.8, there is quantifier-free formula ~(x) such that 


Tt V2(o @ yY(z)). 


Hence T + (0 & Jry(z)). w(x) can be written as a disjunction of conjunc- 
tions of atomic formulae or negations of atomic formulae. Let A be a model 
of T such that A - o. Let a disjunct 0(z) of y(x) and a € A be such that 
Aa — @(a). Assume that m > 1 is the largest number such that P,,_1 occurs 
in 6(x). As in the proof of the previous lemma, there is a € 2” such that 
Aa | 9,(a) and @(x) is a subformula of 6,(r). Thus, a € 7, so 478,(z) is 
an axiom of T. Therefore T + dz6(x). Hence T + Arz(z). 0 
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Lemma 7.10 
(i) T is decidable. 


(ii) Every computable model of T is decidable. 
Proof. 


(i) The sets of axioms in Ax I and Ax II are computable because 7 is 
computable. Hence the decidability of T follows from Lemma 7.9. 


(ii) The statement follows from Proposition 5.4 (ii) since T is decidable 
and admits the elimination of quantifiers. Oo 


Since T admits the elimination of quantifiers, every 1-type of T is unique- 
ly determined by a function f € 2” such that for every k € w: 


P,(x)f € F(z). 


We now construct a computable binary tree in such a way that every type of 
T is computable, and every decidable model of T realizes a nonprincipal 1- 
type. Since every type of T is computable, T has countably many types, so it 
has a countable saturated model, and hence a prime model. However, a prime 
model of T cannot be decidable because it does not realize a nonprincipal 
type. 

T is computably enumerated, where for every s € w, J, is the part of 7 
enumerated by stage s. The construction satisfies the following requirements 
for e € w: 


R. : [p®?) is the satisfaction predicate of a decidable model AE; T 


=> A realizes a nonprincipal type of T]. 


To achieve this, for every yp?) which is a satisfaction predicate of a decidable 

model A of T, we define an infinite set of e-marked nodes and a unique 
e-marked element. The e-marked nodes belong to a single infinite branch 
which determines a nonprincipal type of T, satisfied by the element of A 
which corresponds to the e~marked element. For e € w, exactly one new 
e-marked node is defined at every stage s of the construction such that 
s€{0}Ufe+l,e+2,...}. 
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For any a, let a° denote the empty sequence, and for m > 1, let a™ 
abbreviate the sequence of m consecutive a’s. 


Construction 


STAGE 0: 

To is the tree consisting of the nodes 1°*0 for all e € w, and of their initial 
segments. For every € € w, the node 1°*0 is e-marked. 
STAGE s+ 1: 


STEP 1: For every 6 € T,: 
Enumerate 8*1 into 7,41; and 


Declare that 8°0 (and hence every y € 7; such that 6°0 is an initial 
segment of y) is in the complement of T. 


STEP 2: Consider each e < s. Let a be the e-marked node at s. 


Case (a): No e-marked element has been defined at any previous stage. 
Action: Search for the least 7 < s (if it exists) such that 


)((8.(x)1, 3) {= 1. 


If such 7 does not exist, then a is the e-marked node at s + 1. 

If such j is found, define the e~marked element to be 7. Let 
2 be the node, enumerated in 7,4, by Step 1, of the maximal 
length such that a is the initial segment of @. The construction 
guarantees the uniqueness of 3. Define @ to be the e~marked node 
at s+ 1, and enumerate both 8°0 and "1 into 7,41. 


Case (b): Assume that 7 is the e-marked element. 

Action: Let [h(a) = n. Find the least 6 € {0,1} (if it exists) such 
that 

peal [8a(2) A Pa(2)'1,3) $= 1. 
If such 6 does not exist, then a is the e~marked node at s + 1. 
Now assume that 6 exists. Let @ be the node, enumerated in 
Ts+1 by Step 1, of the maximal length such that a@’d is an initial 
segment of 3. The construction guarantees the uniqueness of (. 
Define 8 to be the e~marked node at s + 1, and enumerate both 
B°0 and "1 into 7,4,. End of the construction. 
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Let T =aer U TJs. J is a computable tree by construction. 


sew 


Lemma 7.11 


(i) 
(ii) 


Every 1-type of T is computable. 


Every type of T is computable. 


Proof. 


(i) 


It is easy to see that the principal types of T are computable. Assume 
that ['(x) is a nonprincipal type of T. Since T admits the elimination 
of quantifiers, ['(2) is uniquely determined by a function fr € 2”. That 
is, for every 2 € w, 


P(z) eT <> fr(t) =1. 


To prove that I(x) is computable, it is sufficient to prove that f is 
computable. Let e > 0 be such that 1°°0 is an initial segment of f. If 
there were only finitely many e-marked nodes on the infinite branch 
of T determined by f, then, since every e-marked node “branches”, f 
would determine a principal type. Therefore, there is an infinite set £ 
of such e-marked nodes. Since E is computable by the construction of 
T, f is computable. 


Let Q(z0,...,2n-1) be an arbitrary type of T. Since T admits the 
elimination of quantifiers, 2 is uniquely determined by its 1-subtypes 


and by the set W of all inequalities among zo,... ,2n—1, which are in 
Q. Since, by (i), all 1-types are computable, and W is finite, it follows 
that 2 is computable. Oo 


Lemma 7.12 Every decidable model of T realizes a nonprincipal type of T. 


Proof. Assume that A is a decidable model of T. Then there is an effective 
enumeration (a;)ie, of A, and e € w such that for every formula 6(x) of L 
and every 2 € w: 


AF Oa;) => o?)([(x)],7) = 1. 
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Let a be the e-marked node of the least length. Since T | 3x8,(z), there 
is 1 € w such that A, — @,(a:). Hence there is 7 € w such that 7 is 
the e-marked element and for some stage s € w, vy?) ((8a(x)], 7) an ame | 
follows from the construction of 7 that there are infinitely many e-marked 
nodes. For every such node 3, both 8°0 and B*1 belong to T. Hence T 
has an infinite branch determining a nonprincipal type which is realized in 


A by a;. D 


Now, let us show that the £2 complexity assumption in the Effective 
Omitting Types Theorem (Theorem 6.2) cannot be replaced by a II9 one. 
Assume that a theory T is as in the previous theorem. Then the set of all 
nonprincipal types of T is not omitted in any decidable model of T. However, 
by Proposition 3.6, the set of all nonprincipal types of T is a ITS set. 

Goncharov and Nurtazin [79] have also given an example of a decidable 
theory without a computable prime model. The language of the theory is 
infinite, and the theory is No-stable. In (73], Goncharov has established a 
criterion for the computability of a prime model of a complete decidable 
theory. Let us first state a model-theoretic result about No-stable theories. 


Theorem 7.13 Let T be an Xo-stable theory in at most countable language, 
and let U be an arbitrary model of T. For every set X C U, the complete 
theory of Ux has an atomic prime model. 


Theorem 7.14 (Goncharov [73]) There is a complete decidable Xo-stable 
theory in a finite language (consisting of four unary relation symbols and one 
binary relation symbol), which does not have a computable prime model. 


Theories obtained in Theorem 7.6 and in Theorem 7.14 have infinite sets 
of axioms. However, Peretyat’kin {168] has found a finitely axiomatizable 
complete (hence decidable) theory T with a prime model, which does not have 
a decidable prime model. In Peretyat’kin’s example, T is associated with a 
computably enumerable binary tree J which has the following properties. 
For every node a of 7, either both or none of a~0 and a7 1 belong to 7. 
Every node of 7 is an initial segment of a leaf of 7, and the set of all finite 
branches of J is non-computable. A tree with these properties was first used 
by Goncharov and Nurtazin [79]. To prove that the described tree suffices 
for the result, Peretyat’kin has invented a general method for constructing 
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finitely axiomatizable theories whose properties are determined by Turing 
machine computations. 


Definition 7.3 Let X Cw. A model A is decidable in X if A <r X and 
there is an enumeration (a;)ic,, of A such that the theory of (A, a;)iew is 
<r X. 


Theorem 7.15 (Denisov [43], Millar [134], Drobotun [49]) Let T be a com- 
plete decidable theory with a prime model. Then T has a prime model which 
is decidable in 9’. 


Theorem 7.16 (Drobotun [49]) For every set X such that X <r 9’, there 
is a complete decidable theory with a prime model which is not decidable in 


XxX. 


Millar [145] has introduced a different concept of the effectiveness of a 
model, which is weaker than the concept of decidability. 


Definition 7.4 A countable model A for L is almost decidable if there is 
a computable function F' which assigns to every finite binary sequence a a 
finite set F(a) of formulae in LU {co, 1, c2,... }, where co, c1,€2,... are new 
constants, such that the following conditions are satisfied. 


(1) For a € 2”, if @ is an initial segment of a , then F(8) C F(a). 
(2) We can assign to every f € 2” a model A; such that 
U {F (a) : @ is an initial segment of f} 
determines the complete diagram of A,, and for all but countably many 
f € 2”, Ay is isomorphic to A. 


Every decidable model is almost decidable, and there is an almost decid- 
able model which is not decidable. In fact, the concept of almost decidability 
is introduced to capture a class of models which fail to be decidable because, 
although there are computable strategies for their construction, the strategies 
are not uniformly computable. 


Theorem 7.17 (Millar [145]) 


(i) If a complete decidable theory T has fewer than continuum many com- 
plete types, then T has an almost decidable prime model. 


(ii) There is a complete decidable theory which has a prime model but does 
not have an almost decidable prime model. 
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8 Computable Saturated Models and Com- 
putably Saturated Models 


In 1961, Vaught introduced the notion of a countably saturated model. In 
1970’s, Barwise, Schlipf and Ressayre [28, 27, 184, 190] introduced the notion 
of a computably saturated model. Barwise and Schlipf have extensively used 
computably saturated models to study computability over admissible sets. 


Definition 8.1 


(i) Let & be an arbitrary model. U is No-saturated if for every finite subset 
X of its domain, Uy realizes every type ®(r) of the theory Th(U/x). 


(ii) Let &¢ be a model for a computable language L. U is computably sat- 
urated if for every finite subset X of its domain, every computable set 
of formulae ®(x) in Lx consistent with Th(Ux) is realized in Ux. 


Hence, every No-saturated model for a computable language is com- 
putably saturated. A countable No-saturated model is simply called sat- 
urated. 


Theorem 8.1 


(i) A complete theory in a computable language whose models are infinite 
has a countable computably saturated model. 


(ii) Every computably saturated model is Xy—homogeneous. 
(iii) Elementarily equivalent countable saturated models are isomorphic. 
(iv) A complete theory with a countable saturated model has a prime model. 


Hence it follows from (ii) of the previous theorem that every countable 
saturated model is homogeneous. It follows from (i) of the previous theo- 
rem that every countable model for a computable language has a countable 
computably saturated elementary extension. 


Theorem 8.2 (Engeler, Ryll-Nardzewski, Svenonius) The following state- 
ments are equivalent for a complete theory T. 


(i) T is Xo-categorical. 
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(ii) There is a countable model of T which is both prime and saturated. 
(iii) All types of T are principal. 


(iv) For every finite sequence & of variables, there are only finitely many 
types of T inZ. 


(v) For every finite sequence & of variables, there are only finitely many for- 
mulae with free variables among the elements of the sequence , which 
are not pairwise equivalent with respect to T. 


(vi) All models of T are atomic. 


Theorem 8.3 A complete theory T has a countable saturated model if and 
only if for every n € w, T has only countably many n-types. 


Hence, every complete theory with only countably many non-isomorphic 
countable models has a countable saturated model. While countable satu- 
rated models do not exist for complete theories with uncountably many types, 
countable computably saturated models always exist. Thus, the proofs of 
many early results in model theory are simplified if countable computably 
saturated models are used to replace certain large models which exist only 
under specific assumptions of set theory. 


Theorem 8.4 (Millar [137]) Let T be a theory in a computable language L. 
Suppose that T has a complete extension T’ in the language LU{co,... , ¢n-1}, 
where co,...,€n-1 are new constants, such that T’ does not have an atomic 
model. Then T has a model which is not computably saturated. 


Proof. Since T does not have an atomic model, there is a formula 
(co, ++ 5Cn-1;70,-.. »Lm-1) in L(T’) 


which is consistent with T’ and not contained in any principal type of 7”. 


Let 9,61, 92,... be a computable enumeration of all formulae in L in free 
variables (¥,%) = (Yyo,--- ;Yn-1,20,--- ;Zm—1). We define a computable set 
of formulae ®(¥,Z) = {Wo, ¥1, Y2,--. } by: 

Yo Ss vy, z), 


Perr = [94(Y,Z) <> 3z(O.(9,Z) A Yo(¥,Z) A... A Ye(¥,2))] for k 20. 
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(co,... ,€n-1,2) generates an m-type of T’. It must be a nonprincipal type 
since no principal type of T’ contains w(co,... ,Cn-1,£). So there is a model 
(A, ao,--. ,@n-1) of T’ omitting ®(co,... ,¢n-1,£), such that A is a model 
of T. Since ®(y,Z) is a computable set of formulae, A is not computably 
saturated. Oo 


Proposition 8.5 (Millar [134]) Let T be a complete decidable theory with 
a countable saturated model. Every consistent computably enumerable set 
®(z0,.-- ,2n-1) of formulae, n € w, is contained in a computable type of T. 


Proof. Assume that ®(2zo,...,2,_1) is a consistent computably enumer- 
able set of formulae which is not contained in any computable type of 7. 
Then there is no formula y = 9(2o,... ,2n-1) of L(T) such that ® U {p} is 
contained in exactly one n-type of T in variables zo,... , 2-1. We can use 
the splitting along the nodes of a binary tree to show that T has 2*° many 
n-types. Hence T does not have a countable saturated model, contradicting 
the assumption. Oo 


Theorem 8.6 (Morley [150], Millar (133, 134]) Let T be a complete decidable 
theory such that all types of T are computable. If the set of all types of T is 
computably enumerable, then T has a decidable saturated model. 


Proof. Let [,Ty,[2,... be an effective enumeration of all types of T such 
that every type appears infinitely often. Also, consider an effective enu- 
meration of all finite sequences of constants from an infinite set C of new 
constants. Modify the construction in the proof of Theorem 7.4 so that the 
constructed decidable model is saturated. QO 


Theorem 8.7 (Millar [134]) There is a complete decidable theory T with a 
countable saturated model which does not have a computable saturated model. 
In addition, all types of T are computable. 


Proof. The example in the proof of Theorem 7.6 can be modified to guar- 
antee that every decidable model of T omits a (nonprincipal) 1-type of T. 0 


As Millar [134] has pointed out, there is no connection between the decid- 
ability of a prime model and the decidability of a countable saturated model 
(if they exist) of a complete decidable theory. 
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Theorem 8.8 (Millar [134]) Let T be a complete decidable theory. 


(i) If all types of T are computable, then T has a countable saturated model 
which ts decidable in @’. 


(ii) If T has a countable saturated model, then T has a saturated model 
which is decidable in some hyperarithmetic set. 


Theorem 8.9 (Denisov [43]) For every set X Cw such that X < @' , there 
is a complete decidable theory T with a countable saturated model, such that 
T has neither a countable saturated model decidable in X, nor a prime model 


decidable in X. 


Morley introduced a very important classification of formulae according 
to their complexity. 


Definition 8.2 Let U/ be an X,-saturated model for a countable language L. 


(i) Let @(z) be a formula in Ly. We say that an ordinal a is the Morley 
rank or the transcendence rank of 0(x) if the set of formulae 


{O(x)} U {p(x) : 7%(z) has the Morley rank < a} 


in Ly is consistent and has finitely many maximal consistent extensions 
in the theory of Uy. 


We assign oo to 6(x) as its Morley rank if (zr) is consistent with the 
theory of Uy, but no ordinal is assigned to it as its Morley rank. 


(ii) The Morley rank of U is the Morley rank of the formula z = z. 


It is convenient to work with &,-saturated models because a formula has 
the same Morley rank in two elementary equivalent 8,-saturated models. The 
valid formula z = g¢ is chosen to “represent the model” because it has the 
largest Morley rank. Clearly, a formula 6(r) in Ly has the Morley rank 0 if it 
is satisfied in U by at least one but at most finitely many distinct elements. 
Such a formula is also called algebraic. 

It follows that all 8j-saturated models of a complete theory T have the 
same Morley rank, called the Morley rank of T. It can be shown that if 
Morley rank of T is not oo, then it is a countable ordinal. A theory T whose 
Morley rank is not oo is called totally transcendental. A complete theory is 
totally transcendental if and only if it is No-stable. 
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Theorem 8.10 (Peretyat’kin [169]) There is a complete finitely axiomatiz- 
able No-stable theory of finite Morley rank, which has neither a computable 
prime model nor a computable saturated model. 


Schlipf [190] has established that if A is a countable, computably sat- 
urated model and S is a computably axiomatizable theory consistent with 
Th(A), then A can be expanded to a computably saturated model of S. For 
example, a countable nonstandard model of additive number theory can be 
expanded to a model of Peano arithmetic if and only if it is computably 


saturated (see [122]). For applications of computably saturated models see 
[112, 117, 123]. 


9 Decidable Homogeneous Models 


While countable homogeneous models are relatively simple objects in model 
theory, they can be very complex from a computability-theoretic point of 
view. Classical model theory has established that every countable model 
has a countable homogeneous elementary extension. Two countable homo- 
geneous models are isomorphic if and only if they realize the same finite 
types. Thus, a countable homogeneous model is uniquely determined, up to 
isomorphism, by a set of types it realizes. Therefore, the following question, 
first posed by Morley, is a very natural one. 


Let T be a complete decidable theory. Assume that the type spec- 
trum of a countable homogeneous model A of T consists only of 
computable types and is computable. Is A necessarily decidable? 


(The converse is obviously true.) 


Goncharov, Peretyat’kin and Millar have independently answered Mor- 
ley’s question negatively by providing examples of a non-computable count- 
able homogeneous model of a complete decidable theory such that the type 
spectrum of the model consists only of computable types and is computable. 
Millar [136] has used the infinite injury priority method to construct his coun- 
terexample. In addition, Goncharov (68] and Peretyat’kin [166] have char- 
acterized a decidable countable homogeneous model of a complete decidable 
theory. While Peretyat’kin’s counterexample has not used this characteriza- 
tion, Goncharov has used the characterization to find his counterexample. 
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Goncharov [72] has later given an example of a complete No-stable decid- 
able theory which does not have a computable homogeneous model. Notice 
that such theory has neither a computable prime nor a computable saturated 
model. Another consequence of Goncharov’s example is the existence of a 
decidable model without a homogeneous computable elementary extension. 

To present Peretyat’kin’s counterexample to Morley’s question, we use 
from model theory, the Log-Vaught Test and a characterization of submodel 
complete theories from Theorem 5.5; and from computability theory, the no- 
tion of an approzimable set and the existence of a non-approximable c.e. set, 
both of which are due to Peretyat’kin. 


Theorem 9.1 (Los-Vaught Test) If a theory S of an arbitrary language 
has only infinite models and for some infinite cardinal x > |L(S)|, S is 
«-categorical, then S is complete. 


Definition 9.1 Let X Cw. X is approzimable if there is a computable 
function f such that for every m € w, 


|{0,...,m—1}NX| > f(m) 
and for infinitely many m, 

|{0,...,m—1}NX| = f(m). 
(If m = 0, then TOs aks > m— 1} def g.) 


Hence, a set X is not approximable if and only if for every computable 
function f, 


[Vm |{0,...,m—1}NX| > f(m)] => 
[AmoVm > mo |{0,...,m—1}NX|> f(m)). 


Theorem 9.2 (Peretyat’kin [166]) There is a computably enumerable set X 
which is not approzimable. 
Proof. We will algorithmically enumerate X at stages. 


Construction 
STAGE 0: = Let Xo =der @. 
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STAGE s+1: Let X, be the part of X enumerated by stage s. For every 
e < s, consider all & such that 


for every n € {(e,k) +1,... ,(e,k + 1)}, 


Yes(r) | A|{0,... , rn —1} N Xs] > Yes(7n). 
Enumerate all such (e,k) in X,4,. End of the construction. 


Let X = U X;. 


sew 


Lemma 9.3 X is not approzimable. 
Proof. Let e € w be such that y, is total. Assume that 

Vn |{0,...,n—-1}NX| > v-(n). 
Let mo =der (€,0) +1. We will prove that 

Vm > mo[|{0,... ,m—1} NX| > y-(m)]. 

Let m > mo. There is a unique k such that m € J, where 

I= {(e,k)+1,... ,(e,k+1)}. 
Consider the least s > e such that 

(Vn € Dlpes(n) L Al{O,... ,n — 1} N X,| 2 ve,s(n)]. 

By construction, (e,k) € X541 — X,. Hence 


|{0,...,m—1}NX| > ]{0,...,m—1}NX,| > Yes(m) =y-(m)}. oO 


Theorem 9.4 (Goncharov [68], Millar [136], Peretyat’kin [166]) There is a 
complete decidable theory T and a countable homogeneous model M of T 
such that M is not computable, and the type spectrum of M consists only of 
computable types and is computable. 
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Proof. We will present the example from [166]. First, we will define a 
complete and decidable theory T in L which admits the elimination of quan- 
tifiers. Then for an arbitrary c.e. set X, we will define a c.e. set Sx of types 
of T such that there is a homogeneous model M with the following proper- 
ties. M realizes precisely the types in Sx; and if M is computable, then X 
must be approximable. However, by Theorem 9.2, X can be chosen to be 
non-approximable, thus forcing M to be non-computable. 


Theory T 


Definition of T. The language of T is L = {=, R, Po, Pi, Po,...}, where 
R is a binary relation symbol and for 7 € w, P; is a unary predicate 
symbol. We will also consider the finite sublanguages Lo = {=, R}, 
and L, = {=, R, Po,..., Ps-1} for s > 0. Let T =der U,y0 Ts, where T, 
is a set of sentences in L, defined as follows. 


To has the following two axioms. 


Ax 1 Vr-R(2, x); 
Ax 2 VeVy[R(x,y) > R(y,2)]. 


For s > 0, T, has, in addition to the above two axioms, the following 
axiom schema: 


Axe. Woy Niue lO (26; tty y asa) SS Agno: F yes peas ea) 
where 6 is a conjunction of atomic formulae and negations of 
atomic formulae in L, which is consistent with {Az 1, Ar 2}, and 
6’ is a subformula of 6. We will call 6 a finite diagram in L, and 
6’ a subdiagram of 6. 


Lemma 9.5 Fors 20, T, is consistent. 


Proof. Clearly, 7p is consistent. Assume that s > 0. Let Ap be a model 
in L, of axioms Ax 1 and Ax 2. We will construct a model A of T,. Let 
9,,62,... be an enumeration of all axioms Ax, in which each axiom appears 
infinitely often. Let 0, be of the form 


Vao.--W2n—1[6 (20, 21,--- »En—1) => JTn4b(Zo, T1,--- »Ln-1,Tn)]- 
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We will extend Ap to A; in such a way that A satisfies the matrix of 6, on 
all n-tuples from Ap. Let A; = Ao U {a}, where a ¢ Ao. Let 


Ao a 6'(ao, a1,--- sysi) 


for a9,41,... ,@n-1 € Ao. Extend the definitions of the predicates in L, to 
the set {ao,a1,... ,@n—1,a} so that 


Ai F 6(ao, a1,... ,An—1,€)- 
Continuing in a similar fashion, we construct a chain of models 
AoC Ai CA, C-::. 
Let A =aer U As. Qo 


s20 
Lemma 9.6 Fors > 0, T, is Xo-categorical. 


Proof. Let A and B be countable models of T,. We will prove that they are 
isomorphic. Assume that f is a finite (partial) isomorphism from A to B and 
dom(f) = {ao,a1,-..,@n-1}. Let ’(xo,21,-..,n-1) be the finite diagram 
of A determined by dom(f), let a € A—dom(f), and 5(z0, 21,.-. ,2n—1,2n) 
be the finite diagram of A determined by dom(f) U {a}. We have that 
BE 8'[f(ao), f(a1),.-- , f(@n-1)]. Thus, there is b € B such that 


B E é[f (ao), f(a1), Se TE er f(G@n—1), 5}. 


Then f; = f U {(a,6)} is a finite isomorphism from A to B. Similarly, if 
b; € B—ran(f), there is a; € A such that fo = f, U {(a1,}1)} is a finite 
isomorphism from A to B. QO 


Lemma 9.7 Fors > 0, T; is complete. 
Proof. T, has no finite models since {x; # z; :1 # j Ai,j <n} belongs to 


a finite diagram of T;. Since T, is No-categorical, by the Los-Vaught Test, it 
is complete. oO 


Lemma 9.8 For s > 0, T, is decidable. 
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Proof. T, is complete and computably axiomatizable. Hence, it is decid- 
able. a 


Lemma 9.9 For s >0, T, admits the elimination of quantifiers. 


Proof. We will prove that T, is submodel complete by showing that 


(VA,B E T,)(VD C A,B) [A and B satisfy the same existential 


sentences in L(T,) with parameters from D]. 
Let A - 0(do,... ,dn-1,@0,--- ;@m-1), where 
do,... ,dn_1 € D and ao,---,4m-1 €E A-D. 


Extend the identity function on {do,...,dn-1} to a finite isomorphism f 
from A to B such that ao,... ,@m—1 € dom(f). Then 


B = Azo see Atm—19(do,. oe »dn-1, Zo, sae i@mat)s 


Types of T 


Description of the types of T. The fact that T admits the elimination 
of quantifiers allows us to easily describe all finite types of T. 

A 1-type ['(x) of T is uniquely determined by the sequence f € {0,1} 
such that {P/ 2), Pf (2), P/(2),...} CT. 

For n 2 2, an n-type ['(xo,...,2n-1) of T is uniquely determined 
by the 1l-types [ [ {zo},...,T | {zn-1} and some finite 2o-diagram 
5(xo, eee En-1). 

Description of a set Sx of types of T. Let X beac.e. set of natural 
numbers. 


Definition 9.2 


(i) A sequence f € {0,1}” is compatible with X if there is 1 € w such 
that for 7 € {0,...,/—1}, 
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f(i+2)=1 if t€X ,and f(l+1)=0 if 7€ X, 
f(2l) = 0 and for i > 2, f(z) =1. 


(ii) A 1-type is compatible with X if the infinite binary sequence 
which determines it is compatible with X. 


That is, f is compatible with X if f is defined arbitrarily on some 
initial segment of length /, then “follows” X on length /, after that has 
value 0, and then its value becomes and remains 1 forever. 


A 1-type belongs to Sx if and only if it is determined by an almost 
constant 1-sequence (that is, InoWn > nof(n) = 1). 


A 2-type [ = [(z,y) of T with [\(z) = T [ {x} and [o(y) = T [ {y} 
belongs to Sx if and only if [,,l2 © Sx and the following condition is 
satisfied: ~R(z,y) € [(z,y), or neither [,(x) nor ['2(y) is determined 
by the constant 1-sequence, or if one of T(x) and ['2(y) is determined 
by the constant 1-sequence, then the other one is compatible with X. 


An n-type belongs to Sx if and only if each of its 2-subtypes belongs 
to Sx. 


Lemma 9.10 There is a homogeneous model which realizes precisely the 
types in Sx. 


Proof. The existence of such a model follows from the next two properties. 
Property (1) will guarantee Henkin’s witnesses, and property (2) will guar- 
antee the homogeneity of the model which can be constructed by Henkin’s 
method. 


(1) If P(xo,... ,tn-1) € Sx and O(z0,... ,2n-1, 2) is a formula consistent 


with [ (that is, JrO(ro,... ,2n-1,2) € [)), then there is an (n+1)-type 
Q(zo,.-- ,Ln-1,0) € Sx containing [ and @. 


Let us prove (1). Let the language of 0(xo,... ,fn-1, 2) be Ls. Since T; 
eliminates the quantifiers, there is a finite diagram 6(zo,... ,2n-1, 2) 
of T, such that 


O(2bis.6. otnty hy SP lao, es stn 2) 
We can extend ['(z0,... , &n-1) U {6(xo,... , Zn-1, £)} to a type 


Q(zo,. ee nase) 


— 
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in Sx. If z = z; for somez < n, then the required extension 2 is unique. 
Otherwise, choose 2 in such a way that Q(z9,... ,2n-1, 2) [ {x} is 
compatible with X. 


If Li(zo, see 9 2n-1; In) € Sx and T'2(z0, srierd »2n-1,2n) € Sx and if 


r, b {i005 tacts ard 2 iRezvere PRET Is 


then there is an (n + 2)-type O(z0,... ,2n-1, 2n, ©) € Sx such that N 
contains ['\(xo,... ,2n-1,2n) and ['2(zo,... ,fn-1, 2). 


Let us prove (2). Let 
ViGasssce tacts Sas) Sta Goss sence) OC Leese 5 the 2): 
If for some i < n, 
iS re) SC Uileo,: oo ea-4g ea) Os (Sie a ei) 


then the required extension 2 of [is uniquely determined. Otherwise, 
Q will be determined by [, z, # x, and “R(z,,z). Oo 


Lemma 9.11 The set Sx of types is computably enumerable. 


Proof. It is sufficient to prove that the set of all 2-types in Sx is computably 
enumerable. To prove this fact, it is enough to prove that a family 7 of 2- 
types in Sy is computably enumerable, where 


T 2 {I (z,y): R(z,y) EP 


A(T [ {x} is determined by the constant 1-sequence) 


A (I [ {y} is determined by a sequence compatible with X)}. 


Let {X:}te, be a computable enumeration of X. For every pair (p,t) of a 
finite sequence Dp = (po,... ,pi-1) and a number ft, we define f,g € 2” as 


follows: 


f(0) = Po»--- »f(i-1) = Pl-1, 
f()=1 if OC X, and f()=0 if O¢ X, 


f(l-1’)=1 if l-1E€X,, and f(2l-1)=0 if /-1¢€ XX, 
f(21) =0, and f(i)=1 if 72> 2. 
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Clearly, f is compatible with X if no new elements among {0,... ,/—1} are 
enumerated in X after stage t. The sequence g keeps track of that part of 
the enumeration. Namely, 


i 


g(s) 0 if (X,—-Xs-1)N{0,...,J-1} #@ for s>t, and 


g(s) = 1 otherwise. 


Notice that g is determined by an almost constant 1-sequence. Also, by 
the above remark, if g is determined by the constant 1-sequence, then f is 
compatible with X. 

Let ['g(z,y) be the 2-type such that 


Te (z,y) 2 {R(a,y), P!™, P™ +k > O}. 


Then 7 = {Ig@ya(z,y): pe 25” At Ew}. Oo 


Lemma 9.12 Assume that a homogeneous model of T realizing precisely the 
types in Sx is computable. Then the set of types 


{[.:T isa 1-type of T compatible with X} 
is computably enumerable. 


Proof. Let M be a homogeneous model of T realizing precisely the types 
in Sx. Let a’ be an element of M which realizes in M the 1-type 0 of T 
determined by the constant 1-sequence. For every a € M, let [, be the 1- 
type realized in M by a. Since M is computable by assumption, it is enough 
to prove that 


{[:T isa 1-type of T compatible with X} = 
{Tl1:@€ MAM F R(a’,a)}. 


We first assume that M — R(a’,a) for some a € M. Since the 2-type 
realized in M by (a’,a) belongs to Sx, T. is compatible with X (by the 
choice of a’). 

We now assume that [ is a 1-type of T compatible with X. Let a 2-type 
Q(z, y) be such that R(z,y) € N,Q f {x} = O(z) and 2 | {y} = T(y). Since 
2 belongs to Sx, it is realized in M by some (0’,b). Thus, a’ and 0’ realize 
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the same 1-type in the homogeneous model M. Let f be an automorphism 
of M such that f(b’) = a’. Let f(b) = a for some a € M. Since (a’,a) and 
(b',6) realize in M the same 2-types, it follows that [ = [,. Also, since 
RM (b’,b), we have that R“(a’,a). Oo 


Lemma 9.13 Let M be a homogeneous model realizing precisely the types 
in Sx. If M is computable, then X is approzimable. 


Proof. By Lemma 9.12, the set 
{[.: T is a 1-type of T compatible with X} 


is computably enumerable. Therefore, we can algorithmically enumerate the 
infinite binary sequences which determine the 1-types of T compatible with 
X. We choose such a computable enumeration ao, a1, Q2,... in such a way 
that for every e > 0, the length of agreement of a, with X is at least e. 
Hence (i > 2e){a.(2) = 0}. 

We will define, by recursion, a unary computable function g as follows. 


g(0) =0 
For n > 0, g(n) is the least number such that 
g(n) > g(n — 1), g(n) > 2n 4+ 2, 


and for every e < n, there is 1 = [,, which satisfies the following 


conditions: 
g(n) > 21, 
a,(2l) = 0,a.(21 + 1) = a,(21 + 2) =... =a.(g(n)) = 1, (*) 


{i:0<i<l—-1Aa.(1 +i) =1} = {0,1,... J-1} NX ym. 


Thus, at stage n, we look at the initial segment of length g(n) of each 
of the sequences a9, @1,...,Qn-; and, within this segment, obtain the 
compatibility of the sequences with X,,). However, past this initial 
segment, it is still possible to have value 0 in certain a,’s for e <n. 


We define a function f by f(n) = |{0,1,...,n —1}M Xin]. Clearly, 
f is computable and for every n € w, f(n) < |{0,1,...,n —1} NX. Let 
e € w. We define n, to be the least number such that n. > n and a, does 
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not have a value 0 past the initial segment of length g(n.). We will prove 


that f(n-) = |{0,1,...,ne-1} NX]. 


Since a, is compatible with X, we have the following equality for / = [..,: 
{i:0<i<gl—-1lAa,(l+7) =1} = {0,1,... J-1} 9X. 
On the other hand, by the definition of g, we have 
(i:0<i<l—-1lAa,(i+i) =1} = {0,1,... J-1 NXg). 


Therefore, to prove that f(n.) =| {0,1,...,ne—1}MX |, it is enough to 
prove that n. < len. 

Assume that e = n, — 1. The required inequality follows from the length 
of the compatibility of a. 

Now assume that e < n, — 1. By the definition of g, g(ne — 1) > 2n-. By 
the definition of n., a. must have value 0 past the initial segment of length 
g(ne— 1). Hence, the desired inequality follows from the condition (*) in the 
definition of g. QO 


In [142], Millar has given an example of a complete decidable theory with 
only computable complete types and with only countably many non-isomor- 
phic countable models, which has an undecidable countable homogeneous 
model. 

To state Goncharov’s and Peretyat’kin’s characterization of a decidable 
countable homogeneous model of a complete decidable theory, we introduce 
the following definition. 


Definition 9.3 A computable set 7 of computable types of a theory T in 
L has the effective extension property if the following condition is satisfied 
for an effective enumeration ['9,T°,,P2,... of all types in 7, and an effective 
enumeration 69, 6;,92,... of all formulae in L. 

There is a partial computable binary function f such that for every n,7 € 
w, if T, =T,(zo,-.. ,2%-1) for some k € w, and I, is consistent with 0; = 
6;(zo,--- ,Zk-1, 7%), then f(n,2) is defined, [yn is a (k + 1)-type and 


(Th U {8:}) S Pym) 
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Theorem 9.14 (Goncharov [68], Peretyat’kin [166]) Let A be a countable 
homogeneous model with the type spectrum T. Then A is decidable if and 
only if T is a computable set of computable types and T has the effective 
extension property. 


As a consequence of this characterization, Goncharov-Nurtazin’s, and 
Harrington’s characterization of a decidable prime model, as well as Mor- 
ley’s and Millar’s characterization of a decidable countably saturated model 
can be obtained. Another consequence of this characterization is the next 
theorem, also obtained by Millar [139] as a consequence of a more general 
result. 


Theorem 9.15 (Goncharov [68], Millar {139]) Let the set of all computable 
types of a complete theory T be computable. If the set of all complete types 
realized in a countable homogeneous model A of T is a X93 set of computable 
types, then A is decidable. 


Theorem 9.16 (Millar [147]) Assume that T is a complete decidable theory 
all of whose types are computable and which has only countably many type 
spectra. Let A be a countable homogeneous model of T. If the type spectrum 
of A is US, then A is almost decidable. 


Algorithmic complexity of countable homogeneous models has also been 
studied by Denisov [41, 42, 43]. The following result is a computable ana- 
logue of the classical model-theoretic result that every theory in a countable 
language has a countable homogeneous model. 


Theorem 9.17 (Denisov [43]) 


(i) Every complete decidable theory has a countable homogeneous model 
which is decidable in Q'. 


(ii) For every X Cw such that X <r @’, there is a complete decidable 


theory which does not have a countable homogeneous model decidable 
in X. 


Theorem 9.18 (Tusupov [200]) Let A be a countable homogeneous model of 
a decidable theory, such that the type spectrum of A is a computable family 
of computable types. Then A is decidable in g’. 
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While every countable model has a countable homogeneous elementary 
extension, Goncharov and Drobotun [76] have constructed a computable lin- 
ear order which does not have a computable homogeneous elementary exten- 
sion. They have also constructed a decidable model which does not have a 
computable homogeneous elementary extension. (Also see [162].) 


10 Vaught’s Theorem Computably Visited 


Theorem 10.1 (Vaught) There is no complete theory which has exactly two 
non-isomorphic countable models. 


Proof. By contradiction. Assume that T has exactly two non-isomorphic 
countable models. Then T must have a countable saturated model A and a 
prime model C. Clearly, A and C are not isomorphic. Since A is not prime, 
there is an n-tuple of elements of A which realizes a nonprincipal type of T. 
Without loss of generality, assume that n = 1. Thus, there is a € A which 
realizes a nonprincipal type I(r). Let c be a new constant. Since (A,a) 
is a countable saturated model of I'(c), I'(c) also has a prime model (B, 6). 
However, B is not prime because it realizes a nonprincipal type I(x). Hence 
B and C are not isomorphic. Finally, (B, 6) is not saturated because T is not 
No-categorical, so T and, hence, I'(c) satisfy (v) of Theorem 8.2, so ['(c) is 
not No-categorical. Hence B and A are not isomorphic. The existence of A, 
B and C contradicts the assumption at the beginning of the proof. 0 


Theorem 10.2 (Ehrenfeucht) For every n > 3, there is a complete theory 
with exactly n non-isomorphic models. 


On the other hand, Millar and Kudaibergenov have constructed a com- 
plete decidable theory with exactly two non-isomorphic decidable models. 
However, the effective version of Ehrenfeucht’s result remains true [118]. To 
present Millar’s and Kudaibergenov’s result, we use from model theory, a 
characterization of submodel complete theories from Theorem 5.5; and from 
computability theory, the existence of two computably inseparable c.e. sets. 
That is, there are c.e. sets X and Y such that 


XNY=@ and ~(4R)[R is computable AX CRARNY =}. 


Theorem 10.3 (Millar [135], Kudaibergenov [118]) There is a complete de- 
cidable theory T with exactly two non-isomorphic decidable models. 
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Proof. We present the example from [135]. We will define a theory T such 
that the following conditions are satisfied. 


(1) T has only one nonprincipal 1-type, [(z). (x) is a computable type. 
(Notice that T C ['(z).) 


(2) There is no computable 2-type Q(z, y) of T such that 
D(z) UP(y) U {x Fy} S Az, y). 
(3) ['(c) has a decidable prime model, where c is a new constant. 


(4) If a model of T realizes a computable nonprincipal type of T, then it 
realizes all computable nonprincipal types of T. 


Lemma 10.4 Conditions (1)-(4) imply the theorem. 


Proof. Let (B,b) be a decidable prime model of ['(c), [(c) = T UT (ec), 
which exists by (3). Then B is a decidable prime model of T which realizes 
[(z). P(x) is a nonprincipal type, hence there is a decidable model A which 
omits ['(z). Since A is decidable, all types realized in A are computable. 
Since every type realized in A is principal, A is a prime model of T. We will 
prove that every decidable model of T is either isomorphic to A or to B. Let 
D be a decidable model of T. 


CASE (a): D omits I(x). Since D is decidable, all types realized in D are 
computable. By (4), D omits all nonprincipal types of T. Since every type 
realized in D is principal, D is a prime model of T, hence D & A. 


CASE (6):  D realizes [(r). Let d € D be such that D / I(z)[d]. We 
claim that (D,d) = (B,b) and, hence, that D = B. Assume otherwise, 
that is, (D,d) # (B,b). Then (D,d) is not a prime model of [(c). Thus, 
(D,d) must realize a nonprincipal type Q(c,F) = O(c, 21,...,¢n) of P(e). 
Hence ['(x) € Q(z, %), and Q(z,Z) is a computable type. Also, Q(z,F) is 
a nonprincipal type of T, hence it is realized in B. Let 0',b),...,b, € B 
be such that B  Q(z,7)[b’,bj,... , 0]. It follows by (2) that I(r) cannot 
be realized in a decidable model B by two different elements, b and 5’, since 
the 2-type determined by (6, 6’) in B would be computable. Thus, (B,b) — 
Q(c, )[bj,... , bf]. This is a contradiction, since (B,b) is a decidable prime 
model of P(c), and Q(c,Z) is a nonprincipal type of I'(c). Oo 
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The language of T is L = {P,(-), Sn(-,-) : n € w}, where each P,(-) is a 
unary relation symbol and each S,,(-,-) is a binary relation symbol. 

Let X C w and Y C w be computably inseparable c.e. sets. We will 
encode X and Y into 2-types of T. Let (Xt)teu and (Y:)re. be computable 
enumerations of X and Y, respectively, such that if n € X; or n € ¥;, then 
n<t. (We have Xo C X; CX. C... and U,e, X1 = X, and similar 
relations for Y.) 

We first. define T’ such that T’ C T. The axioms of T” are the universal 
closures with respect to z and y of the following formulae. Let n,t € w. 


Ax 1 P(x) => Pii(z); 

fxd aS,( 2,2); 

Ax3 S,(2,y) > Say, 2); 

Ax4 P(r) > 7Si(z,y); 

Ax 5 (-Pi(t) AAPi(y) Ax 4 y) > Sr(z,y) ifn € Xt; 

Ax6 (“~Pi(z) A7AP(y) Az # y) > 7Sn(2,y) ifn en. 

Clearly, T’ is a universal set of sentences. T’ is obviously consistent, since 


a nonempty set A with PA = A for t € w, and SA =@ for n € w is a model 
of T’. 

We will now extend T’ to T in such a way that T is submodel complete, 
and, therefore, admits the elimination of quantifiers. We will add a new set 
of axioms. First we introduce some notation. 

Let M be a finite model of T’. Let Ajn(@) be the conjunction of all 
atomic and negated atomic sentences true in My, in which only relation 
symbols Po,... , Py, and So,... ,S, may occur. There are only finitely many 
such sentences. 

T’ is extended to T by adding a new group of axioms for every n € w: 


Ax 7 (Wz)(Sy)[Ama(Z) => Ann(Z,9)], 
where M and W are finite models of T’ such that M C N, allowing M = @. 


Lemma 10.5 T is consistent. 


Proof. By compactness. O 


Lemma 10.6 T is computably aziomatizable. 
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Lemma 10.7 T is submodel complete. 


Proof. We will prove 


(VA,BET)(VDC A,B)[A and B satisfy the same 


existential sentences with parameters from D]. 


Let A,B — T and DC A,B. Let 5(Z,y) be a conjunction of atomic and 
negated atomic formulae, and d € D!*) such that A — (4y)6(z, 9)[d]. Let 
a € A!) be such that A 6(%,9)[d, a]. Let M be the submodel of A whose 
domain consists of the elements in d. Let N be the submodel of A whose 
domain consists of the elements in d and @. Since T” is a universal theory, 
we have M,N — T’. Let n be the largest subscript of a P—-predicate symbol 
or of an S—predicate symbol occurring in 6(Z, y). (If no P-predicate symbol 
and no S-predicate symbol occurs in 6(%, 9), let n = 0.) Clearly, 


F [Awa(z,y) = 6(@,9)]. 
Since (Vz)(3¥)[Amin(Z) > Ayn(Z, y)] is an axiom of T, we have that 
TE (Wz)(3y)(Amn(Z) = 6(2,9)]- 
Since B  Ayjn(Z)[d] and BE T, we have B § (39)5(z,9)(d]. Oo 


Let us now prove that T satisfies the conditions (1)-(4). 


(1) T has only one nonprincipal 1-type, T(x). Furthermore, T(x) is a 
computable type. 
Let I'*(x) be a 1-type of T. Since T admits the elimination of quan- 
tifiers and —S,,(x, x) is an axiom, every formula in L(T) with one free 
variable is equivalent to a quantifier-free formula whose only relation 
symbols are from {P, : n € w}. Therefore, ['*(z) is uniquely deter- 
mined by the set {t : P(x) € I*(x)}. Assume that this set is nonempty, 
and let to be its smallest element. Since 


Pry (t) => Piggi(x) => Prygo(z) > +--+, 


we have that =Po(x) A... A 7P,,-1(r) A P,,(x) is a complete formula 
of [*(z). Hence, [*(x) is a principal type. Thus, there is exactly 
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one nonprincipal 1-type ['(x), where ['(z) contains {>P;(x) : t € w}. 
Since T is decidable and admits the elimination of quantifiers, we can 
effectively find for each formula a corresponding quantifier-free formula. 
Thus, [ is computable. 


There is no computable 2-type Q(x,y) of T such that 
P(x) UP(y) U {2 Fy} € O(a, y). 

Assume otherwise for some (2,y). Define 
R={né€w:S,(z,y) € A(z, y)}. 


R is a computable set since Q(x,y) is a computable type. By Ax 5 
and Ax 6, X C Rand YN RK = @, contradicting the computable 
inseparability of X and Y. 


Let c be a new constant. Then V(c) has a decidable prime model. 


To prove (3), it is enough to prove the following lemma. 
Lemma 10.8 Every computable type of ['(c) is principal. 


Let us first prove that Lemma 10.8 implies (3). Since ['(x) is a com- 
putable type, ['(c) has a decidable model (B,b). Since every type re- 
alized in a decidable model is computable, by Lemma 10.8, every type 
realized in (B, 5) is principal. Hence (B,b) is a prime model of I(c). 
Let us next prove Lemma 10.8. 

Proof. Assume otherwise. Let = = =(c,z2,...,2n) be a computable 
nonprincipal type of ['(c). It is an (n — 1)-type for n > 2. By (2), for 
each 7 € {2,... ,n}, there is the least k(z) with Py(a;) € =. Thus, 


LA. Pyiy(zs)] € =. 


Since = is nonprincipal, A..;-,, Pyiy(zi) is not a complete formula. 
Hence there are infinitely many distinct (n — 1)-types of ['(c) which 
contain 


{Pxiy(2:) 22 < a < i}: 
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Thus, there are infinitely many distinct n-types of T which contain 
{ Peiy(vi) 22 <i < n}UL (ay). 


Since T eliminates quantifiers, every formula of L(T) in n free variables 
for n > 2 is uniquely determined by the }n(n — 1) many 2-types it 
determines. Hence infinitely many 2-types of T contain 


{ Paciy (i), Pecjy(23), 22 # 25} 


for some 7,7 € {2,...,n}, or infinitely many 2-types of T contain 
{Prciy(ai)} U T'(e1) for some 7 € {2,... ,n}. Again, by the elimination 
of quantifiers, each of these implies that for some k(7) and for infinitely 
many n, both {Pxiy(2i), Sn(z,y)} and {Pyiy(xi), 7Sn(z, y)} are consis- 
tent. This contradicts the axioms of 7”. Oo 


-— 
_ 
— 


If a model of T realizes a computable nonprincipal type of T, then it 
realizes all computable nonprincipal types of T. 


For every nonprincipal computable type O(2,... ,7,) of T, there is 2 € 
{1,...,n} such that ['(z;) C O(21,...,2,). Therefore, any model of T 
realizing a nonprincipal computable type must realize I’. As before, we 
can conclude that all decidable models of T realizing I are isomorphic. 
Hence the statement follows. QO 


While the theory T constructed in the previous theorem has only two non- 
isomorphic decidable models, it has 2®° non-isomorphic countable models. 
Millar [138] has further shown that there is a complete decidable theory with 
only countably many non-isomorphic countable models, which has exactly 
two non-isomorphic decidable models. 


11 Decidable Ehrenfeucht Theories 


Definition 11.1 An Ehrenfeucht theory is a complete theory with only 
finitely many non-isomorphic countable models. 


Clearly, if a complete decidable theory T is No-categorical, then T has, 
up to isomorphism, only one countable model which can be chosen to be 
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decidable. In 1971, Baldwin and Lachlan [23] established Vaught’s conjecture 
that every complete 8,—-categorical theory has either exactly one or exactly w 
many non-isomorphic countable models. The following result is an effective 
version of the Baldwin-Lachlan’s result. 


Theorem 11.1 (Harrington [88], Khisamiev [99]) If a complete decidable 
theory T is %\-categorical, then every countable model of T is isomorphic to 
a decidable model. 


Proof. Every countable model of T can be viewed as a prime model of some 
other &y-categorical decidable theory. Oo 


Nerode posed the following problem: 


Let T be a complete decidable theory which has only finitely many 
non-isomorphic countable models. Can all of these models be cho- 
sen to be decidable? 


By Vaught’s theorem, T cannot have exactly two non-isomorphic count- 
able models. We will prove that 7 must have a decidable prime model. 
Assume otherwise. Then T' has a decidable model realizing a nonprincipal 
type, which is omitted in another decidable model of T realizing another non- 
principal type, etc. Here we use the fact that every finite set of nonprincipal 
types of T is omitted in some decidable model of T. Thus, contrary to the 
assumption, T has infinitely many non-isomorphic decidable models. 

Morley gave an example of a theory T with exactly six non-isomorphic 
countable models, of which only the prime one can be chosen to be com- 
putable (even decidable). Moreover, Lachlan has found a simple example of 
such a theory, using the fact that there is a computable linear ordering of 
order type w + wx whose w-part is not computable. Peretyat’kin [163] has 
generalized this result. He has obtained for every n > 3, a theory T in a 
finite language, with exactly n non-isomorphic countable models, of which 
only the prime one can be chosen to be computable (decidable). To con- 
struct such theories, Peretyat’kin has used a least upper bound operator to 
obtain an underlying Xo-categorical theory which admits the elimination of 
quantifiers, and in which a binary tree can be distinguished by constants. 

The countable non-isomorphic models of decidable Ehrenfeucht theories 
in all mentioned examples can be chosen to be decidable in 0’. The question 
then arises whether all countable models of an arbitrary complete decidable 
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Ehrenfeucht theory can be chosen to be, for example, arithmetic. Millar 
has answered this question negatively by showing that there is a complete 
decidable theory with only finitely many non-isomorphic countable models, 
some of which must be chosen to be of arbitrarily high hyperarithmetic de- 
gree. Moreover, the theory in Millar’s example is persistently Ehrenfeucht 
(see Definition 3.2). Persistently Ehrenfeucht theories are also called persis- 
tently finite theories and have been introduced and first studied by Benda. 
It can be shown that every persistently decidable Ehrenfeucht theory has a 
decidable saturated model. 


Definition 11.2 Let X Cw. We say that a model A is decidable exactly in 
X if A is decidable in X and for every Y C w, if A is decidable in Y then 
X<rY. 


Theorem 11.2 (Millar [141]) Let H, be a hyperarithmetic set, where n € w. 
Then there is a complete decidable persistently Ehrenfeucht theory T with an 
undecidable countable model, such that for every undecidable countable model 
A of T, A is decidable exactly in Hy. 


For every H,,, the corresponding theory in the previous theorem has eigh- 
teen countable non-isomorphic models, exactly three of which are decidable. 
To define such a theory, Millar has used the existence of a computable sub- 
tree of w<” having exactly one infinite branch f, where f =r H,, (see [187], 
page 456). 

In Morley’s, Lachlan’s and Peretyat’kin’s counterexamples to Nerode’s 
question, the theories have non-computable types. Therefore Morley raised 
the following question: 


Let T be a complete decidable theory with all types computable, 
which has only finitely many non-isomorphic countable models. 
Can all of these models be chosen to be decidable? 


Assume that one of the finitely many non-isomorphic models of T must 
be undecidable. Clearly, T is not No-categorical. The fact that T has a 
finite number of non-isomorphic decidable models has several implications. 
As shown before, T has a decidable prime model. The set of all types of T 
is computably enumerable, because every computable type of T is realized 
in some decidable model of T. Since the set of all types of T is computably 
enumerable, T has a decidable saturated model. We can mimic Vaught’s 
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construction to obtain a third non-isomorphic decidable model. Therefore, 
if the answer to Morley’s question is negative, then a counterexample must 
have at least four non-isomorphic countable models. Indeed, Goncharov has 
recently announced a negative answer to Morley’s question. 


Theorem 11.3 (Goncharov [75]) There is a decidable Ehrenfeucht theory 
with all types computable, whose non-isomorphic countable models cannot be 
chosen to be all decidable. 


Millar asked the following question: 


If T is an arithmetic Ehrenfeucht theory whose types are all arith- 
metic, are all countable models of T arithmetic? 


Ash and Millar have proven that if the answer to this question is negative, 
then a counterexample must have at least five non-isomorphic countable mod- 
els. Ash and Millar have also proven that the answer to this question is pos- 
itive when every type of T is realized in only finitely many non-isomorphic 
countable models. 


Theorem 11.4 (Ash-Millar [20]) [fT ts a complete, arithmetic, persistently 
Ehrenfeucht theory with a countable non-arithmetic model, then T has at least 
five non-isomorphic countable models. 


Theorem 11.5 (Ash-Millar (20]) [f T is a complete, persistently Ehren- 
feucht theory with only arithmetic complete types, then all countable models 
of T are arithmetic. 


Theorem 11.6 (Millar [143]) If T is a decidable Ehrenfeucht theory with a 
countable model which is not decidable in 6”, then T has at least five non- 
isomorphic countable models. 


Theorem 11.7 (Reed [178, 179]) Let H, be a hyperarithmetic set, where 
n €w. Then there is a decidable persistently Ehrenfeucht theory T with 
exactly five non-isomorphic countable models: 


(i) A decidable prime model; 


(ii) A decidable non-homogeneous model which is the reduct of the prime 
model of ['(c), where c is a new constant and ['(x) is a computable 
nonprincipal type of T; 
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(iii) A decidable homogeneous model which realizes all computable types 


of T; 


(iv) A non-homogeneous model decidable exactly in H,, which is the reduct 
of the prime model of Q(d), where d is a new constant and Q(z) is the 
only non-computable 1-type of T; 


(v) A saturated model decidable exactly in H,. 


Thus, the theory in the previous theorem has, up to isomorphism, three 
decidable models and two models which are decidable exactly in H,. It fol- 
lows from Theorem 11.6 that this is an example of a decidable Ehrenfeucht 
theory with the least possible number of non-isomorphic countable models 
which are not all decidable in 9”. It is not known whether a decidable Ehren- 
feucht theory whose undecidable countable models are decidable exactly in 
@” can have fewer than five countable models. 

Closely related to the notion of an No-homogeneous model is the notion 
of an almost homogeneous model. 


Definition 11.3 A model is almost homogeneous if some finite expansion of 
the model by constants is No—homogeneous. 


It is not known whether there is an Ehrenfeucht theory with a model 
which is not almost homogeneous. Millar [143] has shown that if T is a 
persistently Ehrenfeucht, persistently decidable theory whose every model is 
almost homogeneous, then every countable model of T is isomorphic to a 


decidable model. 


12 Decidable Theories with Countably Many 
Countable Models 


Millar has constructed a complete decidable theory with exactly two non- 
isomorphic decidable models and only countably many non-isomorphic count- 
able models. To present Millar’s construction, we use from: computable model 
theory, a characterization of a universal theory with a complete decidable 
model completion, as stated in Theorem 5.6; and from computability theory, 
the existence of a certain computable binary tree, as will be established by 
Theorem 12.1. 
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Definition 12.1 For a tree 7, an infinite branch f of 7 is called a limit 
branch if for every initial segment a of f, there is a node 8 € T such that a 
is an initial segment of 3, and @ is not an initial segment of f. 


For finite or infinite binary sequences f and g, we write f <z, g if there 
is a (finite) binary sequence a such that a°0 is an initial segment of f and 
a1 is an initial segment of g. 


Theorem 12.1 (Millar [138]) There is a computable binary tree T whose 
leaves form a computable set £L, and a unary computable function h such 
that the following conditions are satisfied. 


(i) Va€ Tla¢ lea 1lET] 


(ii) There ts exactly one limit branch of T, which we denote by f. Moreover, 
f is not computable. 


(iii) If g is an infinite branch of T different from f, then all but finitely 
many values of g are 1, and f <1 g. 


(iv) If 8 € L andy €T are such that y <r 3, then lh(y) < lh(8). 


(v) There ts at most one element of a given length in L. If ap, a1, Q2,.-. 
is an enumeration of L in the order of the increasing length of nodes, 
then for all i,j € w, h(i) = lh(a;) and (i <j > aj <z Qj). 


Theorem 12.2 (Millar [138]) There is a complete decidable theory T with 
exactly two non-isomorphic decidable models, which has only countably many 
non-isomorphic countable models. 


Proof. We will define a complete decidable theory T such that the following 
conditions are satisfied. 


(1) T has a nonprincipal computable 1-type, [(z). 
(2) Every countable model of T is homogeneous. 
(3) There is a sequence (I, )new of types of T such that: 


(3.2) [, is non-computable; 
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(3.3) Ifz <j, then every model which realizes T'; also realizes I’; 


(3.4) For every n € w, there is a countable model which realizes , and 
omits [415 


(3.5) The type spectrum of a countable model A of T is exactly the set 
of all types in {[,, : n € w} which A realizes. 


Lemma 12.3 Conditions (1)-(3) imply the Theorem. 


Proof. Since [ is a computable type, T has a decidable model A which 
realizes [. Since the computable type [ is nonprincipal, T has a decidable 
model B which omits [. Clearly, A and B are non-isomorphic. Let D be a 
decidable model of T. D must omit I, because I’; is not computable. Hence, 
by (3.3), D omits every [, for k > 1. Thus, since all countable models of T 
are homogeneous, if D realizes [, D is isomorphic to A, and if D omits I, 
D is isomorphic to B. Hence, T has exactly two decidable non-isomorphic 
models. 

For every n € w, let A, be a countable model of T which realizes [, 
and omits [',41. Hence, by (3.3), A, realizes every [, for k < n, and omits 
every T’, for k > n. Hence, by (3.5), {T, : & < n} is the type spectrum of A,. 
Thus, since all countable models are homogeneous, T has exactly countably 
many countable models. 

The language of T is L = {P,a(-), Sn(-,-) :n € w}, where for n € w, P,(-) 
is a unary relation symbol and S,,(-,-) is a binary relation symbol. 

Let a computable binary tree T whose leaves form a computable set £, 
and a unary function h be as in Theorem 12.1. We first define T’ such that 
T' CT. The axioms of T’ are the universal closures of the following formulae: 


Axl P(x) > Pryi(x) for t € w; 

Ax 2 7S,(z,z) for n € w; 

Ax3 S,(2,y) > Say, x) for n € w; 

Ax4 P(x) > 7S,(2,y) for n > h(t); 

Ax5 [5 P(2) A> Ply) Az ¢ y]l => 7 Aetna) Silt, 9) 
for a ¢ T such that lh(a) = A(t + 1); 

Ax 6 Ai<in(a) Si(a, yy) = ~S,(z, y) 
for a ¢ T — £L such that lh(a) < n; 
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Ax7 Aictn(a) S(x,y) = [P(x) © Py] 
for a € T — CL such that lh(a) < A(t); 


AX 8 Ajctnia) Silt, y)° => [ Pilz) VA(y)] 
for a € £ such that lh(a@) = h(t); 


Ax 9 [Ajetn(ay Si(ts 9° A Aserncay Silys 2) A 2 Fy) 
= Mictn(a) Si(x,z)* — for a, B € 2<” such that a <z f. 


Now it can be shown that Theorem 5.6 applies to T’. T will be a complete 
decidable model completion of T’. Oo 


Let T be a complete decidable theory with all complete types computable. 
It is known that there is such a theory which has, up to isomorphism, 2% 
countable models. Hence it has undecidable models. Millar (see Theo- 
rem 6.5) has shown that if T does not have a decidable model whose finite 
expansion by constants is prime, then 7’ must have, up to isomorphism, 2%° 
countable models. The question then arises whether there is a T with only 
countably many non-isomorphic countable models and with an undecidable 
countable model. First we introduce the following 


Definition 12.2 Let [ and 2 be types of T. The type ordering is defined 
by 
T<Q<—(VAETIIA realizes [> A realizes 0). 


Theorem 12.4 (Millar [142]) There is a complete decidable theory T with 
all complete types computable, and with only countably many non-isomorphic 
countable models such that its countable saturated model is undecidable. 


Proof. The theory T is the model completion of a universal theory T’, 
obtained using Theorem 5.6. The ordering of all nonprincipal 1-types of T 
is linear with order type w*. The set of all complete types of T is not 53. 
Every decidable model of T omits a type of T, and, therefore, every countable 
saturated model of T is undecidable. Oo 


Theorem 12.5 (Millar [144]) There is a complete decidable theory T with 
all complete types computable, and with only countably many non-isomor- 
phic countable models, such that T has a decidable saturated model and a 
countable undecidable homogeneous model. 
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Proof. The theory T is the model completion of a universal theory T’, 
obtained using Theorem 5.6. The set of all complete types of T is computably 
enumerable. This guarantees the existence of a decidable saturated model. 
The set of all types realized by a countable undecidable homogeneous model 
is not US. However, both the set of all 1-types realized and the set of all 
1--types omitted by a countable undecidable homogeneous model are linearly 
ordered by the type ordering relation, with order type w*. Oo 


13 Indiscernibles and Decidability 


The notion of order indiscernibles, introduced by Ehrenfeucht and Mostow- 
ski, plays an important role in generating models with certain properties. 

Let T be a fixed complete theory in L and let U be an ,-saturated 
model of T. Since all countable models of T are elementarily embeddable in 
U, we can assume that all countable models considered in this section are 
elementary submodels of U. 


Definition 13.1 Let DCU. 


(i) A set of formulae F = ['(zo,...,2n-1) is a type over D if there are 
do,---,@n-1 € U such that for every formula 6(zo,... ,2n-1) in Lp we 
have 


O(xo,..- «tani € r <=> Up —E O(z0,... 2a) (G05 2% saacal: 


(ii) Let B CU, where B = {bo, 6, b2,...} is a fixed enumeration of B. A 
set [ of formulae with free variables among 29,21, 72,... is the w—type 
of B over D (with respect to the enumeration of B) if for every n € w, 
for every finite sequence (ko,... ,kn-1) of natural numbers and every 
formula 6 in Lp in n free variables, we have 


1 te) eT Up = BP eak: Eb) (Diggaes ears P 


Definition 13.2 Let D CU and I CU, where I = {io, 11, 72,...} is a fixed 
enumeration of [. 
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(i) [is a set of (order) indiscernibles over D if for every n € w and every 
increasing n-tuple ky < ... < k,_; of natural numbers: 


(io,.-. ,%-1) and (t,,,--.,2k,-,) satisfy the same formulae in Lp. 


(ii) I is a set of total indiscernibles over D if for every n € w and every 
n-tuple (ko,... ,kn-1) of distinct natural numbers: 


(to,--- ,2n-1) and (t4,,-.-5%k,-,) satisfy the same formulae in Lp. 


(iii) The indiscernibles over ¢ are simply called the indiscernibles. 


Proposition 13.1 Every theory with an infinite model has a model A with 
an infinite set I of indiscernibles such that I C A. 


Kierstead and Remmel [107] have studied computable analogues of the 
previous proposition. They have shown that the problem of determining 
whether a decidable model of T has an infinite set of indiscernibles is a ©} 
question. They have investigated decidable theories which have decidable 
models with infinite computable sets of indiscernibles, as well as the possible 
Turing degrees of the sets of indiscernibles in decidable models. 

Let us recall that an w—-branching tree is a tree whose nodes belong to 
w<”. Kierstead and Remmel [107] have shown that the problem of finding 
an infinite set of indiscernibles in an infinite decidable model of T is, in some 
sense, equivalent to the problem of finding an infinite branch in a computable 
w—branching tree. More precisely, a decidable model A of T is equivalent to 
an w-branching tree 7 if there are oracle algorithms vy) and y', , such that 
the following is true: 


(i) For every infinite set I of indiscernibles in A, yh) outputs an infinite 


branch f; of T; 


(ii) For every infinite branch f of 7, yo) outputs an infinite set I; of 


indiscernibles in A; 
(iii) For every infinite branch f of T, fr, = f. 


Kierstead and Remmel have proven that for every decidable model of a com- 
plete theory, there exists an equivalent computable w-branching tree; and 
for every computable w-branching tree 7, there exists a complete decidable 
theory whose every decidable model is equivalent to T. 
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Definition 13.3 Let A be a countable model of T, and let D C U be such 
that AC D. Let P =P (z0,... ,2n-1) be a type of T over D. 


(i) P is definable over A if for every k € w, for every formula 


O(z0, vee 9 En-15Y0,--- ,Yk-1) 


in La there exists a formula 69 = d66(yo,.-- , Ye-1) in La such that for 
every do,... ,dk_-1 € D 


O(x0,.-- ,2n—-1,do,-.-- ,de_-1) ET 
<=> UF d6(yo,--- Yk-1)[do,--- , dk-1]- 
We call the set 
{d6(yo,--- >Yk-1) : O(20,.-- 5 2n—1)Yor--- »Yk-1) is a formula in La} 


a definition of T over A. 


(ii) Tis computably definable over A if there is an algorithm which assigns 


to every formula @(z0,... ,2n-1,¥) in L4 a formula d9(y) such that 
{6e(¥) : (r0,.-. ,2n-1,¥) isa formula in L4} is a definition of P over A. 


To prove that certain theories have decidable models with infinite com- 
putable sets of indiscernibles, we use from model theory, a result in stability 
theory which establishes that the range of a sequence whose every member 
realizes a certain type, forms an infinite set of indiscernibles. 

This result is stated in part (ii) of the following theorem, and it uses the 
basic fact about the unique definable extensions, stated in part (i) of the 
same theorem. 


Theorem 13.2 


(i) Let A be a countable model of T, and let B and D be subsets of U such 


ae 


that AC BCD. Let [(%) be a type of T over B which is definable 
over A. There is a unique type over D, denoted by ['p(Z), which is 
definable over A, such that T(z) C T'p(Z). 


Let A be a countable model of T such that there is a type T(x) which ts 
definable over A and not realized in A. Let (bo, 1, b2,...) be a sequence 
of elements in U such that for every n € w, b, realizes 4, (x), where 
A, = AU {bk : k < n}. Then {bo, 61, 62,...} is an infinite set of 


indiscernibles over A. 
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Proof. 


(i) Let {69(y) : 0(Z,y) is a formula in L,4} be a definition of ['(Z) over A. 


— 


Define 'p(Z) to be the following set of formulae in La. 


{0(%,do,.. 7 ,dk-1) 6 (k € w) A (do,.-- dy € D) 
A (U be(Yo,--- Maa) [dopess ,dy-1])}. 


Since B C D, we have that ['(=) C ['p(Z). 


['p(Z) is a consistent set of formulae by compactness. [p(Z) is complete 
because U - (749 > d49). The uniqueness of ['p(Z) follows from the 
definition of a type over a model. 


Notice that, by (i), if 7,7 € w are such that 7 < j, then the restriction 
of the type ['4,(z) to A; is the type T'4,(z). 


Let {69(¥) : 9(x,¥) is a formula in L4} be a definition of I(x) over 
A. To show that {bo, 61, b2,...} is a set of indiscernibles over A, it is 
enough to show that for every two increasing sequences f,g € 2”, for 
every n > 1, and every formula @ in Ly, in n free variables 


u f= 8[bs(0); dats OF n—1)] <> Uu = 9(b,(0); sacs Bataan) (*) 


Let such f and g be given, and fix n. Assume that f(n) < g(n). Let 
{ye(y) : 6(z,¥) is a formula in La} be a definition of I'4,,,, over A. 
Then for a formula # in L4 in (n + 1) free variables, we have 


U F O[bs(0),--- sb F(n—1)s bg(n)] => UF olbsio),---  Os(n—a)] 
=> O(by(0),-- + s Byn—1)»B) € Pag (2) 
—_ A(by(o), - oe by(n—1) 2) E DA py (2) 


=> UF Obyo),---  f(n—1) Ogi]: 


Now the equivalence in (*) follows inductively. 


To prove that {bo,b,,52,...} is an infinite set, consider the formula 
6(x,y) = (x = y). To prove that A Vyde(y), we assume otherwise. 
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Hence 


A —66(y)[a] for some a € A => UE 745(y)[a] 
=> (x =a) € T(z) 
=> a realizes I(x) inu 


=> a realizes I(x) in A. 


However, the last statement contradicts the assumption of the theorem. 
Hence AE Vyde(y) and, thus, U¢ E Vyde(y). Let 7,7 € w be such that 
a<j. Then A F 4do(y)[bi] and ~(z = b;) € T'4,(x). Since 6; realizes 
T'4,(x), we have that 6; # 6;. Oo 


Theorem 13.3 (Kierstead-Remmel [106]) Let A be a decidable model of T 
such that there is a computably definable type T(x) over A, which is not 
realized in A. Then T has a decidable model with an infinite computable set 
of indiscernibles. 


Proof. Let {69(%) : 0(x, ¥) is a formula in L4} be a definition of (x) over A 
such that there is an algorithm which to every formula 0(z,7) in L,4 assigns 
de(y). Let L’ be La U {co,c1,C2,...}, where co, ¢1,¢2,... is a computable 
enumeration of new constants. We inductively define the following sets of 
sentences in L’ 


To = the theory of A, in Ly 


Tayi = Ty, U {0(en, Cn~1,+- Co) : (O(2n,%n-1,--- 520) isin La) 
A 66(Cn-1,--- ,€0) € In} for n 20. 


Let T’ =ger Wee T,. T’ is a consistent complete theory in L’. T’ is decidable 
because A is decidable and the considered definition of '(z) is algorithmic. 
By the Effective Completeness Theorem, there is a decidable model B of T’. 
As mentioned before, we assume that B <= U. Let I =der {bo, bi, b2,... }, 
where for every 7 € w, 6; is the interpretation in B of the constant c;. Since 
B satisfies To, we can assume that A < B. Clearly, J is a computable set. 
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We use Theorem 13.2 (ii) to show that J is an infinite set of indiscernibles. 


Let Ao = A, and Anyi; = AU {bo,... ,b,}. We show that 


Pal): = 402, Gisiscx. 50) 2 (Ole; Sa eis es 380) IS La) 
A 6e(Cn~1,--+ ,€0) € Tn}. 


Thus, b, realizes '4, (x). Oo 


Examples of theories to which Theorem 13.3 applies are the theory of 
dense linear order without endpoints, and the theory of real closed fields. 


Theorem 13.4 (Kierstead-Remmel [106]) Let Q be a generalized quantifier 
whose interpretation is “there are infinitely many”. Assume that T is a stable 
theory which also satisfies the following decidability condition (D). 


There is an effective procedure which decides for every formula in 
L of the form v(x, yo,--- ,Yk-1), whether 


TU {(4yo) bee (Syz.-1)(Qzr)y(z, Yo,--- Yk-1)} 
has a model. 


Then T has a decidable model with an infinite computable set of total indis- 
cernibles. 


Proof. Such a theory T has a decidable model A and a type [' over A, such 
that [ is computably definable over A, and not realized in A. Also, since T 
is stable, every set of order indiscernibles is a set of total indiscernibles. O 


The strong decidability condition (D) in the previous theorem cannot be 
replaced by the usual decidability condition. Also, the stability condition 
cannot be omitted from the assumption of the theorem, as shown by the 
following counterexample. 


Proposition 13.5 (Kierstead-Remmel [106]) There is a complete theory T 
satisfying the decidability condition (D) such that T has infinitely many de- 
cidable models, none of which has an infinite computable set of indiscernibles, 
although each of them has an infinite set of indiscernibles. 
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It is well known from the classical model theory that every No-stable 
theory is stable in all infinite powers. It is easy to show that there is an 
No-stable decidable theory which does not satisfy the decidability condition 
in Theorem 13.4. 


Theorem 13.6 (Kierstead-Remmel [106]) [fT is an Xo-stable and decidable 
theory, then T has a decidable model with an infinite computable set of total 
indiscernibles, 


Kierstead and Remmel have shown that No~stability in the previous the- 
orem can be replaced neither by stability nor even by superstability. 


Proposition 13.7 (Kierstead-Remmel (106]) There is a complete decidable 
superstable theory which has an infinite decidable model, but it does not have 
a decidable model with an infinite computable set of indiscernibles. 


The following result illustrates an application of Theorem 13.6. 


Theorem 13.8 (Kierstead-Remmel [106]) Jf T is Xo-stable and decidable, 
then T has models of arbitrarily large cardinality, which realize only com- 
putable types. 


Proof. By Theorem 13.6, T has a decidable model A with an infinite com- 
putable set of indiscernibles J. Let « be an arbitrary infinite cardinal. There 
are a model B of T, and a subset J of B of cardinality « such that J is the set 
of indiscernibles satisfying the same w-type of T as J. Since T is No-stable, 
by a result from model theory, there is a prime model C over J. Clearly, 
A and C realize the same types. Since A is decidable, the types that they 
realize are computable. oO 


Theorem 13.9 (Kierstead-Remmel [107]) /f A is a decidable model with an 
infinite set of indiscernibles, then A has an infinite set I of indiscernibles such 
that the hyperdegree of I is strictly less than the hyperdegree of Kleene’s O. 


Kierstead and Remmel have also investigated the degrees of sets of indis- 
cernibles in decidable models of Xo-categorical theories. 


Definition 13.4 A decidable theory T has decidable atoms if there is an 
effective procedure which decides whether a given formula is an atom in the 
Lindenbaum algebra of formulae with the corresponding free variables. 
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Kierstead and Remmel [107] have shown that the problem of finding an 
infinite set of indiscernibles in an infinite decidable model of an No—categorical 
theory with decidable atoms is, in some sense, equivalent to the problem of 
finding an infinite branch in an infinite computable tree. In particular, for 
every infinite computable binary tree 7, there is a decidable model A of an 
No-categorical decidable theory with decidable atoms, such that there is an 
effective one-to-one correspondence between the infinite branches of 7 and 
the w-types of infinite sets of indiscernibles in A. 

Thus, the set of Turing degrees realized by the sets of w—types of infinite 
sets of order indiscernibles in a decidable model of an No-categorical theory 
coincides with the set of degrees realized by recursively bounded II° classes. 
Thus, the following result follows from Jockusch-Soare’s work [94] on Turing 
degrees of II° classes. 


Theorem 13.10 (Kierstead-Remmel {107]) Let A be a decidable model of 
an No-categorical theory with decidable atoms. A has an infinite set of in- 
discernibles of low Turing degree, and A has an infinite set of indiscernibles 
of a c.e. degree. If A does not have an infinite computable set of indis- 
cernibles, then there are continuum many w-types of infinite sets of indis- 
cernibles, which have mutually incomparable Turing degrees. 


There are decidable models of T with infinite sets of indiscernibles which 
have no hyperarithmetic infinite sets of indiscernibles. However, it is not true 
if T is No-categorical. 


Theorem 13.11 (Kierstead-Remmel [107]) /f A is a decidable model of an 
No-categorical complete theory, then A has an infinite set I of indiscernibles 
such that deg(I) < 0’. 


14 Degrees of Models 


Clearly, a computably axiomatizable complete theory is computably enumer- 
able. Kleene [108] and Hasenjaeger [89] have independently shown that if T 
is a computably axiomatizable theory, then T has a countable model whose 
domain is a set of natural numbers, such that every relation and function of 
the model is A9. On the other hand, there is a computably axiomatizable 
theory which does not have a model in which every relation and function is 
C.e€. OF CO-C.e. 
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Unless otherwise stated, we consider only models whose domain is w. (For 
such a model A, a set of formulae in Z4 can be thought of as a set of natural 
numbers.) This allows us to define the (Turing) degree of A, denoted by 
deg(A), as the Turing degree of the atomic diagram Ay of A. Thus, A is 
computable if and only if deg(A) = 0. 

It is easy to see that the theory of a model A is computable in the complete 
diagram of A, and that the complete diagram of A is computable in (Ay). 
Henkin’s construction of a model of a complete theory T produces a model 8 
whose atomic diagram and complete diagram are both computable in T (see 
Theorem 4.1). Hence T and the complete diagram of B have the same Turing 
degree. The atomic diagram of a model of 7’ may be of much lower Turing 
degree than T. For example, true arithmetic is the theory of the standard 
model of natural numbers, and its Turing degree is 0). 

Shoenfield has used the following lemma from computability theory to 
improve Hasenjaeger’s and Kleene’s result. 


Lemma 14.1 (Kreisel’s Basis Lemma) An infinite computable binary tree 
has a AS infinite branch. 


Shoenfield has first strengthened Kreisel’s Basis Lemma by proving that 
an infinite computable binary tree has an infinite branch of Turing degree 
<0. 


Theorem 14.2 (Shoenfield (194]) [fT is a computably axiomatizable theory, 
then T has a countable model whose degree is < 0’. 


Proof. Extend T to a complete theory S in the same language such that the 
Turing degree of S is < 0’. This can be done using Shoenfield’s strengthening 
of Kreisel’s Basis Lemma. Oo 


Jockusch and Soare (95] have generalized Kreisel-Shoenfield Basis Theo- 
rem. 


Theorem 14.3 (Low Basis Theorem) An infinite computable binary tree has 
an infinite branch of low Turing degree. 


The Low Basis Theorem implies that every computably axiomatizable 
theory has a model of low Turing degree. 
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Knight [110] has shown that for a model A, either there is a finite set 
S © Asuch that all bijections of A that fix S are automorphisms of A; or for 
every Turing degree d > deg(A), there is a model B isomorphic to A such 
that deg(A) = d. Wehner [212] and Slaman [195] have independently found 
a countable model A such that the Turing degrees of models isomorphic to 
A are exactly the non-computable degrees. 

Since the degree of a model is not invariant under isomorphisms, Jock- 
usch has introduced the following complexity measure of the isomorphism 
type of a model. The isomorphism type of a model A is the set of all models 
isomorphic to A. 


Definition 14.1 (Richter [185]) The degree of the isomorphism class of A, 
if it exists, is the least Turing degree in {deg(B) : B = A}. 


The following theorem establishes that the degree of the isomorphism 
class of a model satisfying certain general computable condition cannot be 
different from 0. 


Theorem 14.4 (Richter {186]) Assume that a model A satisfies the following 
computable embeddability condition. 


For every finite model C isomorphic to a submodel of A and every 
embedding f of C into A, there is an algorithm which determines 
whether a given finite model D extending C can be embedded into 
A by an embedding extending f. 


Then if the degree of the isomorphism class of A exists, it must be 0. 


Proof. If A is a computable model, then the statement follows immediately. 
Assume that A is not computable. We will prove that there is model B 
isomorphic to A such that deg(A) and deg(B) form a minimal pair. Hence 
0 will be the only possible degree of the isomorphism class of A. A model B 
and an isomorphism h from B onto A will be constructed in stages by finite 
extension. Let L be the language of A. 


Construction 
STAGE 0: Let By = @ and hyo = @. 


STAGE s = 2e +1: First assume that there is a finite model C for L 
extending B, and an embedding g of C into A extending h,, such that for 
some n € w, both {e}*(n) and {e}4(n) are defined and 


{e}(n) # {e}4(n). 
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In this case, for some such C and g, let Bs, =daer C and heii =det g- Other- 
wise, let Bsi1 =aer Bs and Asai =aer As. 

STAGE s = 2e +2: Ife € A—rng(h,), let Asai =der hs U {(u,e)}, where 
u € wis the least number such that u ¢ dom(h,). Otherwise, let hs41 =der As. 
In both cases, extend B, to B,4; such that h,4; is an embedding of B,4, into 
A. End of the construction. 


Let B =det Ue, Bs and h =aer Use, 2s. Clearly, A is an isomorphism 
from B to A. Now, let us prove that deg(A) and deg(B) form a minimal 
pair. Since A is not computable, by Posner’s Lemma, it is enough to prove 
that for every e € w: 


{e}4 = {e}8 = f total => f is computable. 


Thus, assume {e}4 = {e}® = f, where f is total. By construction, there is a 
stage s such that for every finite extension C of B, which can be embedded into 
A, and every n € w such that {e}°(n) is defined, we have {e}°(n) = {e}(n). 
Hence f(n) = {e}4(n). By the computable embeddability condition, f must 
be computable. Oo 


The previous theorem can be applied to show that the isomorphism class 
of a countable tree which is not isomorphic to a computable tree, does not 
have a degree. Hence, the isomorphism class of a countable linear ordering 
which is not isomorphic to a computable linear ordering does not have a 
degree. 


Theorem 14.5 (Richter [186]) Let S be a theory in a finite language L such 
that there is a computable sequence Ap, Ai, A2,... of finite models for L 
which are pairwise non-embeddable. Assume that for every X Cw, there is 
a countable model Ax of S which is computable in X and 


(Vi)[A; ts embeddable in Ax i € X]. 


Then for every Turing degree d, there is a countable model of S whose iso- 
morphism class has degree d. 


Proof. Let d be a Turing degree and D C w be such that deg(D) = d. 
Let X =gep D@ D. We will show that Ax is a countable model of S whose 
isomorphism class has degree d. Clearly, 


Apap <r D@D <r D, 
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so deg(Ax) < d. Let B be a model isomorphic to Ax. It is enough to prove 
that deg(B) > d. This follows from the fact that 


(1 € D & Ag; is embeddable in B)A 
(i € D = Azizi is embeddable in B). 


O 


The previous theorem can be used to show that for every Turing degree d, 
there is a countable abelian group whose isomorphism class has degree d. A 
corresponding sequence of finite models consists of cyclic groups of every 
prime order, and the abelian group assigned to an arbitrary set of natural 
numbers is obtained by forming countable direct sums. 

Theorem 14.3 implies that there is a nonstandard model of Peano arith- 
metic of low degree. McAloon has asked whether there is a nonstandard 
model A of Peano arithmetic such that the theory of A is not arithmetic and 
the degree of A is arithmetic. Harrington has given the answer by establish- 
ing the following result. 


Theorem 14.6 (Harrington) There is a nonstandard model A of Peano 
arithmetic such that the theory of A has degree O™) and the degree of A 
is <0’. 

The construction uses Harrington’s worker method with infinitely many 
workers. The n-th worker produces the ©,-part of the complete diagram of 
the model, using ¢'") as an oracle. To assure coherence, every n~th worker 
constantly guesses what the (n + 1)-st worker has done. In [111], Knight has 
improved Harrington’s result by showing that there is a nonstandard model A 
of Peano arithmetic such that the theory of A has degree 0), and the degree 
of A is low. This result follows from a general theorem of Knight [111] for 
which she has used Harrington’s worker method with infinitely many workers 
to produce a model of a theory T, which realizes a certain set of types of 
bounded complexity. 

Feferman [59] has stated that every arithmetic set is computable in the 
degree of every nonstandard model of true arithmetic. In fact, his proof 
yields a stronger result. First we need the following definition. 


Definition 14.2 A Turing degree d is a subuniform upper bound for the 
arithmetic sets if there is X C w such that deg(X) < d and 


(Vn)(ai)[X" = ol). 


Chapter 1 Pure Computable Model Theory 79 


Theorem 14.7 (Feferman [59]) [f A is a nonstandard model of true arith- 
metic of degree d, then d ts a subuntform upper bound for the arithmetic 
sets. 


As Marker has pointed out, certain results on the degrees of nonstandard 
models of true arithmetic are analogous to the results on the degrees of 
nonstandard models of Peano arithmetic. From the fact that the degree of 
true arithmetic is 0), it follows that there is a nonstandard model of true 
arithmetic of degree < 0). Knight has shown that there is such a model 
of degree < 0“), Marker has used a modification of Harrington’s worker 
method with three workers to obtain the following result. 


Theorem 14.8 (Marker [{127]) Let d be a Turing degree such that for every 
n>0,d>0™. Then there is a nonstandard model A of true arithmetic 
such that deg(A) < d’. 


It follows from the previous theorem that there is a nonstandard model of 
true arithmetic whose degree d is such that d’ = 0“). Marker has also shown 
that for a nonstandard model A of Peano arithmetic, the set of degrees of all 
models isomorphic to A is closed upward. In particular, the set of degrees of 
all nonstandard models of true arithmetic is closed upward. 


Knight, Lachlan and Soare [116] have strengthened Theorem 14.8 by 
showing that, given d as in Theorem 14.8, there is a nonstandard model 
A of true arithmetic such that (deg(A))’ < d’. As a consequence of their 
result, they have obtained 


Corollary 14.9 (Knight-Lachlan-Soare [116]) There is a nonstandard model 
of true arithmetic of degree d such that d” = 0), 


Proof. By a result of Sacks, there is a Turing degree d such that d” = 0, 
and for every n € w, d > 0). Fix such d. Let A be a nonstandard model 
of true arithmetic such that (deg(A))’ < d’. Hence (deg(A))” < 0). Oo 


Knight attempted to answer Jockusch’s question about a characterization 
of the degrees of nonstandard models of true arithmetic, by conjecturing that 
if a degree d is such that (Vn > 1)[d > 0”), then d is the degree of a model 
of true arithmetic. This conjecture is refuted by the following theorem. 
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Theorem 14.10 (Knight-Lachlan-Soare [116]) There is a Turing degree d 
which is not a subuniform upper bound for the arithmetic sets, such that 
(Vn > 1)[d > 0]. In addition, d” = 0). 


If d is as in Theorem 14.10, then, by Theorem 14.7, d is not the degree 
of a model of true arithmetic. 

In the 1984 Logic Colloquium material, Solovay gave a characterization 
of the degrees of nonstandard model of true arithmetic. Solovay’s character- 
ization is in terms of the effective enumerations of families of the so-called 
Scott sets. 

Let ao, Q1,Q2,... be a computable enumeration without repetition of all 
nodes in 2<”. 


Definition 14.3 A set S C P(w) is called a Scott set if it satisfies the 
following conditions for all X,Y Cw: 


(1) (X ESAY <7 X)SYES; 
(2) (X ESAYES)SXOYES; 


(3) [X ESA(T = {an:n € X} is an infinite tree)] 
=> (4Z € S)[{an:n € Z} is an infinite branch of T]. 


For n € w, let 6,(x) be a formula in the language of Peano arithmetic 
which expresses that “xr is divisible by the n-th prime number”. If A is a 
nonstandard model of Peano arithmetic, then 


{{n: AF 6,(x)[a]} | a € A} 
is a Scott set. It is called the Scott set of A and is denoted by Scott(A). 


Definition 14.4 Let T be a complete extension of Peano arithmetic and let 
X Cw. X is representable with respect to T if for some formula 6(z) of L(T) 
and every n € w: 


[Tt O(n)] one X. 


Scott [192] has proven that the family of all Scott sets coincides with 
the family of sets which are representable with respect to some complete 
extension of Peano arithmetic. 

An enumeration of a countable family S C P(w) is a binary relation v 
such that S = {v,,v2,...}, where for every 7 € w, vj; =der {n : (7,n) € v}. 
By “effectivizing” conditions (1)—(3) in Definition 14.3, we obtain the notion 
of an effective enumeration of a Scott set. 
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Definition 14.5 Let S be a countable Scott set. An enumeration v of S is 
an effective enumeration if there are computable functions f(-,-), g(-,-) and 
h(-,-) such that the following conditions are satisfied for all 7,7 € w: 


(1) (% =XAY= {e}*) >=>Y= Vi (i,e)3 
(2) 4 BY; = VgQi,5); 
( 


3) [4 = X A(T = {a,: n € X} is an infinite tree) A vai) = Y] 
=> [{a,:n € Y} is an infinite branch of T]. 


Theorem 14.11 (Solovay) Let d be a Turing degree. 


(i) d is the degree of a nonstandard model of true arithmetic 


© d is the degree of an effective enumeration of a 
countable Scott set which contains all arithmetic sets. 


(ii) Let S be a countable Scott set. 


d is the degree of a nonstandard model of true 
arithmetic with the Scott set S 


 d is the degree of an effective enumeration of S. 


In the following theorem, Knight has established a general sufficient con- 
dition for a Turing degree to be the degree of a model representing a given 
Scott set. We will use the following notation in the theorem. For a theory T 
and n € w, we define T,, to be the set of Gddel numbers of all ©, sentences 
in T. 


Theorem 14.12 (Knight [113]) Let v be an effective enumeration of a (cou- 
ntable) Scott set S, and let T be a complete theory such that for every n € w, 
Tn € &. Assume that there is an algorithm which on every input n € w, 
using the n-th jump of v, outputs i € w such that vy; = Try. Then there is 
a model A of T which represents S, such that the atomic diagram of A is 
Turing reducible to v. 


This theorem gives Theorem 14.11 as a corollary. Another corollary is 
the following strengthening of Theorem 14.6. 
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Theorem 14.13 (Knight [113]) Let v be an effective enumeration of a (cou- 
ntable) Scott set S. Let d be the Turing degree of v. There is a nonstandard 
model A of Peano arithmetic with the Scott set S such that the theory of A 
has degree > d‘) and the degree of A is < d. 


Since many models do not have the degree of their isomorphism class, 
Jockusch has introduced another measure of model complexity which is in- 
variant under isomorphisms. This measure uses jumps of the degrees of 
models. 


Definition 14.6 Let a be a computable ordinal. The a-th jump degree of a 
model A is, if it exists, the least Turing degree among {deg(B)'*) : B = A}. 


Obviously, the notion of the 0-th jump degree of A coincides with the 
notion of the degree of the isomorphism class of A. While Richter [186] 
has shown that the only possible 0-th jump degree of a linear ordering is 0, 
Knight [110] has shown that the only possible first jump degree of a linear 
ordering is 0’. No nonstandard model of Peano arithmetic has 0-th jump 
degree. There is a nonstandard model of Peano arithmetic with a 1~st jump 
degree. We have the following general results for jump degrees of linear 
orderings and Boolean algebras. 


Theorem 14.14 (Knight [110], Ash-Knight [9], Jockusch-Soare [96], Ash- 
Jockusch-Knight (8], Downey-Knight [46]) Let a > 1 be a computable ordinal 
and let d be a Turing degree such that d > 0°). Then there is a linear 
ordering A whose a-th jump degree is d and such that A does not have 3-th 
jump degree for any B <a. 


Theorem 14.15 (Jockusch-Soare [97]) 


(i) Let d be a Turing degree such that d > 0). Then there is a Boolean 
algebra A whose w-th jump degree is d. 


(ii) Let n €w, and d be a Turing degree such that d > 0. Then there is 
no Boolean algebra A whose n-th jump degree is d. 


Result (i) of Theorem 14.15 is a straightforward application of a method by 
Feiner, see [97]. 
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15 Automorphisms and 
Computable Models 


One of the important and interesting questions in computable model theory 
is how a specific aspect of a computable model may change if the model 
is isomorphically transformed so that it remains computable. A model B 
isomorphic to a computable model A is not necessarily computable. However, 
even if B is computable, it can still lose many of the computable properties 


of A. 


A computable property of a computable model A which Ash and Nerode 
have considered is an additional computable relation R on the domain of A 
(that is, & is not named in the language of A). For example, Ash and Nerode 
have studied conditions under which the image of R under any isomorphism 
from A to another computable model is necessarily a computable or a c.e. 
relation. 


Definition 15.1 Let R be an additional relation on the domain of a com- 
putable model A. 


(i) (Ash-Nerode [21]) R is intrinsically c.e. on A if the image of R under 
every isomorphism from A to a computable model is c.e. 


(ii) Let P be a certain class of relations. R is called intrinsically P on A 
if the image of R under every isomorphism from A to a computable 
model belongs to P. 


For example, Moses [155] has established that relations which are intrin- 
sically computable on a computable linear order A are precisely those that 
are equivalent in A to quantifier-free formulae with finitely many parame- 
ters. Let A be a computable Boolean algebra and let R be a computable 
subalgebra of A. Odintsov [161] has established that F is intrinsically c.e. 
if and only if R is generated by a finite set of elements and a finite set of 
principal ideals of A. This characterization implies that if R is intrinsically 
c.e. then R is intrinsically computable. However, it is easy to see that there 
are intrinsically c.e. relations which are not intrinsically computable. 


Ash and Nerode have introduced a computable syntactic condition for a 
new relation on the domain of a computable model, to be called a formally 
c.e. relation. 
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Definition 15.2 


(i) An L.,. formula with free variables among % is a (computable) 4 
formula if it is equivalent to a formula of the form 


V Ay,,On(Z, Vas 


new 


where (6,(Z, Y,,))new is a (computable) sequence of quantifier-free for- 
mulae. 


(ii) (Ash-Nerode [21]) Let R be an additional m-ary computable relation 
on the domain of a computable model A. R is formally c.e. on A if 


and only if there is a finite sequence (bo, ... , bg-1) of elements in A and 
a computable ©, formula F(zo,... ,2m-1, bo,... , bg-1) such that the 
following equivalence holds for every ao,... ,@m-1 € A: 


R(ao,.-. )Gm—1) o Aa - F (ao, --- »8am-1;bo,--- , by-1). 


R is formally computable on A if both R and its complement are for- 
mally c.e. on A. 


That is, R is formally c.e. on A if and only if R is equivalent to an 
infinite disjunction of a computable sequence of existential formulae with 
finitely many fixed parameters from A. A formally c.e. relation is also called 
a formally ©, relation. 

Clearly, every formally c.e. relation on a computable model is intrinsically 
c.e. Ash and Nerode have proven, under a certain decidability condition (D), 
the converse, thus establishing the equivalence of a syntactic and a semantic 
condition. For an m~ary relation R on a model A, the condition (D) is: 

There is an algorithm which determines for k € w, for an existential for- 
mula 7(zo,.-. ;&m-—1, Yo) --- »Ye-1) and a sequence (bo,... , bg-1) of elements 
of A, whether the following implication holds for every ao,... ,@m-1 € A: 


[Aa = w(ao,..- +Am—1,Do,... , be-1)] => R(ao,..- Oe) 


Condition (D) implies that R is a computable relation. It also implies 
that A is 1-computable, which is a property of a model defined as follows. 


Definition 15.3 A model A is 1-computable if there is an algorithm which 
determines for every existential formula #(z0,... ,tn-1) and every sequence 
(ao,-.-. ,@n—1) of elements of A, whether y(ao,... ,An—1) is true in Ay. 
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Let P be a class of formulae. Define the P—diagram of a model A for 
language L to be the set of all P-sentences in L4 which are true in Ay. 
Thus, a model is 1-computable if its existential diagram is computable or, 
equivalently, its universal diagram is computable. 


Theorem 15.1 (Ash-Nerode [21]) Let R be an additional m-ary relation on 
the domain of a model A, satisfying the decidability condition (D). Then 


Ris intrinsically c.e. on A R is formally c.e. on A. 


Proof. (<) Always true for a relation R on the domain of any computable 
model. 

(=) Without loss of generality, let R be a unary relation. Assume that 
R is not formally c.e. We assume that w is the domain of all considered 
computable models. We will construct a computable model B and an iso- 
morphism f : B > A such that f~'(R) is not c.e. Let s be an arbitrary 
stage of the construction. We will define a finite set ¥* of formulae of the 
open diagram of B, and a finite partial isomorphism f, from B to A. 

By a finite partial isomorphism from B to A at stage s, we understand 
an injective function g with a finite domain such that for every 0 € W’, if 
6 = O(bo,... ,bn-1) for some bo,... ,bn-1 € w, then g(bo) {,... , g(bn-1) 4 
and A = A{g(bo), tae 1 9(bn—1)]. 

Define WU"! = g and f_; = @. Let X, = f7'(R) for s Ew. At the end 
of the construction, we will have that f = lim, f, exists. Let X =aer f~1(R) 
and W = Us>-1 Ww’. The construction will ensure that X is not c.e. 


Let (0.)eew be an effective list of all atomic and negated atomic formulae 
in the language of A, augmented with the constants for the elements of w. 
The construction will meet the following requirements for every e > 0, 


P?: 6€W or -0,€ 9; 
Pi: € € dom(f); 

Pe: e € mg(f); 

Qe: X #We. 


The strategy for meeting a single requirement Q, is to wait for a stage s 
such that for some b € w, b € W.,,. Define f,(b) such that f,(b) ¢ R. Hence 
b ¢ X;. Now, let n$ =der b. Let nz! be undefined for every e € w. 


86 V. S. Harizanov 


We say that at stage s, 


P2 requires attention if 0. ¢ U°-!, 70, ¢ V*—! and all elements of w 
occurring in 0, are in the domain of f,_1; 


P! (P?) requires attention if e ¢ dom(f,_1) (e € rng(fs-1)); 
Qe requires attention if n$—! is undefined; 


P? (P2) is injured if f.(e) # fo-r(e) (Fe "(e) # forle)): 
Q. is injured if n’~! is defined and f,(n3~!) # f,-1(ns“'). 


Construction 


STAGE s: For a requirement Req, we have the following clauses in the 
definition of Req is attacked at stage s. 


Req= P° Let 6, = 0.(bo,... , ba_1) for some bo,... ,bn-1 Ew. 
Define U* = Ue"! U {64}, where k € {0,1} is such that 


A = OF fs-1(bo),-- +» fe—1(On—1)]- 


Let f, =det fs—1- 
Req= P; Define W* = W*~!, and f, = f._1 U {(e,a)}, where a € w is the 
least new element at stage s. 


Req= P? Define &* = W*-!, and f, = f,-1 U {(b,e)}, where b € w is the 


least new element at stage s. 


Req= Q, Let U*° =ger UV8~!. There exists 6 € W.,, and a partial isomorph- 
ism from B to A at stage s which maps 6 into an element from 
(w—). Choose the least such 6, and then define f, to be the least 
corresponding partial isomorphism (in some effective ordering of 
all finite functions on w). Hence b ¢ X;. Define né = b. 


Attack the highest priority requirement Req which requires attention at 
stage s, and which can be attacked without injuring any requirement of 
a higher priority. Whether this can be done for a Q-requirement can be 
checked effectively because the decidability condition (D) holds. If some 
lower priority requirement Q; is injured at s, then n? becomes undefined. 
End of the construction. 
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It is not difficult to show that each requirement is attacked and injured 
only finitely often, and that all P-requirements are met. Thus, we have a 
computable model B and an isomorphism f. 


Lemma 15.2 Every Q-requirement is satisfied. 


Proof. Assume otherwise. For example, let Q. be the requirement of the 
highest priority which is not satisfied. Then X = W,. Let so be a stage 
by which all requirements of higher priority than Q, have been attacked 
for the last time, and at which the sequences of numbers coming from the 
higher priority requirements have reached their final values, d and f(d). Let 
bo, by, b2,... be a computable enumeration of W,.. Consider an arbitrary bx. 
Find the least corresponding stage s. Let ~,(a,d) be the corresponding 
existential formula. That is, o,(z,d) = (4y)é(z,d,¥), where 5(b,,d,d) 
is the conjunction of all formulae of ¥*', and lh(y) = Ih(d ). Clearly, 
BEd, [bs d], so A E o, [f(bx), f(d)]. Let f(d) = (ao,... ,@n—1). Since Q, is 


not attacked at s, we have for every a € A 


[Aa - w, (a, ao, - os ,An_1)| = R(a). 


Conversely, for every a € R, there is k € w such that a = f(b,). Thus, the 
following equivalence holds for every a € A 


[Aa E A We(@, Ao,... ,An-1)] <> Ra). 


This is a contradiction since R is not formally c.e. on A. oO 


As an immediate consequence, we have that if both R and its complement 
satisfy the decidability condition (D), then 


F is intrinsically computable on A <=> R is formally computable on A. 


The decidability condition (D) cannot be omitted from the previous the- 
orem. Goncharov [70] and Manasse [126] have shown that there are com- 
putable models with intrinsically c.e. relations which are not formally c.e. 
Chisholm [34] has established the best possible result on the definability of 
intrinsically c.e. relations on 1-computable models. 
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Definition 15.4 Let F be an L,,,. formula with free variables among %. F 
is a (computable) ©_ formula if it is equivalent to a formula of the form 


V 39n A V2mnOmn(E, Uns Zmn) 

new mew 
and F is a (computable) II, formula if it is equivalent to a formula of the 
form 


A Von V AZmnImn(Z, Jnr Zmn), 


new mew 


where (9nn(Z,Y,;Zmn))n,mew is a (computable) sequence of quantifier-free 
formulae. 


This definition has been extended by Ash [1] to all (computable) ©, and 
II, formulae, where a is a computable ordinal. 


Definition 15.5 Let R be an additional m-ary computable relation on the 
domain of a computable model A. R is formally XS (IIS, respectively) on A 


if and only if there is a finite sequence (bo,... ,6s—-1) of elements in A and 
a computable X2 (IIz, respectively) formula F(z0,... ,%m—1,bo,-.- , bk-1) 
such that the following equivalence holds for every ag,... ,@m-—1 € A. 


[Aa - F (ao, a) Am-1, bo, at , be-1)] = R(ao, ee »Om—1): 
R is formally Az on A if R is both formally £3 and formally I$ on A. 
Theorem 15.3 (Chisholm [34]) 


(i) Let R be an additional relation on the domain of the 1-computable 


model A. Then 


R is intrinsically c.e. on A => R is formally II} on A. 


(ii) There is a decidable model A and an additional relation R on its do- 
main, such that R is intrinsically c.e. and not formally ©$ on A. More- 
over, R is not definable by any X_ formula. 


Barker (24] has extended Theorem 15.1 to ©9 relations. He has proved 
that if certain extra decidability conditions are satisfied, then R is intrinsi- 
cally X$ if and only if R is formally D9. Barker [25] has further proved an 
analogous result for all ©° relations, where a is a computable ordinal. 
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Let A be a computable model. Davey [40] has considered two additional, 
disjoint, computable relations, R, and R2, on the domain A. He has studied 
conditions under which there is a computable model B isomorphic to A such 
that the corresponding isomorphic images of R, and Rz are A®-inseparable. 
For example, let R, and R, be infinite, disjoint, computable subsets of w such 
that R, U Rez is coinfinite. Then, there is a computable model isomorphic to 
(w,<) such that the images of R, and R2 are computably inseparable. 

While all the previous results address only levels of the arithmetic or 
hyperarithmetic hierarchy, Harizanov has also considered Turing degrees of 
the images of a computable relation on the domain of a computable model 
A, under all isomorphisms from A to computable models. 


Definition 15.6 (Harizanov [83]) Let R be an additional relation on the 
domain of a computable model A. The (Turing) degree spectrum of R on A, 
in symbols Dg,(R), is the set of Turing degrees of the images of R under all 
isomorphisms from A to computable models. 

For a computable model B isomorphic to A, the (Turing) degree spectrum 
of Ron A with respect to B , in symbols Dg4.s(R), is the set of Turing degrees 
of the images of R under all isomorphisms from A to B. 


Harizanov has studied various aspects of degree spectra, such as: the 
structure of uncountable degree spectra, the effect of decidability condition 
(D) on the cardinality of a degree spectrum, realizing c.e. degrees in a degree 
spectrum via c.e. and, in general, via A? isomorphic images of R, and finite 
degree spectra. 

To state results about uncountable degree spectra we assume, without loss 
of generality, that Ris unary. Let B be a computable model isomorphic to A. 
By Z(.A, B) we denote the set of all isomorphisms from A to B. We say that a 
partial function p from A to B is a finite isomorphism from A to B if p is one- 
to-one, dom(p) is finite and for every atomic formula a = a(zo,... ,@n-1) in 
L(A), and every do,... ,@,-1 € dom(p), we have 


AF afao,.-. ,an-1] <> BE alp(ao),... , p(an-1)]- 


By Zan(A, 8) we denote the set of all finite isomorphisms from A to B. We 
define the R-equivalence relation ~p on Thy(A, B) as follows: 


q~rr <> (Vb€ ran(q) Nran(r))[q7'(b) € R & r7'(b) € RI. 
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Theorem 15.4 (Harizanov [85]) 
(i) The following are equivalent: 


(0) Dga(R) is uncountable. 

(1) 

(2) Dga.e(R) has cardinality 2”. 

(3) There is a nonempty set S C Tan(A,B) such that the following 
two conditions are satisfied: 


(A) (Vp €8)(Va € A)(Vb € B)(Aq € S) 
[((q 2 p) A(a € dom(q)) A (6 € ran(q))]; 


Dga.p(R) is uncountable. 


(B) (Wp €S)(Sq,r €S)[(q2 p) A(r Dp) A7(q~rr)]- 


(ii) Let S be as in (i)(3). Then for every set C >7 S, there is an isomor- 
phism f from A to B such that 


C =r f(R) @S=r f eS. 


In particular, if S is computable, then Dga.p(R) = D and, moreover, 
for every set C Cw, there is an isomorphism f from A to B such that 


C =r f(R) =pf- 


Theorem 15.5 (Harizanov [87]; Ash, Cholak and Knight [5]) The following 
are equivalent: 


(1) Dga.e(R) = D and, moreover, for every set C C w, there is an iso- 
morphism f from A to B such that C =r f(R) =r f. 


(2) There is e €w and p € 2<” such that the set 
Sep =aet {P22 9 € 2°” Ag D2 P} 
has the following properties: 
Seo S Lin(A, 8), 


Condition (3)(A) from Theorem 15.4 is satisfied for S=S.» , and 


(Fi € w)(Vq D p)(Va € dom(q))[y?*(a) 1= q(a)]. 
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(3) There is a nonempty computable set S C Tn(A,B) such that the con- 
ditions (A) and (B) from Theorem 15.4 are satisfied. 


In the proof of =(2) > (1) for Theorem 15.5 in [87], the construction of 
C can be done computably in @”. Hence C € A$. Thus, if not every Turing 
degree is obtained in a degree spectrum Dg,,z(R) via an isomorphism of the 
same Turing degree, then there is such a A$ degree. This conclusion also 
follows from the proof in [5] since there is a generic AQ set. 

In [84], the priority method has been used to establish how the Ash- 
Nerode decidability condition affects the cardinality of the degree spectrum. 


Theorem 15.6 (Harizanov [84]) 


(i) If the Ash-Nerode decidability condition (D) holds for a non-intrinsic- 
ally c.e. relation R on a model A, then the degree spectrum of R on 


A is infinite. 


(ii) There is a computable non-intrinsically c.e. relation R on a computable 
model A such that the degree spectrum of R on A has exactly two 
degrees. 


Also, in [84] some new computable syntactic conditions have been intro- 
duced, which have allowed the use of the permitting method to obtain every 
c.e. degree in the degree spectrum. Ash, Cholak and Knight [5] have gen- 
eralized this result to include in the degree spectrum all a~c.e. degrees in 
Ershov’s hierarchy of A$ degrees, see [52, 53, 54]. For a computable ordinal 
a, a Turing degree is a-c.e. if it contains an a-c.e. set. A set C Cw is a- 
c.e. if there exists a computable function f : w? > {0,1} and a computable 
function 0: w? + a+1 with the following properties: 


(Wa)[lim f(2,s) = C(2) A f(2,0) =O}, 
(Vx)(Vs)[o(z,s+1) < o(z,s) A o(z,0) = a], and 
(Vr)(Vs)[f(r,s+1) # f(x,s) > ofz,s +1) < o(z,s)]. 


In particular, 1-c.e. sets are c.e. sets, and 2-c.e. sets are d-c.e. sets. For 
other characterizations of a-c.e. sets, also see [51, 15]. In [15], Ash and 
Knight have studied intrinsically a-c.e. relations. For other generalizations 
of a syntactic condition in [84], see [14, 16]. 
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In [86], Goncharov’s infinite injury method has been modified to con- 
struct a computable non-intrinsically c.e. relation with a two-element degree 
spectrum whose nonzero degree is < 0’. First, a family S of c.e. sets and 
a computable set P, which have certain required properties, have been con- 
structed. A function v from w onto S is called a computable enumeration of S 
if there is a uniformly computable sequence {%}1e, of functions from w to the 
set of finite subsets of w such that for every n € w, v(n) = U{m(n):t € w}. 
The family S constructed has two injective computable enumerations, v and 
#, such that every other injective computable enumeration A of S is com- 
putably equivalent to v or yp. Here, \ is computably equivalent to v if the 
function f : w + w such that vy = Xf is recursive. The set Y defined by 
Y ={n €w: (Ame P)[v(m) = p(n)]} is a non-c.e. AS set. The enumeration 
v has then been encoded into a rigid computable model A. The category of 
injective computable enumerations of S, whose morphisms are equivalences 
(computable equivalencies, respectively) of the enumerations, is equivalent 
to the category of computable models isomorphic to A whose morphisms are 
isomorphisms (computable isomorphisms, respectively) of the models. The 
set which encodes P in A is computable and its degree spectrum on A has 
the required property. 

The ideas described in the previous paragraph have originated in Gon- 
charov’s work [69, 70] on the dimension of a computable model (see Theo- 
rem 15.7). Similar ideas have also been used by Ventsov [203, 204, 206], as 
well as by Cholak, Goncharov, Khoussainov and Shore [36]. 


Definition 15.7 Let P be a certain class of functions. A computable model 
A is P-categorical if for every computable model B isomorphic to A, there 
exists an isomorphism from A to B, which belongs to P. 


An example of a computably categorical model is the ordered set of ra- 
tionals. In general, a computable linear ordering is computably categorical 
if and only it has only finitely many elements with an immediate successor 
(77, 181]. A computable Boolean algebra is computably categorical if and 
only if it has finitely many atoms ([{182], also see Theorem 1 in [77]). For 
more examples of computably categorical models see [39]. 

Ash [3] has established for every ordinal a < w¢*, under certain extra de- 
cidability assumptions, a necessary and sufficient condition for a computable 
model A to be A?-categorical, termed A has a £2 Scott family. (The ex- 
tra decidability assumptions are needed only for establishing the necessary 
condition.) For a = 1, this result has been first obtained by Goncharov [65]. 
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Definition 15.8 A computable model A has a ©? Scott family if there is 
a finite sequence (bo,... , 54-1) of elements in A and a computable sequence 
(Fn(zo,--- »Lm-1,bo,.-- , De-1)) new of existential formulae satisfiable in A, 
such that the following two conditions hold. 


(1) For every ao,... ,@m—1 € A, there is n € w such that 
Aa — Fn(ao,--- »Am-1; bo, oF , Dy-1). 


(2) For every n € w and every two sequences (do,... ,@m-1) € A™ and 


(do,.-. »dn-1) € A”™, 


if Aa  Fi(ao,.-- ,Am-1, bo, --- 5 De-1) 
and A, = Fr(do,... (Aint, Dass: ,» by-1), 
then (A, ao,..-- »4m-1) = (A, do, - . »dm-1). 


Khoussainov and Shore [105] and Kudinov [119] have shown that there 
is a computably categorical model A without a ©? Scott family. Moreover, 
they proved that there is such a model with the additional property that 
every expansion by finitely many constants is computably categorical. 

The notion of a dimension of a computable model originates in Mal’cev’s 
work on computable algebras in early 1960’s. We say that two computable 
models A and B have the same computable isomorphism type if there is a 
computable isomorphism from A to B. The dimension of a computable model 
A is the number of computable isomorphism types of computable models 
which are isomorphic to A. Clearly, the dimension of a computable model 
is < w, and a computable model is computably categorical if its dimension 
is 1. It has been shown that for many classes of computable models, the 
dimension of the models is either 1 or w, see [65, 66, 74, 77, 78, 205, 207]. 


Theorem 15.7 (Goncharov [70, 71]) For every natural number n > 2, there 
is a rigid computable partial ordering with dimension n. 


In the following theorem, Millar, extending an earlier result of Goncharov, 
has proved that a small amount of decidability for a computably categorical 
model is sufficient to preserve computable categoricity under expansions by 
finitely many constants. 
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Theorem 15.8 (Millar [146]) Let A be a 1-computable and computably cat- 
egorical model. For every finite sequence of elements ao,...,4n-1 from A, 
the model (A, do,... ,@n-1) is computably categorical. 


The question then remains whether the condition of 1-computability in 
the previous theorem can be removed. Cholak, Goncharov, Khoussainov and 
Shore have answered negatively by establishing the following stronger result. 


Theorem 15.9 (Cholak-Goncharov-Khoussainov-Shore [36]) Let n € w. 
There exists a computably categorical model A such that for every element 
a € A, the expanded structure (A,a) has dimension n. 


It is not known whether the previous result holds for n = w. 

Khoussainov [102] has also studied a generalization of the notion of a 
dimension of a computable model by allowing homomorphic images. Other 
types of algorithmic dimensions of computable models, such as program di- 
mension and uniform dimension, have also been studied [101, 103). 

In [159], Nurtazin gave several characterizations of a decidable model A 
which is computably isomorphic to every other isomorphic decidable model. 
One of the characterizations is that there is an expansion (A, ao,... , @n—1) of 
A (by finitely many constants) such that the set of atoms of the Lindenbaum 
algebra of Th(A,ao,...,@n-1) is computable and (A,ao,... ,@n-1) is the 
prime model of Th(A, ao,... , @n—1). 

Ash and Nerode [21] and Goncharov [65] have also studied the class of 
the so-called computably stable models. 


Definition 15.9 


(i) A computable model A is computably stable if every isomorphism from 
A to a computable model is computable. 


(ii) Let P be a certain class of functions. A computable model A is P- 


stable if every isomorphism from A to a computable model belongs 
to P. 


Thus, computably stable is the same as Af-stable. It is easy to see 
that A is computably stable if and only if all computable relations on the 
domain A are intrinsically computable. Ash and Nerode, and Goncharov 
have given a computable syntactic condition for A which is equivalent to A 
being computably stable, under the assumption that A is 1-computable. 
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Theorem 15.10 (Ash-Nerode [21], Goncharov [65]) Let A be a 1-comput- 
able model. Then A is computably stable if and only if there is a sequence of 
elements dg, .-.., @m-—1 from A and a computable sequence Wo, 1, 2, --- 
of existential formulae in free variables r, 29, ..., Im-1 such that the sets 


{a € A: Aa = Wn(a, ao, - .° ,&m-1)} 
form a family of singletons whose union is A. 


Ash [2] has generalized this result to A®-stable models for every n > 1. 
He has established a syntactic condition, termed A has a formally A®- 
enumeration, which is, under certain additional decidability conditions, equi- 
valent to A being A®-stable. Ash [1] has also established a similar result for 
all hyperarithmetic degrees. For example, for every computable ordinal a, 
no infinite reduced abelian p-group is A®-stable, as shown by Barker [26]. 

Ash and Goncharov [7] have also introduced and studied the notions of 
strong A$-stability and strong A$-categoricity. 


Definition 15.10 (Ash-Knight [9]) Let (A, B) be a pair of computable mod- 
els (c.e. models, respectively), and let X C w. We say that (A,B) codes X 
via a computable sequence (Dn)ncy of computable models (c.e. models, re- 
spectively) if the following isomorphism condition is satisfied: 


[D, =A if ne X] and [(D, =B if n¢ X). 


For example, if X is a II} set, then there is a computable sequence (Dp )new 
of computable linear orders such that D, is isomorphic to w+ w* ifn € X, 
and PD, is isomorphic to w+1+w* ifn ¢ X. Ash and Knight [9] have obtained 
some general computable syntactic conditions on computable models A and 
B and a computable ordinal a, so that (A,B) codes every II2 set X via a 
computable sequence of computable models. A necessary condition is that 
all computable infinitary ©, sentences true in A are also true in B. Ash and 
Knight have shown that if certain “useful relations” which give information 
about A and B are c.e., then this necessary condition is also sufficient. For 
every computable ordinal a, Knight (114, 115] has also established a different 
set of sufficient conditions for a pair (A,8) of computable models to code 
every IT® set via a computable sequence of computable models. Here, not all 
“useful” relations have to be c.e., but A and B must be “more alike”. 

Ash [4] has also established, under certain assumptions, a necessary and 
sufficient condition on c.e. models A and B and a computable ordinal a, 
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which allows (A,B) to code every II° set X via a computable sequence of 
c.e. models. The method used is an extension of Ash’s method of the so- 
called a-systems, introduced in [1]. For further extensions of this method 
see [12, 13]. 

Ash, Knight, Manasse and Slaman [17], and Chisholm [33, 35] have also 
considered a different approach to studying the effectiveness of model theory. 
While Ash, Knight, Manasse and Slaman call this approach relatively com- 
putable model theory, Chisholm calls it effective model theory. The basic idea 
is to allow, instead of computable models, arbitrary models, and to require 
all notions to be relativized to the complexity of the corresponding models. 
One of the advantages of this approach is the elimination of certain “patho- 
logical” situations. For example, the notion of intrinsically c.e. is replaced 
by the following notion of relatively c.e. 


Definition 15.11 Let R be an additional relation on the domain of a com- 
putable model A. R is called relatively c.e. on A if the image of R under 
every isomorphism from A to any model B is c.e. in the atomic diagram of B. 


Now a forcing method has been used to obtain the following analogue of 
Theorem 15.1, thus establishing the equivalence of a semantic and a syntactic 
notion, without an extra decidability condition. (See a related paper [11], 
which involves a new classification of computable infinitary formulae.) 


Theorem 15.11 (Ash-Knight-Manasse-Slaman [17], Chisholm [35]) Let R 
be an additional relation on the domain of a computable model A. Then 


R is relatively c.e. on A<=> R is formally c.e. on A. 


Using forcing, a similar result has been obtained for the new notion of relative 
categoricity. This line of investigation has been continued by Soskov [197, 
198] to intrinsically II} relations and to hyperarithmetic relations. 

Let A be a computable model and let a(R) be a computable sentence true 
in an expansion of A by a computable relation R. Ash, Knight and Slaman 
[10, 19] have investigated the conditions under which there is a computable 
model B isomorphic to A such that no relation on B satisfies o(R) and is 
computable relative to B. 

Vlach [208] has studied the degrees of algebraically independent sets on 
computable models. Hird [91] and Ash, Knight and Remmel [18] have inves- 
tigated the existence and the degrees of the so-called quasi-simple relations 
on computable models. 
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The theory of constructive models is a branch of mathematical logic con- 
cerned with the study of algorithmic properties of algebraic structures. In 
this paper, we consider the algorithmic complexity of relations defined on 
algebraic structures. We investigate the algorithmic properties of various 
structures by studying their numberings and considering the algorithmic 
complexity of the set of numbers of elements appearing in the relations under 
consideration. 

In Section 1, on the basic notions of constructive model theory, we discuss 
the decidability of basic relations and elementary properties of structures. 
Models equipped with numberings in which these relations (and elemen- 
tary properties) are decidable are called constructive (strongly constructive), 
while the models themselves are referred to as constructivizable (strongly 
constructivizable). Section 2 is concerned with the existence problem for 
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decidable models with given model-theoretic properties. The main result of 
this section is the Goncharov—Peretyat’kin criterion for the decidability of 
homogeneous models. Section 3 is a study of decidable Boolean algebras, 
with particular focus on the existence of strongly constructive elementary 
extensions. 


1 Basic notions of 
constructive model theory 


We use the terminology of the theory of constructive models and computa- 
bility theory, following [17, 15, 14, 29, 41, 43, 76, 78]. 

We study the notion of constructibility of arbitrary algebraic structures. 
The notion is considered with respect to B, where B is some subset of N, 
or a class of sets or functions. This means that, in computations below, we 
can use information about the membership of natural numbers appearing 
in algorithms to the set B (or a set of the class B) which may have any 
algorithmic complexity. As we show below, such a generalization allows us 
to obtain interesting results in the case of ordinary constructivization. 

There are two equivalent approaches to the study of algorithmic proper- 
ties of algebraic structures. The first approach deals with abstract structures 
of arbitrary elements. Various numberings of universes by natural numbers 
are chosen and their properties are investigated. The second approach ad- 
mits only those structures whose universes consist of natural numbers. The 
first approach leads to constructive and strongly constructive structures and 
the second one leads to (equivalent) recursive and decidable structures. 


Let 2 = (A; Po,..., P-; Fo,..., Fs; c,.-., c) be an algebraic struc- 
ture of a signature 
GS iets Oly ganas Pe COs gel) 


where each P;, i < r, is an n;-ary predicate symbol; each F;, 1 < s, is an 
m,-ary function symbol; and each c;, 7 < t, is a constant symbol. If the 
signature is infinite, we require that the functions 7 + n; and 1 —> m; be 
recursive. 

A pair (2,v), where v is a mapping of N (or of an initial segment of N) 
onto the universe A of the structure 2 is called an enumerated structure and 
vy is called a numbering of Q. 
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Let B be either a subset of N or else a family of subsets of N, and let 2 
be an algebraic structure of signature o. An enumerated structure (Q, v) is 
called B-positive if the numeration equivalence under v in 2, 


Nv = {(n,m) | vn = vm in A} 


together with the inverse images under v of the relations P* defined on % 
by predicates P., 


UP) = {lly e+ bs) | (Ul, «++ Ulm) € PRY 


for all 2 <r, are all recursively enumerable with respect to B, and there exist 
B-recursive functions f;, i < s, such that 


ORY create) =e (Oy ps8 he) Hany i be 


A B-positive structure (2,v) is called B-constructive if the sets n, 
and y~'(P;) for i < r are B-recursive (instead of just r.e.—in—B). 

If o is infinite, then in the definitions of B-positive and B-constructive, 
we impose the extra conditions of uniform recursive enumerability and uni- 
form recursivity in the indices 7. 

In particular, an enumerated structure (2,1) is called constructive if the 
set n,, the numeration equivalence under vy in &, together with the sets 
v—1(P,), the inverse images under v of all the relations P*, are all recursive, 


a 


and there are recursive functions f; representing the functions /™, in the 


sense that v . f; = F. v. Thus an enumerated structure (4, v) is construc- 
tive if the set of all atomic formulas satisfied in 2 is decidable. 
A numbering v of a structure 2 such that (2,1) is constructive, is called 


a constructivization of the structure Q. 


We define a numbering ¥ of all formulas of the signature ¢ in variables 
of the set {vo, v1,-...} so that all questions concerning the structure of 
formulas can be decided by means of the numbers of these formulas. Such a 
numbering is called a Godel numbering [19]. 

Let o be a signature of the form 


Chat pte obo Peg phase Ee ee og tan tee) 
such that there exist partial recursive functions [n] and [m] defined as follows: 
[n](t)=n;, where n; is the arity of the predicate symbol P; , 


[m](t) = m,;, where m; is the arity of the function symbol F;. 
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If there is only a finite number of predicate and function symbols, such func- 
tions [n] and [m] exist. If the language has a countably infinite number of 
symbols, then we must be able to effectively determine the arities n; and m; 
from the index 2 in the signature. This is possible due to the requirement of 
recursivity imposed on the functions 7 + n; and i > m. 

Let V be the set of variables vo, v1, .-., Un, ---; let Term,(V) denote 
the set of terms of the signature o in variables of V, and let Form,(V) denote 
the set of formulas of the signature o in variables of V. A Godel numbering 
is a mapping 


Yo : Term,(V) U Form,(V) ane N 


such that we can effectively recognize if a given number is the number of a 
formula or that of a term, and from a number, we can recover the structure 
of the corresponding formula or term. 

A Godel numbering y is constructed by induction on the complexity of 
formulas. Once we have a Godel numbering, we can discuss the notion of 
decidability from the mathematical point of view. A subset 


X € Term,(V) U Form,(V) 
is called decidable if the set of Godel numbers y(X) = {7(g) | ¢ € X} is 


recursive, and it is called enumerable if y(X) is recursively enumerable. With 
some complexity hierarchy of subsets of N (e.g., the arithmetic hierarchy, the 
analytic hierarchy, the Ershov hierarchy, etc.) in mind, we say that X belongs 
to some complezity class A if the set y(X) belongs to A. 

Given the Godel number of a formula, we can recognize whether the 
formula is an axiom of the predicate calculus PC’. Given a sequence of 
Godel numbers of formulas, we also can recognize whether one formula is 
obtained from others in the sequence by a deductive rule of Pc’. Hence we 
can recognize if a sequence of formulas with given Godel numbers is a proof 
in PC’. 

Let o be a signature and let o’ be an extension of c. If, from the indices 
of predicate symbols, function symbols and constants of the signature o, 
we can compute the indices of these symbols regarded as symbols of the 
signature o’, then, starting from Godel numbers of terms and formulas of 
the signature o, we can compute the Godel numbers of the corresponding 
terms and formulas with respect to the signature o’. Moreover, if, starting 
from indices of predicate symbols, function symbols, and constants of the 
signature o’, we can recognize whether they belong to a, then, starting from 
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any term or formula of the signature o’, we can recognize whether this term 
or formula is of the signature o and find its number with respect to a. We 
only consider extensions of signatures which satisfy these conditions. In this 
case, we say that the Godel numbering of formulas and terms of the signature 
o’ ertends the Gédel numbering of formulas and terms of the signature o. 

For a decidable theory 7 in a signature o, we define the principal com- 
putable numbering po(Zo), .-- , Pn(En), --- Of the set of all partial enumer- 
able types consistent with the theory T. 

A partial type p() of a theory T is the set of formulas in variables of 
such that the set p(Z)UT is consistent. A numbering do(fo), ... , dn(Tn), --- 
of partial types of the theory T is called computable if {d;}; is a computable 
numbering of recursively enumerable sets, where 


d; = {k| kis the Gédel number of a formula in d;(z;)} 


and there exists a recursive function v such that for any n, the value v(n) is 
equal to the code of the sequence (7), ... , ¢m,) of indices such that 


In = (v;, peeeyg ae be 
A numbering po(To),.--, Pn(En),-.. Of partial types of the theory T is 
called principal if for any computable numbering do(Zq), .-. , dn(Z,), ... of 


partial types of the theory T, there is a recursive function f(n) such that 
d,(Z,) = Py(ny(Fs(ny) for any n. 

To define the p,(Z,,) of a principal numbering, for each n we construct an 
expanding sequence of finite sets 


® = pa(En) © Pal) +++ © ph(Fn) Co 

such that 

Pn(Tn) U pn (Ea). 

t 
For any n € N, we take 7 and k such that c(i,k) = n, where c is some 
fixed pairing function on the natural numbers. We use i as the number of 
the ith recursively enumerable set W; and k as the code of the sequence 
(4;,..., ts), with respect to a fixed coding of all sequences of finite length. 
For any i,k,t € N, we set 
Wilk = {mew | m is the Gédel number of a formula in 
free variables with indices in (7), ... , 2s) 
where the sequence of indices is coded by k} 
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and 


Pi(Zn) = {® | the Godel number of @ is in Wilny | r(n)} 


where m is the greatest number less than ¢ + 1 such that the set 
TU {@ | the Godel number of ® is in Wi, | r(n)} 


is consistent. By the decidability of T, this consistency condition is decidable. 
Consequently, given n and t, we can recognize whether a formula belongs 
to p'(Z,) and compute the Gédel number of such formulas; i.e., write out 
the list of all formulas in p‘(Z,). It is clear that the Godel number of any 
such formula is less than ¢ + 1, in view of the condition imposed on W!. 
The definition of p, in terms of Wy,), the possibility of computing exactly 
a sequence of free variables with respect to a computable numbering of a 
family of finite types, and the fact that {W,}nen is principal, together imply 
that the numbering {p, }nen of partial types is principal. 


Proposition 1.1 A family S of types of a theory T is computable, i.e., there 
exists a computable numbering do(Z%),.-., dn(Z,),.-. such that 


S = {d,(z,) | € N} 


if and only if there exists a recursively enumerable set W such that S = 


{Pn(Fn) |n € WH. 


Proof. The claim follows from the definition since the numbering {pn }nen 
is principal. Oo 


In the study of algorithmic properties of models, it is necessary to solve 
the problem of the existence of an algorithm that verifies the truth in a 
model of all elementary formulas, not just atomic formulas. This leads us to 
a notion that is stronger than that of constructibility. 

We adopt the convention that a quantifier-free formula of signature o 
has 0 alternating quantifiers. We say that a formula ® of o has n alternating 
quantifiers if the prenex normal form of © has n blocks of alternating quanti- 
fiers. Let §, denote the set of all formulas of o with n alternating quantifiers 
and let §,, denote the union over n of the sets §,. The sets §, are said to be 
restricted fragments (of the language of c). 

Let § be a set of formulas of signature a. Let B be a family of subsets of N. 
An enumerated structure (2, v) (in signature o) is called B—$—constructive or 
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$~constructive with respect to B if the set of Godel numbers of the §-diagram 
of (A,v) 
BDAY) = 1 (Shy 035 dg) | s is the Gédel number of a formula 
O(2;,..., 2%) of F with k free 
variables and % — ®(vl;,... , vlk)} 


belongs to B. Since FoDP(A, v) is the set of Godel numbers of the quantifier- 
free formulas satisfied in 21, and this set can be B-effectively recovered from 
the corresponding set for atomic formulas (positive diagram of (A,v)), it 
follows that structures §o-constructive with respect to B are exactly B- 
constructive structures. 


A B-§-constructive structure is called §—-constructive if B is the class of 
all recursive subsets of N, and is called B-constructive if § = &o. If we do 
not specify § or B, we mean that § = Fo or B is the class of all recursive 
sets, respectively. B-§,—constructive structures are referred to as strongly 
B-constructive or B-w-constructive and B-§,-constructive structures are 
called B-n—constructive. 


In particular, an enumerated structure (A, v) is strongly constructive if the 
elementary diagram of (2,1) is decidable; i.e. the set FD(A, v) is recursive, 
where § = §. is set of all first-order formulas in signature o. 

A structure 2 is called decidable if there exists a numbering v of 2 such 
that (2, v) is strongly constructive; in this case, such a numbering nu is called 
a strong constructivization of . 


We now move on to the second approach to the study of algorithmic 
properties of algebraic structures, in which we consider only those structures 
whose universes consist of natural numbers. Let 2 be a structure of a signa- 
ture o whose universe A is a subset of N. In this setting, we can discuss the 
effectiveness of various relations without handling numbers. 

A structure 2 is called B-recursive if its basic predicates and functions 
are of class 8. For many classes of computability B, an abstract structure is 
B~-constructivizable if and only if it is isomorphic to a B-recursive structure. 
Given a B-constructive structure, we can construct a B-recursive structure 
effectively with respect to B provided that we can choose a single number 
from each set in the family B. The passage from a B-recursive structure to 
a B-constructive one can usually be realized with the help of a B-recursive 
function that enumerates the universe of a B-recursive model and defines the 
8-constructivization of this structure. 
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For structures that are §-constructive with respect to B, we can de- 
fine B—§-recursive models in a similar way. If a model is isomorphic to 
a B-§,-recursive model, then it is B-decidable. When B C N, we use 
the notation B(B) for the class of B-recursive sets. B(B)~-§-recursive 
(respectively B( B)-§-constructive) structures are called F-recursive (resp. 
$~constructive) with respect to B. 


Proposition 1.2 If the structures (N,v) and (N,u) are n-constructive 
(strongly constructive) with respect to B, then the direct product M x N 
with the numbering (v ® p)(n) = (v(l(n)), u(r(n))) is a model which is n- 
constructive (strongly constructive) with respect to B. 


Proof. The assertion follows from the algorithm which reduces the question 
of the truth of formulas with respect to the direct product to that of the 
truth of formulas, with the same number of alternations of quantifiers, with 
respect to the components of the direct product [15]. QO 


Let (2l,v) and (%,) be enumerated structures, and let yp: A —+ B be 
a homomorphism. A homomorphism ¢ from (2,v) into (%B, 4) is called C- 
recursive if there exists a C-recursive function f such that yy = yf, i.e., the 
diagram 


N 


y Lu 


A B 


7) 


commutes. In this case, the function f represents y and the latter is called a 
C'-homomorphism. If there exists a C-recursive embedding (injective homo- 
morphism) y of (2,v) into (B,y), then (B, 4) is called a C~extension of 
(2, vv) with respect to y. If A C B and the identity embedding of A into B 
is C-recursive, then (%, yz) is a C—-extension of (2, v). 


Proposition 1.3 Let (%, yu) be an enumerated structure, D be a C'-recur- 
sively enumerable subset of N, and the set p(D) be closed under the functions 
of % and contain the values of constants of B. Then the substructure A < B 
with universe u(D) has a numbering v such that (8, pu) is a C-ertension 


of (2,v). 


Chapter 2 Elementary Theories and their Constructive Models 123 


Proof. We obtain the required numbering if we put y(n) = pf(n), where f 
is a C-recursive function enumerating the set D. oO 


Proposition 1.4 /f (8,4) is a C-ertension of (2,v) with respect to py, and 
(B, 1) is constructive with respect to C, then (A,v) is also constructive with 
respect to C. 


Proof. The assertion follows from the fact that the verification of the truth 
of the predicates and equalities of (2, v) can be reduced to the verification of 
the truth of the corresponding predicates and equalities of (8, 4) by means 
of a reducing function. Qo 


Proposition 1.5 Jf (2,v) is constructive with respect to B, and the 
theory Th(2,a,,..., an) of the structure A, enriched by a finite number 
of constants a,,..., Gn, is model-complete and B-decidable, then (2,v) is 
strongly constructive with respect to B. 


Proof. It suffices to note that, in view of the B-decidability of the theory 
Th(2, ay, ..., an), we can verify effectively the equivalence of formulas. 
However, any formula is equivalent (with respect to a model-complete theory) 
to an 4-formula. Therefore, from any formula ®, we can effectively find two 
dj-formulas Jy, and AyW,2 that are equivalent to ® and —@ respectively. To 
verify the truth of © on elements with numbers / = (1,, ... , /n), it suffices to 
search through all possible finite sequences @ and 6 of numbers of elements, 
to find the first sequence such that U,(vl,v) or V2(vi, vb) is satisfied in Q. 
If U,(vl, ve) holds for some €, then, by the above equivalences, ® is true in % 
on the sequences with numbers 1, and is false if W2(v/, vb) holds for some 6. O 


Proposition 1.5 and the model completeness of the theory of Boolean 
algebras with respect to a signature extended by predicate symbols An, By, 
C,, and I, for n € N, lead to the following proposition. 


Proposition 1.6 Jf (B,v) is a B-constructive Boolean algebra in an 
extended signature o*, then (%,v) is B-strongly constructive. 


The two approaches to effective representations of structures allow us to 
investigate the same properties, choosing a language as a function of the 
situation. We intend to establish that these approaches are equivalent. To 
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this end, we show the equivalence of the corresponding categories. In our use 
of notions from category theory, we follow [1]. 

Let Num be the category of all enumerated structures in a fixed signa- 
ture o, with homomorphisms as morphisms, and let Nat be the category of 
all structures over o whose universes are subsets of N, with homomorphisms 
as morphisms. We define a functor R : Num -> Nat as follows. For each 
enumerated structure (IN, v), with universe M = |IM|, let 


R(M,v) + Non 
with universe Nor, where 
Nox + {n|7n is the least element of v~!(x), for some x € |St|} 
Py = {(m,..., me) € No | ME Plum, ..., vn«)} 
F(m,... re) S min{n € No | For(vri,..., une) = vn} 
cy = min{n € Noy | vn = cop} 


for each predicate symbol P € o, function symbol F' € o and constant c € o. 
It is clear from the definition of R that R(M,v) and IM are isomorphic 
structures. 

If y is a homomorphism from (Mt, v) into (MN, uw), then define 


graph R(y) = {(n,m) |n € Nox, m € Ny and y(vn) = pm} 


in which case R (¢) is clearly a homomorphism from R (I, v) into R (St, u). 
If y is an isomorphism, then R (vy) is also an isomorphism. 


Proposition 1.7 The functor R determines an equivalence between the cat- 
egories Num and Nat. 


Next, we define a functor C : Nat Num as follows. For each structure 
MN in Nat, let C (9) = (N,v), where v is an enumeration of elements of the 
universe |Jt| in ascending order. If |9t| is finite, then all the numbers that 
do not appear in this enumeration are mapped onto the last element of the 
enumeration. The numbering v obtained in this way will be denoted vc. 

For each subset B C N, we define a subcategory Con? of the category 
Num consisting of B-constructive enumerated structures with B-recursive 
homomorphisms as morphisms, and a subcategory Rec? of the category 
Nat consisting of B-recursive structures with B-recursive homomorphisms 
as morphisms. 
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Theorem 1.8 The restriction R® of the functor R to the subcategory Con® 
determines an equivalence between the categories Con? and Rec?®. 


Proof. It is easy to check that the model R(2M,v) is B-recursive, pro- 
vided that (N,v) is a B-constructive structure. Now if y is a B-recursive 
homomorphism from (9N,v) into (Nt,), where both of these enumerated 
structures are B-constructive, then the universes of R (Mt,v) and R (MN, p) 
are B-recursive and there exists a B-recursive function f such that yy = uf; 
together, these conditions imply that Recy is a partial B-recursive 
function whose graph is B-recursive. Thus R? is a functor from Con? into 
Rec®. Moreover, it is readily verified that the restriction C? of the functor 
C is itself a functor from Rec? into Con®, and there exist isomorphic nat- 
ural transformations a : R? , C? — logs and 8: C® , R? — Ipece such 
that R? ,a = 8,C¥. Hence R? determines an equivalence of categories, 
as required. Oo 


Corollary 1.9 Two enumerated structures (N,v), (MN, ps) are isomorphic if 
and only if R(M,v) and R(MN, pu) are isomorphic. 


Corollary 1.10 Two B-constructive enumerated structures (N,v), (Nt, u) 
are B-isomorphic if and only if R(M,v) and R(N, pu) are B-isomorphic. 


Thus, the study of constructivizations of a model Jt, up to autoequiva- 
lence, is equivalent to the study of recursive models, up to a recursive iso- 
morphism, that are isomorphic to IN. 


Proposition 1.11 Jf v and p are constructivizations of a model M, then 
R (M,v) and R(M, uw) are recursive models isomorphic to M. Moreover, v 
and p are autoequivalent if and only if R (IM,v) and R(M, u) are recursively 
isomorphic and, for any recursive model Nt isomorphic to MN, there exists a 
constructivization & such that R(IMN,£) and N are recursively isomorphic. 


Corollary 1.12 Any infinite constructive algebra is recursively isomorphic 
to a constructive algebra with a single-valued numbering. 


We now consider numberings of quotient structures by congruences. If 7 
is a congruence on an algebraic structure 2 and v is a numbering of 2, then 
we can define a quotient numbering v/n of the quotient structure A/7 by 
setting: (v/n)(n) = v(n)/n. If it is clear which congruence we mean, then 
we write simply v instead of v/7n. 
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Proposition 1.13 


(a) If n is a B-decidable strict congruence and (,v) is a B-constructive 
algebraic structure, then (A/n,v/n) is a B-constructive algebraic 
structure. 


(b) If (Q,v) is a B-positive structure and n is a B-enumerable congru- 
ence, then (A/n, v/n) is a B-positive structure. 


Let 20 = (M;c) be a finite model in a finite signature 


a 20 n 
C= (P5 jovete GPE 5g: p 253 400s) 


without function symbols. Let v be a mapping from the finite set of numbers 
[(0,n] = {2 | 0 < z < n} onto M, so the universe M has at most n + 1 
elements. Such a pair (IN, v) is called a finitely enumerated or n-enumerated 
model. 

To each finite signature o = (Po°,..., P™,ao,..., Gs), we assign a 
number (code of the sequence) 


(((0, no) , sey (r,nr)), s). 


Given an n-enumerated model (IM,v) in o, we extend the signature by 
new constant symbols cp, ..., Cn to o" = a U {co,..., Cn} so that each 
element of the model is named by one of the c;’s. Let 9” denote the enrich- 
ment of 92 in o”, in which the new constant c; denotes the element 17 of the 
universe M, fori <n. 

We define the diagram D(M,v) of an n-enumerated model (Mt, v) by 
reference to IN” as follows: 


DiM,v) = { | ® is an atomic sentence of o” or the 


negation of an atomic sentence of a”, and MN” — >} 


Let GD(M, v) be the set of Godel numbers of the formulas of D(M, v). If u 
is the canonical number of the finite set D, = GD(M,v), then the sequence 


(es (((0, no) , (l,m), ees Avs )a 8), u), 


is called the Godel number of the enumerated finite model 92 in the finite 
signature o. 


We note the following obvious properties of numberings of finitely enu- 
merated models. 
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(1) The set of the Godel numbers of all finitely enumerated models ts re- 
cursive. 


(2) From the Godel number of a finitely enumerated model (N,v), we can 
compute the number of elements of ||. 


(3) From the Gédel number of a finitely enumerated model, we can com- 
pute how many predicate symbols and constants are contained in the 
signature o and compute the arities of the predicate symbols as well. 


(4) From the Godel number of a finitely enumerated model (M,v), we can 
compute the set GD(M,v) and hence compute the diagram D(M,v). 


(5) Given two Gédel numbers of finitely enumerated models, we can recog- 
nize whether these models are of the same signature. 


(6) The set of numbers of finite signatures is recursive. 


NS 
“I 
— 


If n is the Godel number of a finitely enumerated model and m is the 
number of a finite signature, then we can recognize whether a finitely 
enumerated model with Godel number n is a model in the signature 
with number m. 


(8) If n is the Godel number of a finitely enumerated model and m is the 
number of a finite signature, then we can recognize whether a finitely 
enumerated model with Godel number n, in a signature 


a, NO 1 fe 
GSC hae oP 3 Mpg oi8q ly) 


has some enrichment to a finitely enumerated model in a signature o’ 
with the number m. 


A finite n~enumerated model (St,v) is called an extension of an m- 
enumerated model (St, z) if m <n, the models IN and MN are of the same 
signature, and the set {(v(i), u(i)) | i < m} is an isomorphic embedding of 
M into Mt. 


(9) Given two Godel numbers n and m of finitely enumerated models, we 
can recognize whether a finitely enumerated model with Godel number 
m is an extension of a finitely enumerated model with Godel number n. 
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If (MM, v) is an n-enumerated finite model in the signature 
OP a eopabe 40s fete Oe) 
and (Mt, 4) is a m—enumerated finite model in the signature 
ot Pay aro gedes 4 ah > 


we say that (2M,v) is an extension of (MN,pu) ifm <n; r' <r; 8’ < s; for 
any 0 <i < r’, the arities of predicates P; are such that nj; = m,; and 
{ (u(t), v(z)) | 2 < m} is an isomorphism of MN into M fo’. 


(10) Given two Godel numbers n and m of finitely enumerated models, we 
can recognize whether a model with Godel number n is an extension of 
a finitely enumerated model with Godel number m. 


Now let (9t,v) be any enumerated model in the signature 


n 
Ge AP 5 ag Fd BG sang aay 


with r predicate symbols and possibly infinitely many constants. Given n € 
domv, we define M, <> {vi | i < n} and consider a signature o, obtained 
from the signature o by setting: 


ni nr 
Oyo Cig ce Eo Oy, enn Gh) 


where q = n if n < 1, ie., o contains at least n predicates, and q = r 
otherwise, and the set {j,,..., jp} consists of all indices 7 of constants of 
a such that 7 < n and the value of the constant a; belongs to M,; i.e., 
(a;)m = vt for somei <n. Note that o, has at most n+1 predicate symbols 
and at most n + 1 constants. 

Now let 20, be any submodel of the restriction IN [ o, of the model IN 
to the signature o,, such that the universe 


tal = My = tr | een}. 


Finitely enumerated models (92,,v,), where v,(7) = v(t) for i < n, 
will be called finitely enumerated submodels or n-enumerated submodels of 
(N,v). By a representation of an enumerated model (t,v) we mean the 
set W(90,v) of the Godel numbers of all finitely enumerated submodels 
of (St, v). 
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Note that in considering the Godel number of a finitely enumerated sub- 
model (INn,m), we actually refer to the enrichment (IM,)” of Mt, in the 
signature (o,)" = o, U {co, ... , Cn}, in which each new constant c; denotes 
the element vi of the universe M,, for 7 < n, and the diagram of atomic 
sentences or their negations true in (J0,,)”. 


Proposition 1.14 An enumerated model (N,v) is constructive if and only 
if its representation W(IN,v) is recursively enumerable. 


Proof. To prove the proposition, it suffices to compare the decidability 
problem for a model with that of its representation. First, assume (SW, v) in 
signature o is constructive. Then §oD(M,v), the set of Godel numbers of the 
quantifier-free formulas satisfied in IN, is recursive. It is then straightforward 
to show that W(t, v) is recursively enumerable. 

Conversely, let (90, v) be an enumerated model in signature 7, and assume 
its representation W = W(IN,v) is recursively enumerable. We define a 
model Iw in the same signature o together with a numbering vw as follows. 
First, consider the set 


My = {ce | some finitely enumerated submodel of 
(9M, v) has Godel number n + 1 in W, andi < n} 


On My, we introduce the following equivalence relation: c; ~w c; if the 
atomic sentence (c; = c;) is included in the diagram of some n-enumerated 
submodel with Godel number in W(IM,v). Let My be the quotient set 
Mj,/~w. We define the numbering vy by setting vw(2) = c:/~w, where 
c; € My. We set vw(t) = a; for each constant a; of the signature o for 
which the equality (c; = a;) is included in the diagram of some n-enumerated 
submodel with Godel number in W. For the model Dtw, each 7 < r, define 


Mw -& Pi(vwno,...,vwne) — the formula P;(¢n,, --- 5 Cn,) is in the 
diagram of some n-enumerated model 


with Godel number in W. 


This concludes our definition of (Nw,vw). We also define y : Mw > M 
by ¢(ca/~w) = vi. It is readily established that y is a recursive isomor- 
phism of the enumerated model (Nw, vw) onto (M,v). Thus if W(M, v) is 
recursively enumerated, then the model (Nw, vw) is constructive, and hence 
(MN, v) is constructive. Oo 
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We now fix a finite signature o without function symbols and define a 
numbering «? of all constructive models in the signature o as follows. Let 
{W,}nen be the principal numbering of all recursively enumerable subsets 
of N. As usual, W} is that part of the set W, that is already enumerated 
by step ¢ in numbering. Recall that we enumerate only numbers z < t into 
W;. From W,,, we construct a new set V, = UV,', where the V is defined 
as follows. At stage 0, we set V° = g. At stage t+ 1, we verify the following 
(recursive) conditions: 


(i) every element of W{*? is the Godel number of some finitely enumerated 
model of the signature o, 


(ii) for every z,y € Wi*!, either the finitely enumerated model with Gédel 
number z is an extension of the finitely enumerated model with Gédel 
number y, or vice-versa. 


We set Vit! = Vi UW/t! if both these conditions are satisfied, and 
V+) = Vi otherwise. To complete the construction, we set Va = UV. 


t 

It is clear that this sequence of sets {V,}nen is computable. Hence there 
is a recursive function p such that V, = W,(n) for any n € N. Furthermore, 
W,(o(n)) = Wn) for any n EN. 

It is easy to see that for any n € N, the set V, is recursively enu- 
merable and is the representation of some constructive model in the sig- 
nature a. Using the construction in the proof of the last proposition, we 
recover the constructive model My, and its constructivization vy, by Vp. 
We set «’(n) S (Mv,,,vv,). Subsequently, the model My, will be denoted 
MF, and the numbering vy, will be written v*. 

From the characterization of recursive models via their representations, 
we see that «°(n) enumerates all the constructive models of the signature o, 
including finitely enumerated models and the empty one. 

If o is an infinite signature and the function i — n; is recursive, where n; 
denotes the arity of the ith predicate symbol, then by a similar construc- 
tion, we obtain representations W(t, v) and the numbering k” enumerating 
all the constructive models of the signature ¢, including finite constructive 
models in finite initial segments o, of the signature a. In constructing the 
sets V,, we must require that finitely enumerated models are models of finite 
initial segments of the signature o and take this into account in the notion 
of an extension. 
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The following notion of a computable sequence of constructive models is 
often used in the literature on constructive models. A sequence of construc- 
tive models (2Mo, vo), .-. , (Mn, im), .-. (in a signature @) is called com- 
putable if these models are uniformly constructive, i.e., there is a recursive 
function which uniformly computes from n the indices of the (necessarily 
recursive) domain, predicates and functions of the model (M,, vn). 


Proposition 1.15 Jf a sequence of constructive models 
(Dio, Yo), .--,(Martn),.-- 
is computable, then there exist recursive functions f and g such that 


(i) the models (Nn, vn) and K(f(n)) are recursively isomorphic for any n, 
and 


(ii) the index g(n) of the recursive function k,n) that defines this recursive 
isomorphism ts computed from n by means of the function g, 


t.e., defining ~n(Un(m)) S Vii_)(Kg(n)(™)), we conclude that vy, ts an iso- 
morphism of IN, onto INF (n), where Kp ts the principal numbering of the set 
of all partially recursive functions. 


Proof. The existence of functions f and g follows from the construction 
of the recursively enumerable representations W(IN,,v,) of the constructive 
models (IM,,%n). The computability of the sequence {(tn, vn) }nen implies 
the computability of the sequence {W(IMn, im) }nen. Since W is principal, 
we obtain the reducing function f. The function g can be constructed from 
the diagrams since it is the same for (N,,v,) and «(n). Oo 


The converse assertion is a consequence of the following simple proposi- 
tions. 


Proposition 1.16 The sequence (IN*,v") of constructive models is com- 
putable. 


Proof. The assertion follows from the construction of (IN*,v*) and the 


definition of a computable sequence, since from the index n, we can recover 


the diagram of (IM*,v*) that is defined from V, = W(M*,v*). a 


nin nn 
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Let a = {(Mn, Un) }nen and B = {(Mn, Un) }nen be two sequences of enu- 
merated models. The sequence a is a reduction of the sequence , written 
a < , if there exists a recursive function f such that the constructive models 
(Mn, Yn) and (MNy(n),Hs(n)) are recursively isomorphic (in the sense of con- 
structive models). We say that the sequence a is an effective reduction of 
the sequence if there exist recursive functions f and g such that for any n, 
the function &,(n) defines an isomorphism of the constructive model (Ny, vn) 
onto the model (MNy(ny, Hys(ny), 1-e., the mapping Ya(Yn(m)) S MF (n)(Kg(n)(™)) 
is well defined and is an isomorphism between IM, and Nyn). 


From the definitions, we immediately obtain the following claim. 


Proposition 1.17 If a sequence {(Mn, in) }nen of enumerated models is an 
effective reduction of a computable sequence {(Mn, fn) }nen of constructive 
models, then {(IMn, Un) }nen is a computable sequence of constructive models. 


Let S be the class of constructive models of a signature o and let K 
be a construction defining some finite sequence of constructive models and 
homomorphisms of them into constructive models of S. We say that a con- 
struction A is uniformly effective on the class S if there exists a partially 
recursive function gx such that if the constructive model «’(n) belongs to S 
then gx(n) is defined and gx (n) is equal to the code of a pair of two finite 
sequences, where the first sequence consists of the numbers k” of constructive 
models that are constructed by A and the second sequence consists of the in- 
dices of recursive functions that define the required recursive homomorphisms 
with respect to the numbering x. 


Proposition 1.18 Let K be a uniformly effective construction on S that, 
given a constructive model (N,v) of S, constructs a constructive model 
(M, u) of S and a homomorphism (y, f) from (N,v) into (M,u) such that 
K(N,v) = (Mt, uw), (y, f)). Then, for any constructive model (Nt,v) of S, 
there is a computable sequence (Mo,%),--- , (Mh, Un), --- of constructive 
models of S and a computable sequence go, 91,---;9n,--- Of recursive 
functions such that 


(1) (No, v0) = (N,v), 


(2) for any n EN, the function g, defines a homomorphism y, from Nn 
into Mn4i, where Yn(Un(m)) = Vn4ign(m), 
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(3) for any n EN, the construction K defines the model (Mhn41,Un41) and 
the homomorphism (Yn, gn) from (Mn, Un). 


Proof. The assertion follows from the recursive definition of the required 
indices by means of the function gx representing the construction A’ on the 
class S. Oo 


2 Decidable models 


The notion of a strongly constructive model was introduced by Ershov [17, 
15, 14]. Later, a similar notion of decidable models was studied by Harring- 
ton [36] and Morley [50]. The notions are equivalent, but they have some 
methodological differences. These notions are more natural for an effectively 
prescribed model in studies of model-theoretic properties of decidable the- 
ories. A model MN is called decidable if there exists a numbering v of IM 
such that the model (2M,v) is strongly constructive. In considering a de- 
cidable model, we generally have some fixed strong constructivization v in 
mind. We begin with some general facts about strongly constructive mod- 
els and then proceed to the decidability of algorithmic properties of strong 
constructivizations. 

In this section, we consider the existence problem for decidable models 
with given model-theoretic properties. It is easy to see that the theory Th(2) 
of a decidable model 9M is decidable. The converse assertion, which can be 
regarded as a “constructive” analog of an existence theorem for models of 
consistent theories, also holds. 


Theorem 2.1 (Existence theorem for decidable models, [14]) Any decidable 
theory has a decidable model. 


Ifa type p(x1,... ,2n) is realized in a decidable model, then it is decidable, 
i.e., there exists an algorithm determining whether a formula y(z1,... ,2n) 
belongs to p(xz;... ,2n). Hence any undecidable type is omitted in any decid- 


able model. By Theorem 2.1, any decidable type is realized in some decidable 
model. 


Theorem 2.2 (Omitting-decidable-types theorem, [38, 37, 49]) If T is a 
decidable theory and {p,(z;) | 1 € N} is a computable family of decidable 
nonprincipal types, then there exists a decidable model of T omitting all the 
types p;(Z:),71 € N. 
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Theorems 2.1 and 2.2 can be proved by a step-by-step construction of 
a Henkin theory with the required properties. We extend the signature by 
new constants cy, C1, -.-., Ck, --. and construct step-by-step finite parts D' 
of the Henkin theory by adding y or 7y at even steps in order to keep 
consistency with T. The consistency condition is effectively verified since T 
is decidable. To add a formula y of the form (Jy) w(y), we take a constant 
c, that has not been used and add the formula %(c;), which does not violate 
the consistency. At odd steps, for every type p,(Z) and any sequence of 
constants ¢ we find y(%) € p,;(%) such that -y(€) is consistent with the 
part D* constructed above, and add the result to D‘. We obtain D = UD' 
which is consistent with T. Thus, we obtain the Henkin theory T and the 
corresponding Henkin model S07, which has the required properties. The 
model is decidable, since for every sentence y, we can find a step on which 
y or 7y is added, and determine what is true on Nr. 


From the above construction, we obtain the following claim. 


Corollary 2.3 If T; is a computable family of complete decidable theories, 
then there exists a computable sequence of strongly constructive models 


(Mn, Un) such that M, - Th. 


As shown in [2], the family of types Soy realized in a homogeneous model 
and the homogeneity condition define such a countable homogeneous model 
uniquely up to an isomorphism. Therefore, it is natural to try to find the 
decidability condition in terms of types realized in a homogeneous model. 
First we present the following simple condition. 


Proposition 2.4 If IN is a decidable model, then the family of types Son 
realized in IM is computable. 


Proof. Taking any strong constructivization of JN and enumerating all the 
finite sequences of numbers of elements 7 = (no, ... , 2%), we define the type 
Pa(to,---, 2%) consisting of those formulas that are true on elements with 
given numbers. Thereby, we define a computable family Soy of types. im 


In the general case, the above condition is necessary but not sufficient for 
decidability. Let us consider a computable principal numbering of all partial 
enumerable types po(o), pi(%1),... that are consistent with a decidable 
theory T and are such that, given a number n, we can compute a sequence 
of variables Z,, of a partial type with number n, as constructed in Section 1. 
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A family of types S is called a computable family with an effective exten- 
sion if it is computable and there exists a partially recursive function R(n, m) 
such that, ifa type p,(T,) € S and a formula y,(F,,%) with the Godel num- 
ber m are consistent, then R(n,m) is defined, prin) > Pas PR(n,m) € S, and 
Ym(En, 2) ¢ PR(n,m):- 


Without loss of generality, we can assume that for a computable family 
S with an effective extension, there exists a recursively enumerable set W 
such that S = {p, |n € W}, and R(n,m) € W for any n € W and m such 
that Ym is consistent with p,. 


Theorem 2.5 (The Goncharov-Peretyat’kin criterion for the decidability 
of homogeneous models, [25, 64]) A countable homogeneous model MN with 
the family Syn of types realized in IN is decidable if and only if Soy is a 
computable family with effective extension. 


Proof. If 2% is a decidable homogeneous model, then Ssy is a computable 
family of types, in view of Proposition 2.4. To prove the effectiveness of 
extensions, we define step-by-step the type 


ddim enie) = Ud ( ask): 


At every step ¢+1, we find the least sequence m, such that pi, is true, where 
p,, is that part of p, that is already computed by step t. We consider the 
conjunction A d‘t1(%,,Z) A ~m(En,z). If a formula 


(47) (A d**(2,5 2) A eal @ay 2) 


belongs to p’,, then we find the least sequence ™ such that this formula holds 
on a sequence of elements with numbers (™m,,7™m). We consider a formula 
p(n, £) with the least number among the formulas that do not belong to d‘, 
but hold on the sequence of elements with numbers (™m,,™). If 


(Sz) (A d' (Zn, ¥) A Pm(En,F) A (En, Z)) 


belongs to pn(Z,), then we add y(Z,,Z) to d‘ and pass to the following step; 
otherwise, we set d't! = d‘. Proceeding in this way, we arrive at a computable 
sequence of partial types. Since p, is universal, there is a recursive function 
a(n,m) such that diinm) = Po(nm), n,m € N. It is easy to see that a 
possesses the required properties. 
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The proof of the sufficiency is more complicated. We construct a Henkin 
theory D in the enrichment of the signature o of T by new constant symbols 
Co, C1, +--+) n,--- such that the following conditions on types hold: 


(1) For any type p(Z) of S there exists a sequence of constants ¢ such that 


ple) SD, 


(2) for any sequence of constants ¢ there exists a type p(Z) of S such that 
p(¢) CD, 


(3) for any types p(%) and q(Z,y) of S and a sequence of constants € there 
is a constant c such that q(é,c) C D provided that p(F) C ¢(Z,y) and 
p(c) CD. 


By (1) and (2), all the types of S (and no other types) are realized in the 
Henkin model Np of the theory D. By (3), Mp is homogeneous in the sig- 
nature a. Furthermore, (3) implies (1). Thus, to complete the construction 
it suffices to require the validity of (2) and (3). 

We arrange the set of all 1-types 


{[,(A) | n € w and A is a g-finite subset of the set {co,c1,...}} 


as an effective sequence =), =,,... in such a way that, given the number 
of =, we can find the corresponding n € w and A (i.e., = = [,(A)). Let 
En = T'4(n)(An), and let o be a general recursive function. If c is a constant 
symbol, then 


En(c) = Poiny(An)(c) = {lele? |e € Sn}- 


We will construct sets A;(A) for 7 € w and finite A C {c9,c,...}. The 
sets =; and A;(A) will be effectively enumerated according to a step-by-step 
procedure. Let =? and A*(A) denote those finite subsets of =; and A;(A) 
that are already enumerated to the end of the step n. So we have 


=n mnt | 
oF Cc a ’ ne Ww, U Ts) 
new 


as well as 


AA) © At(A), néw, LU A2(A) = A,(A). 


new 
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We will effectively construct step-by-step a sequence of formulas 4, 41, ... 
such that On41 = On A Yn OF On41 = On A 7Yn, where Yo, ¥1, --. (see (2)) is 
an effective sequence of all sentences in the signature 0 U (co, 1, .-.). For 
any n, the theory T U {8,} is consistent. Consequently, the theory T., in the 
signature o U (co, c,, ...), that is defined by the set of axioms {0, | n € w}, 
is a complete extension of the theory JT. We will prove that 


gn = Aryl (x)€T, implies yi (es) € Ti 


for some s € w. Over the constants {co , c:, ... } we will construct a strongly 
constructive model 2’ of the theory T,, in a standard way. By construction, 


M far Ms. 


We now proceed with the construction. At the end of each step n, the 
following objects are defined: the natural number m,, the finite set 


Tn S [mn] (> {2 | 2 < mn}), 
and the functions 
g”: [mn] — w, f?: In —w, h®: I, —>w. 
We introduce the following notation, for 1 < mp: 


BPs ( U Ai) U{"(3) | 9 € In, 5 <i}, 


and for 7 € I: 
chs Brut}. 
We note that B? C Be for i << 7 < m,; moreover, if 7 € J, then 
Bese Be 
We require that the following conditions hold for any i < m,: 
(17) @n( BP) € Agni)( BP). 
(27) IfteI,, then 
SPU Abn ( BP) S Pancy(B?) 


and 
O(CP) € Paniy(BP)(cpaiy)- 
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(3°) Ifa ¢ J,, then the set 
{9,(B?P)} U =P U Ajngy(B?) 
is inconsistent with T. 


STEP 0: 

9 = (co = 
A, (Ao) Cc =o, f 
(hence I,0(0)( Ao 


co), Mo = 0, Io = {0}, g°(0) is the least s € w such that 
°(0) is the least ¢ € w such that c¢ ¢ Ao U {co}, h°(0) (0) 
) 


1s 
= =). 
STEP n+1: 


We find the greatest m < m,, such that for either 0,41 = On A Yn, OF 
On+1 = On A -Yn, the following conditions hold for any i < m: 


(1) Pn4i(B?) € Agniy( BF), 
(2) ifte I,, then 


a U Anti 


gn (i )( Be) CS Paniy( BP) 


and 
Bn4a(C?) € Pangiy( BP) (epniy): 


Furthermore, if m < m,, then we choose (if possible) 9,4; such that it 
satisfies the condition 6,41(B? 41) € Agn(m+1)( Bh 41): 

It is easy to see that for m = 0, conditions (1) and (2) can be satisfied, 
it is necessary to choose 9,4; so that 0141(AoU {esn(o) }) € Tan(oy(Ao)(€sn(o))- 
Hence such an m exists. The choice of 9,4; is determined by the conditions 
mentioned above (the maximality of m and the additional requirement for 
m < mn); if both 0, A yn and 0, A 7%, satisfy all the conditions, then we 
put On41 = On A Yn- 


We define may, SS m1, 
a nO [m I; Int n [m] s Thats 


and 


go Tims" Tim], FT Ia FL Inga OY Tg en Ta. 
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We note that B”t! has been defined and B?t) = Bry, ifm < m,. If 
m<mny and On41(Brtt) € Agnomsi)(Brt) ), then we set 


net 


g (magi) & g"(Mngi) = g"(m +1). 


If m = my or if m < my and On41(B2t)) € Agn(msi(Beth), then we find 
t €w such that 6,41 = gy. If m €¢ In, then we set 
gt '(m+1) = G(Br, Bt, g"(m), t). 
We note that the assertion (2) and the condition @n41(B") = y:( BR) € 
Agn(m)( Br.) imply 
Ont1( Bint) = or Bran) € A gntt(m41)( Biv) 


and 
Agnm)( Br) Cc Agnti(m4i)( Bat) ). 


m+ 
Ifm € I,, then s = H(B" , f"(m)h"(m)) and 
go Ge Ly! Se G(Ce Bry 4 sy) 
We note that @n4i1(BrPt)) € Agnti¢m41)(Brt} ), and 
Pyn(m)( Bm) (Cgn¢my) = As(Cr) S Agnes (m+iy( Bri): 
We consider the following finite set of formulas: 


{9nti(Bmir)$ U Smt U Am Ongty( Bri): 
If this set is inconsistent with T, then we put J,41  J/,,, and everything is 
defined. Otherwise, we set Ing, = J7,, U{m+1}. We find the least r € w 
such that c, ¢ Bt! Uc(On41) and put f"+!(m +1) =r. We now find the 
least ¢ such that 


{Opi Bay St OA ag (BEA) TABEY, 


1¢m+1)4 
and set h"*!(m +1) + t. The construction is completed. 


We now show that the construction is stable. We show that for any 
m € w, there exists s € w such that for any n > s: 
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) mp >m, 

2) nA[m] = 1,9 [m], 

) go" T lm] = 9° T [rm], 

4) f?TIsA[m] = fe [L.A [m], and 
(5) A [I,0[m] = h? [1,9 [m]. 


For m = 0, the stabilization takes place at step zero. We assume that for 
some m € w, after step s, the stabilization already takes place on [m]. In the 
following, for 1 < m we write z € J instead of i € I,, g(2) instead of g°(z), and 
B; instead of B’. If, in addition, 7 € J, then we write f(i) and A(z) instead 
of f*(z) and A%(z) respectively, and C; instead of C?. 


We note that Bp C B, C--- C B,,. Let us show that 
Agio)(Bo) © Agay(Bi) © +++ © Ag(m)(Bm). 


Indeed, if at least one of the inclusions fails, then there exist 1 << _m andt > s 
such that y, € Agi:)(B:) \ Agii41)(Bi41) and at the step ¢ +1, the conditions 
(15+!) and (7) cannot hold simultaneously. Consequently, m; < m, which 
is impossible. Similarly, we can prove that if i € J, 7 < m, then 


Biles) S Paay(Bilera) S Ag¢n)(Bm)- 
If in addition, m € J, then 
Sal Cf(a)) € Pa¢m)(Bm) (€f(m))s and 


Ag(m)(Bm) & Patmy(Bm) (es(my) = Asm (€m)s 


where sm > H(B,, f(m), A(m)). We suppose that there is a step n > s 
such that m, = m+ 1. (Otherwise, for m+ 1 we have the stabilization at 
step s.) We note that B?,, = Bn UAm41 (or Bn4i = Bm U Am U {cfm} 
if m € I) has been stabilized (B?,, = BY,,,)- 

We show that g"(m +1) can change its value at most once for n > s. 
Indeed, we assume that g"(m +1) 4 g"t!(m +1) for n 2 s. It is clear that 
Mn41 = m-+ 1 and, by construction, g**!(m +1) = G(Bm, Bn4i, 9(m), t) 
(or g"t!(m + 1) = G(Cm, Bmti, Sm, t) if m € I), where t denotes the 
number of the formula @,41. By definition of G, 


Ag(m)( Bm) Cc Agntt(m+i)(Bm41) 
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(or 
Agm)( Bm) C Delta,,,(Cm) Cc Agnt(m4i)(Bm41) 


ifm € I). Therefore, at any step n’ > n we can choose 6, such that all 
the conditions (1?')-(3?') for i < m, and the condition (1% ,,) are satisfied. 
Indeed, choosing 8, such that On(Bm4i1) € Agntt(m41)(Bm+i), we see that all 
the conditions (1?")-(3?") for i < m, and (1",,) hold. Consequently, there 
is a step no > s such that the value of g”°(m + 1) is stabilized. We write 
g(m + 1) instead of g”°(m + 1), and consider two cases. 


CASE 1: En41 is inconsistent with Ag(m+1)(Bm4i)- 


Thee Soh. Avim+1)(Bm41) is inconsistent with T for some ny > no and 


m+1¢ 1, for all n > n,. Hence the stabilization can be started at step ny. 


CASE 2: En4i is consistent with Agon41)(Bm4i)- 


Since Eny1 = Po(m4i)(Am41) is consistent with Agim41)(Bm4i) and Amy © 
Bn+i, the property (3) implies that there exists t € w such that 


Ag¢m+1)(Bn41) U Sa € Ts(Bm4t)- 


Let to be the least ¢ with the above properties. Let nz 2 no be such that 
A jint)( Bm+1) We ZV (Bm+1) for all t < to. If we have no stabilization 
at step n2 on the set [m+ 1], then there exists ns > nz such that m,, = m+. 
Since 9n3(Bm+1) € Agim+1)(Bm4i), we have that 
{9no(Bm+i)} U etl U Aiin+1) (Bm+1) < D's4(Bm+1) 

is consistent with T. Consequently, m +1 € I,,. By choice of ng, h™(m+1) 
is equal to to, f° (m+1) =r, and c, ¢ Bn4iUc(On). Since Agim41)(Bm4i) © 
P,(Bm+i) and Agim41)(Bmsi) © Ttp(Bm+4i)(c-), after step nz we can choose 
6 such that the conditions (1;)—(3;) hold for i < m+ 1. More precisely, for 
n > nz, 9, must be chosen such that 9n(Bm41U{c,}) € T.(Bmii)(c-). Hence 
m+ 1 becomes a stable element of J, and the values of the functions f and 
h are unchanged at m + 1. 

We omit the subscripts and write the stable values as I”, g”, f”, h” 
and B”. We have By C B, C ---, and 


A,o)(Bo) © Agay(Bi) © --- 
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Since A; C B; for alli € w, we have eee B, = {co, 1, ..-}. Condition (1?) 
shows that T, < bes A, i)(B;) is a complete consistent extension of the 
theory T(A). Let =,, be consistent with the theory T,, for m € w. Then 
Em U Agm)(Bm) is consistent with T. The proof of stability shows that in 
this case m € I and 


Em (Effin) Cc Agum+t)( Bm) Cc To: 


Let y = dro y'(r0) € T., A = c(y), n € w be such that A,(A) = T, [ A. 
Since y’(xo) and A,,(A) are consistent, there exist t,m € w such that 


{"(t0)} UAR(A) © PAA) = En. 


Since =, D A,(A) = Ty [ A, we see that =,, is consistent with T,. 
Consequently, Em(Cs(m)) © T., but y!(z0) € Em, whence y'(es(m)) € Ty. 
Thus, on the constants, {co, c1, ...}, the strongly constructivizable model 
IM’ of the theory T, can be constructed in a standard way. The model 
M + M' | o is the strongly constructivizable model of the theory T. For 
any finite A C {co, c,, ... }, there exists m € w such that A C By, and con- 
sequently T, [ A C Agimy(Bm). Therefore, any (finite) type that is realized 
in IN belongs to S. The property that every type of =», that is consistent 
with T,, (= FD(2M)), is realized in IN’, shows that IM is an S-homogeneous 
model, i.e., It ~ Ms. Thus Theorem 2.5 is proved. QO 


Corollary 2.6 (The Morley criterion for decidability of countably saturated 
models, (50]) A countably saturated model of a decidable theory T is decidable 
if and only if the family of all types of the theory T is computable. 


Proof. Since a countably saturated model is homogeneous, it suffices to 
note that the effective extension condition also holds in the case in which the 
family of all types is computable. Oo 


Corollary 2.7 [36, 34] A prime model of a decidable theory T is decidable 
if and only if the family of principal types of the theory T is computable. 


Proof. One merely verifies the effective extension condition for the family 
of principal types. Oo 


Theorem 2.8 If the family Sr of all decidable types consistent with a the- 
ory T is computable, then T has a decidable prime model. 
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Proof. We need to show that the theory T is atomic and that the family of all 
principal types is computable. To this end, for any formula y(Z%) consistent 
with T we construct a computable sequence of formulas y,(¥) such that 
yo(f) = y(Z), and for any n the set TU {y,(7)} is consistent and 


T F= (Vz) (Yn41(Z) —? Yn(Z)). 


Furthermore, for any formula y(Z) there exists n such that y,(Z) is complete. 
Consequently, 


d,(Z) = {2(Z) | there exists n such that T — y,(F) > o(Z)} 


is a principal type containing a formula y(%) with the Gédel number n. 
Let ps(%),--. 5 Ps,(Z),--. be a computable sequence of all decidable 
types consistent with the theory T. 


STEP 0: 
We set Yo(%) = y(F) if p(X) is consistent with 7’, and yo(%) = xo = Xo 
otherwise, 


STEP ¢+1: 

We consider a formula w with the Godel number ¢. If it has free vari- 
ables different from the variables occurring in the formula y(%), then we set 
Yi41 = Yr. Otherwise, we consider the following two cases: 


CASE 1: Either o(Z) Ay or 7¥(¥) A y is not consistent with 7. Then 
we set (141 = Yt. 


CASE 2: Both #(Z) A y as well as -7(Z) A y are consistent with 7. We 
find the least numbers 7,7 such that ¥(Z) A y € ps, and -7(T) A yt € Ps,. 
We set Pri = Yt A a)(Z) ifi< J; and Pt+i = Yt A ~(Z) if 7 <u. 

If Case 2 occurs infinitely many times, then the sequence {y; | t € N} 
defines a decidable type which is consistent with the theory 7, and is differ- 


ent from each of the types in the enumeration ps, , Ps, ,--+ > Psny +--+ This 
contradicts the assumption, which provides the validity of the conditions 
imposed on ¢}. Oo 


Corollary 2.9 If the family of all decidable types consistent with a theory 
T is computable, then T has a prime model N, and the family Sm of types 
realized in Nis computable. 
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A theory T is called an Ehrenfeucht theory if it has only a finite number 
of countable models. 


Corollary 2.10 If T is a decidable Ehrenfeucht theory, then the family of 
all decidable types of T is computable, T has a decidable prime model Nt, 
and the family Sq of types realized in this model is computable. 


Theorem 2.11 I[f the family of all decidable types of a theory T is com- 
putable, and N is a homogeneous countable model of the theory T with the 
computable family of types Sy, then the model N is decidable. 


Proof. By the criterion for the decidability of homogeneous models, Theo- 
rem 2.5, it suffices to show that the family Sm has an effectively extending 
function. From a type p,(£) and a formula y(&, ¥) we construct the required 
type step by step. Let p,,(fo),---, Ps,(¥n),;--- denote the computable 
family of all ae types consistent with the theory T. We construct 
digamy = Jet. (n,m) from a partial type p»(Z) and a formula y(Z,y) with the 
Gédel number m. 


STEP 0: 
We set din my = {9(Z,¥)}- 


STEP t+ 1: 
If the formula (3y) (A d‘ A y(Z,7)) is not in p!, we set day = nm) 
Otherwise, we consider a formula ¥(Z, ¥) with the Godel number /(t). 


CASE 1:  T satisfies the conditions 
T E Ap, (F ihre (7,9) A A dotnm)) 
T FE Ap, (®) > (39) (70,9) A Adan my) 


and the formula % contains an those free variables that occur in £,y. We 
find the least 1 and 7 such that 


vz, y) A Ad, c(n,m) € Ps, and a (, y) A Ad, c(n,m) € Ps,- 


We set: hn m) = = dyn, my U{-w(F z,y)} ift <j, and diam) = aud (nm) VIVE y)} 
ify <t. 


CASE 2: T satisfies the condition 
T FE Ap. (@) > (39) 0(@,9) A 7(49) -¥(Z,9)- 
We set dn im) = Fenmy U {¥}- 
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CASE 3: T satisfies the condition 


T E Api (2) > (39) 0,9) A 7(39) Vz). 
We set a c(n,m) = din, m) U {-~(Z, y)}- 


= dt 


e(n,m)* 


CASE 4: Otherwise, we set deen m) = 

The type p,»(Z) € Sy is complete. Therefore, if y(%,¥) is consistent with 
pr(#), then the partial type doinm) = Uden, m) 18 also complete. If Case 1 
occurs infinitely many times, then the type just constructed is decidable and 
different from each of the types ps, , Ps, +--+) Dsn)--+- However, the last 
sequence contains all decidable types, and consequently, Case 4 can occur 
only a finite number of times. Then the type d.(njm)(Z,¥) is principal over 
p(t). Consequently, this type is realized in every model in which p,(z) is 
realized. Therefore, deinm)(F, 9) € Sm. The function reducing the sequence 
of partial types to {p, | n € N} gives an effectively extending function. O 


Corollary 2.12 If the family of all decidable types of a decidable theory T is 
computable, then a prime model Nt of T exists and is decidable. If the family 
Sm of types realized in N is computable, then T has a decidable homogeneous 
countable model. 


Corollary 2.13 Jf some universal model of a theory T is decidable, then 
a prime model of T exists and is decidable. Moreover, the family of all 
decidable types consistent with T ts computable. 


Corollary 2.14 If T is a decidable Ehrenfeucht theory, and the family of 
all types of a countable homogeneous model Nt contains only decidable types, 
then the family Sm is computable and the model N is decidable. 


It was proved by Reed [66] that for any hyperarithmetic A, there exists a 
decidable Ehrenfeucht theory with five countable models and with a non-A— 
decidable countable model. The first examples of decidable Ehrenfeucht the- 
ories with non-decidable countable models were constructed by Lachlan and 
Peretyatkin [63]. But these theories have non-decidable types. Goncharov 
has constructed a decidable Ehrenfeucht theory with a decidable saturated 
model and non-decidable countable models. 
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3 Decidable Boolean algebras 


The study of strongly constructive Boolean algebras was instigated by Ershov 
[14, 15]. The existence theorem for decidable models and the decidability 
of complete elementary theories of all elementary characteristics imply the 
following claim. 


Proposition 3.1 For each elementary characteristic y =(a, 3,7) of Boolean 
algebras, there exists a strongly constructive Boolean algebra (Ly,vy) such 
that ch(L,) = x, which can be constructed uniformly in y. 


Theorem 3.2 [52] A countably saturated model of any elementary charac- 
teristic is decidable. 


Proof. In view of the Morley criterion (Corollary 2.6) for the decidability 
of countably saturated models, it suffices to show the computability of the 
family of all types of the theory T,, of a given elementary characteristic x. 0 


Corollary 3.3 [46] Any prime model of the theory of Boolean algebras of 
any elementary characteristic is decidable. 


Corollary 3.4 [51] Any countable homogeneous Boolean algebra A such that 
chi (2) < oo is decidable. 


Proof. By the decidability of a countably saturated model of the theory 
Th(2) and Theorem 2.11, it suffices to show that the family of types realized 
in 2( is computable. O 


In the case of Boolean algebras of the first infinite characteristic, there 
is a continuum of homogeneous models, so only some of these homogeneous 
models can be decidable. As is known, the prime models and the countably 
saturated model are decidable. However, there are other decidable homoge- 
neous models. 


Theorem 3.5 [51] [f 2 is a countable homogeneous Boolean algebra of ele- 
mentary characteristic (00,0,0) and of homogeneity type (a, (pn | n € N)), 
then A is a decidable model if and only if {n | pz = 0} € IIS. 


The following simple theorem provides an effective method for establish- 
ing the decidability and the strong constructibility of models. 
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Theorem 3.6 If a complete theory T is model-complete and decidable, then 
all of its constructive models are strongly constructive. 


We now examine the existence problems for strongly constructive elemen- 
tary extensions and elementary saturated extensions of strongly construc- 
tive boolean algebras [15, 14]. This problem was solved by Ershov [15] for 
elementary extensions and by Goncharov for saturated extensions. We will 
describe the proof here, and as a corollary, construct a proper elementary 
constructive extension. 


Proposition 3.7 For any constructive atomless Boolean algebra there exists 
a proper constructive elementary extension to a strongly constructive Boolean 
algebra. 


Proof. In view of Thorem 3.6 and the model completeness of the theory of 
atomless Boolean algebras in the signature of Boolean algebras, it suffices to 
find a constructive isomorphic embedding of a constructive atomless Boolean 
algebra (2, v) into a constructive atomless Boolean algebra (%, 1) such that 
yp : 2 — ® is an isomorphic embedding but not an epimorphism and there 
exists a recursive function f such that yy(n) = wf(n) for any n EN. 

For 7, we take the set of rational numbers Q with the natural order. We 
define an embedding ¢ of By into B,,.1 as follows: 


y(U [a; ’ bi[) = U [a, Bil 


4 


where 
a; = (0,a;) if a; € L 
a; = —0co if a; = —oo 
B; = (0,6,) if bs E L 
B; = if b; = co 


The composition of a constructive isomorphism of (2,v) onto (Bz,, v1) and 
the constructive embedding y define the required proper embedding in an 
obvious way. Q 


Theorem 3.8 For any strongly constructive atomic Boolean algebra (A, v), 
there exists a constructive elementary extension y to a strongly constructive 
Boolean algebra (%,) such that there exists an element b € |®B| with the 
following properties: 
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(1) for any a € |A| with che(a) = oo, we have cho(a A b) = co and 
cho(a A C(b)) = 00; and 


(2) if Q ts infinite then b does not belong to A. 


Moreover, (8, ) is uniformly constructed from (2,v), and for an infinite 
Boolean algebra this extension is proper. 


Proof. We consider the enrichment of the signature of a Boolean algebra 2 
by a unary predicate A distinguishing atoms. Let 2’ be the Boolean algebra 
thus enriched. The theory of 2’ is model-complete. 

By results about trees generating Booelan algebras in [17, 29], there exists 
a tree D such that (Bp, up) = (A,v). Since (A, v) is strongly constructive, 
the recursive and isomorphic Boolean algebra (Bp, vp) is also strongly con- 
structive. Therefore, the set of numbers of its atoms, as well as the set of 
end vertices of the tree D, is recursive. 

We identify D with a tree generating the Boolean algebra 2 and consider 
elements of D as elements of 2, keeping in mind the standard embedding. We 
introduce a new constant c and constants cpg, C1, .--, Cn,---, and consider 
the diagram of the Boolean algebra 2 under the assumption that the value 
of the constant c, is yn. In the course of the construction, we will define all 
relations between c and all the elements of the generating tree. In so doing, 
we define all relations between c and all elements of 2. Let c,(,) denote the 
constant corresponding to an element s of D. 


With the help of an algorithm that decides all formulas, from any strongly 
constructive Boolean algebra (A, v) we can uniformly construct a tree D and 
a recursive embedding g of D into N so that the tree (D, vg) generates &. In 
view of the strong constructibility of (,v), the tree D, as well as the set of 
endpoints of D, are both recursive. 


At the step ¢ of the construction, we will define relations between c, its 
complement C(c), and elements of D of level t if no relations are already 
defined for them. It is possible that such relations will already be defined for 
a finite number of points of higher level s > ¢, but this can happen only for 
those elements of level t under which at most four atoms are located. The 
set of relations constructed at step t will be denoted by S*. In constructing 
a partition of c by elements of the Boolean algebra, we use counters r(z,t) 
defining a part of the partition of c (or C(c)) the intersection of which with 
v(x) is finite. 
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By a relation between c and an element n of the tree D, we mean an 
expression of one of the following forms: 


(a) CACg(ny = Cgin)y OF CACg(ny F Coin). OF CACg(ny = 0, OF CACy(n) #0, 
(b) cA Cg(n) # CG, 


(c) Al(eA egy), or 7A(EA egny)- 
Similar relations are defined for the complement C(c) of an element c. 


STEP 0: 

We first check if at most four atoms are located under vg(0). By the 
strong constructibility of (2,1), this condition is decidable. If the condition 
holds, then vg(0) = V3, vzi, where x; € D, x; is an endpoint of D, and 
s <4. We set 

S° = {C(c) = ego} 
and r(0,0) = 0. 


If there are more than four atoms, then 


S° = {eA go) # Cq(o) 1 Ce) A ego) F Cqi0y1 CA Cqio) # O, 
C(c) A Cg(0) #0, -A(cA Cg(0)), AA(C(c) A Cy(0)) } 


and r(0,0) = 0. 
STEP t+ 1: 
For all elements x1, ..., 2n of D of level t + 1, we define all necessary 


relations if they are not already defined. If, for some y =< z;, the relation 
CA Coy) = Cg(y) OF C(c) A Coy) = Cg(y) is already defined, then the relations 
between c,(z,) and c are defined or not, depending on what was added to S’. 
We add similar equalities to the relations connecting c,(z,) with c and C(c). 
It is not necessary to define A on an intersection since it is already defined 
in the diagram of 2. If the previous condition fails, then, for y= H(zx;) € D, 
the relations c A Cg(y) # Cy(y) and C(c) A coy) F Cg(yy are already defined and 
both intersections are marked as not atoms. We also consider the neighbor- 
ing element S(z;) that belongs to D and is located under y. We define all 
the relations and all the counters simultaneously. The following cases are 
possible. 
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CASE 1: There are at most four atoms located under vg(z;) and under 
vg(S(2x;)). Since at most four atoms of M are located under g(y), at least four 
atoms are located under vg(z;) and under vg(S(z;)) as well. Let yr, --- 5 Ym; 
m > 4, be those end vertices of D that are situated under z; and under S(z;). 
We define ¢ A cgiy,) = Cg(y,) for 1 < i < 2, and C(c) A egy) = Cg(y) for 
2< i< m. For the rest of the z € D such that z < x; or z < S(z;), we can 
obtain relations for c,(,) from the above relations, since 


vg(z) = V{vo(yi) |2 € Be}, 
where K, C {1,..., m}. 


CASE 2: There are at least four atoms located under vg(a;) and under 
vg(S(z;)). We define S**! by adding the following relations to S*: 


Cg(z;) Ne - 0 and Cg(x;) Ac # Cg(z1) and Al Cg(x,) A c) 
We add the same relations to S‘ for S(z;): 


Cy(s(2,)) NC FO and egs(x,)) NC F Cgs(x,)) and ~A(cy(s(2,)) A €) 


For a complement, replace c by C(c) in both these collections of relations. 
We set 
r(aj,t+1) = r(S(z;),t+1) = r(A(z:i), t) 


in the first two cases. 


CASE 3: Under one of the elements of {vg(z;), vg(S(ai))} there are at 
most four atoms while under another element there are more than four atoms. 
Let a € {2;, S(x;)} be such that at most four atoms are located under vg(a), 
and more than four atoms are located under vg(b),where 6 € {z;, 5(2;)}. If 
r(H(z;), t) is even, then we assume that in S‘+', St is completed by the 
relations 

Cg(a) A € = Cg(a) and Cg(a) A C(c) =0. 


If r(H(z;), t) is odd, then we assume that S‘t! contains 
Cg(a) AC'(c) = gay) and Cg(a) Nc = O. 
For 6, we add the following relations to S‘t?: 
CAC) F Co(p) cA Cos) # O 7A(c A Cy) 
Cle) A eqn) F Cais) Cle) Acge) # O 7 A(C(c) A €g(6)) 
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Naturally, we also add all the relations of S‘ to S't?. We set 
r(a,t+1) = r(A(a),t) and r(b,t+1) = r(A(b),t)4+1. 
This concludes our inductive construction of S*. 


Now consider the theory 


Te = At UDA AOS", 
t 


where D,(2,v) is the diagram of the Boolean algebra 2 in the signature 
o, = 0 U {Io, Ay}, where the value of the constant c, is assumed to be 
equal to vn andAtj is the theory of atomic infinite Boolean algebras of the 
signature o,. For any t, we can choose b € & such that, provided that the 
value of c is assumed to be equal to 5, all relations of S* are satisfied by c in 
the enrichment (2, 6) of 2 by 6 for the value of the constant symbol c. By the 
Mal’tsev compactness theorem, the set of formulas T, is consistent and there 
is an enrichment 8’ of some Boolean algebra % such that B’ — T.. Hence 
$B is atomic. Since B’ — D,(2,v), we can assume that B’ is an extension of 
the enrichment 2; of 2 to the signature o,. The theory of atomic Boolean 
algebras of the signature a; is model-complete. Consequently, %, < 8’ 
and &@ =< B. 

If there are infinitely many elements of D under n € D, then cA y(n) F 
Co(n) and C(c) A Cony F Co(n)- Consequently, for any element n such that 
cho(v(n)) = oo, we have c # c,. Therefore, any element v(n) € % such that 
cha(v(n)) = oo is divided by c into two parts in such a way that, under each 
of eA c, and C(c) A cn, there are infinitely many c, such that vm is an 
atom of 2. (That is why we introduced the counters r(z,t) in x.) Therefore, 
the value of c in the Boolean algebra B’ differs from the values of c, and, 
consequently, it does not belong to &. Thus, % is a proper extension of A 
satisfying conditions (1) and (2), as required. 


We consider the subalgebra Bq of B generated by 
{vg(n) A (es | né€D} U {vg(n) A C((c)s) | ne D} 


where (c) denotes the value of the constant c in %’. It is obvious that 
Ql =< Bo, since atoms of 2 go to atoms of Bo and any element that is not an 
atom goes into such an element. The Boolean algebra Bo is atomic, which 
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follows from the construction of the relations S‘ for atoms and the fact that 2 
is atomic. The elements of Bo are as follows: 


I 


(g(ni) Ac) VV (g(mi) A C(e)) 


1=1 


<> 


t 


where 
{nijl<ick}U{m]i<i<lI} CD. 


We regard z as the number of the pair c(n,m) and n,m as numbers of finite 
sequences n = (n1,..., 2%) and m=(mj,,...,m). Then 


g(m:) A C(c)) 


t 


ii<~ 


rola) = (V alr) Ae) v ( 


defines a numbering of the Boolean algebra 8p. By the properties of the 
tree D, it is easy to obtain the existence of recursive functions f,g,h, the 
construction of which depends only on the structure of the tree. Conse- 
quently, f, g and h are uniformly determined by the algebra (2,1) so that 


vo(z)Vvoly) = vof(r,y) 
vo(z) Avoly) = vog(z,y) 
C(vo(xz)) = vw h(z). 


By our construction of S*, we are always able to determine if vo(x) is an 
atom. Given z and y, we can also determine whether the values vo(z) and 
vo(y) are equal. Thus, vp is a strong constructivization of the atomic Boolean 
algebra Bo. The embedding y of (2, v) into (Bo, vw) is recursive. Hence the 
element vg(n), for n € D, is 


(vg(n) Ac) V (vg(n) A C(e)). 


From n, we find z(n) such that vo(x(n)) = vg(n). However, any element 
of 2 can be effectively determined as a union of elements of the generating 
tree, and the images of such elements can also be effectively determined. 
Consequently, the embedding of (2,v) into (Bo,v) is constructive and a 
function fq providing the constructibility of the embedding (yy = vofa) 
is uniformly constructed from 2%. To construct this function, we need only 
information about the tree D. Oo 
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Corollary 3.9 [15] For any infinite strongly constructive Boolean algebra 
(A,v), there exists a proper strongly constructive elementary extension. 


Proof. If 2 is atomic, Theorem 3.8 immediately yields the required conclu- 
sion. Otherwise, 2 contains a nonzero atomless element a (i.e. a # O and 
has no atom below it) and we have the decomposition 

A = ax Cla). 
Since (2,v) is a constructive algebra, v induces constructivizations v, and 
Yo(ay such that 


(2, v) = (a, va) x (Ca), vea)). 
In this case, vy, and vcyq) are strong constructivizations because v is a strong 
constructivization and all the predicates of the signature o* that are necessary 
for model completeness are defined on z < a in @ in the same manner as in Y. 
Using Theorem 3.8, we consider a proper elementary constructive extension 
(B, 2) of (@,v,). We note that (B, u) x (C(a), Vc(a)) is a proper constructive 
elementary extension of (2,v). The strong constructibility of the product 
follows from the strong constructibility of its components. QO 


Corollary 3.10 (Constructive saturation of atomic Boolean algebras) For 
any infinite atomic strongly constructive Boolean algebra (2,v), there ex- 
ists a constructive elementary extension to a strongly constructive saturated 
Boolean algebra. 


Proof. Let (2,v) be a strongly constructive infinite Boolean algebra. We 
construct a uniformly computable sequence of strongly constructive Boolean 
algebras (2,,¥,) and effective elementary embeddings yp: A. < Ani 
expressed in terms of recursive functions fy, i-e., Yn’m = Ynifn, where 
(Ap, ¥o) = (A,v). To construct this sequence, we iterate the construction of 
Theorem 3.8 on elementary proper extensions of strongly constructive atomic 
Boolean algebras. In this case, for any n and a € A, such that che(a) = 00, 
there is an element 6 € 2,4, such that 


cho(a\ 6) = che(aAb) = oo. 
We define a model 2, as the union of models of this elementary chain and 
define a numbering v,, by setting vc(n,m) = v,(m). In view of the com- 


putability of the elementary embeddings y, and the uniform strong con- 
structibility of the Boolean algebras (2,, vn), we conclude that (25, Yoo) is 
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a strongly constructive Boolean algebra. Since A,4; is a condensation of 2, 
for any n, we conclude that JA, = W. is a dense Boolean algebra. Con- 
sequently, 2, is a saturated Boolean algebra. Thus (2., 0) is a strongly 
constructive saturated atomic Boolean algebra which is a constructive ele- 
mentary extension of (2,v) = (Qo, vo). 0 


Proposition 3.11 Given any elementary characteristic a of a Boolean alge- 
bra, we can uniformly construct a strongly constructive prime model (Aq, Va) 
and a strongly constructive saturated model (B.,Vq) of the theory of Boolean 
algebras of characteristic a. 


Proof. We can obtain this assertion in view of the uniformity of constructing 
the corresponding families of types from characteristics and the uniformity of 
constructing a prime model and a saturated model from a family of types. 0 


Proposition 3.12 If (A,v) and (B,pu) are strongly constructive Boolean 
algebras with elementary characteristics 


ch(M) = (n, 00,0) and ch(SB) = (n+1,1, 0), 


respectively, then a constructive elementary embedding of (B,) into the 
product (A,v) x (B,y) can be uniformly constructed from (2,v), (B,u), 
and n. 


Proof. Since (%, y) is strongly constructive, from a number m of the element 
of (8, 4), we can effectively recognize if chi(um) <n+1 or chi(um) =n+1 
holds. The embedding: 


(0, um) if chi(um)<n+1 
plum) = 


(l,pm)  ifchi(um)=n+1 


of 8 into 2x % becomes an isomorphic embedding in the enrichments of these 
algebras to the signature o4n41. Since B and A x B both have characteristics 
(rn +1, 1, 0), the model completeness of these enrichments means that y is 
an elementary embedding; moreover, y is clearly constructive. The strong 
constructibility of the product follows from that of its components. Oo 


Almost the same method can be used to construct an embedding in the 
case of characteristic (n+ 1,0, 1). 
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Proposition 3.13 Given n € N and a strongly constructive Boolean algebra 
(B, 4) with elementary characteristic 


ch(B) = (n+1,0,1), 


we can construct effectively a strongly constructive prime Boolean algebra 
(2,v) with ch(Q) = (n, co, 0) and a constructive elementary embedding of 
(B, ) into the product (Q,v) x (B,p). 


Proposition 3.14 Given n € N and a strongly constructive Boolean algebra 
(Q,v) such that ch,(Q) = n, we can construct effectively an elementary 
extension (B,) and an elementary embedding yp : XL < B; moreover, if 
ch2(2l) = oo, then there exists an element b € |B| such that 


ch,(b) = chy(C(b)) =n and cho(b) = cho(C(d)) = oo. 


Proof. The assertion is proved by a slight modification of the proof of 
Theorem 3.8 in the case n = 1. The difference comes in using counters not 
only for atoms of the nth quotient algebra by some Ershov-Tarski ideal /,,, 
but also for characteristics k < n, where elements of characteristic chy(a) = k 
are included in c or C(c) respectively. O 


Propositions 3.12-3.14 yield the following result. 


Proposition 3.15 Given n € N and a strongly constructive Boolean algebra 
(A,v), we can construct effectively its constructive elementary extension to a 
strongly constructive Boolean algebra (B,); moreover, if chy(A) =n, then 
%8 is a condensation of A. 


Proof. Given n € N and (2,v), consider the set 
An = {(m,k, (k+1,1,0)) | ch(vm) =(k+1,1, 0) and k <n} 
U{(m,k, (k+1,0,1)) | ch(vm) =(k+1, 0,1) andk <n} 
U {(m, k, (k,00,0)) | chi(vm) = k and k <n} 


Since (2,1) is a strongly constructive structure, the set A, is recursive. Let 
Qo,...,Q,,... bean enumeration of the elements of A,. We now uniformly 
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construct a sequence of strongly constructive models and constructive em- 


beddings 
(Q,v) = (Mo,vo) < (Mim) <--> < (Answma) So 


so that the embeddings y : A, 4 Anz, and yn : Ap > A, are represented in 
terms of the recursive functions g, and f, as follows. Let (Qo,vo) = (2, v). 
By induction, assume that 


(o,%0) < (Wiz) < +++ <X (An, Mn) 


are already constructed, and consider the sequence Qn. 


Ifa, =(m,k,(k+1,1,0)), then we apply the construction of Proposi- 
tion 3.12 to the Boolean algebra 


— 


(Unfn(m), Uy tufa(m)), 
and obtain the required elementary extension. Taking the product with 
(Gum), v tm), 
we arrive at the desired extension. 
If a, = (m,k, (k+1,0,1)), then the construction is similar to that in 


the previous case, applying Proposition 3.13 to v(m). 


If a, = (m,k, (k,00,0)), then we apply the construction of Proposi- 
tion 3.14 to ao 
(om , v | v(m)) 


and take the product of the strongly constructive model so obtained with 


Taking (2..,%0) as the union of this computable chain of elementary 
constructive extensions, we conclude that 2%, is a condensation of 2 and 
(Moc, Voo) is a constructive elementary extension of 2. a 


Applying the construction of Proposition 3.15 w times, from any strongly 
constructive Boolean algebra (2,v), we obtain its constructive elementary 
extension to a dense strongly constructive Boolean algebra. Since dense 
Boolean algebras are countably saturated, we have the following result. 
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Theorem 3.16 Any strongly constructive Boolean algebra (Q,v) with 
chy (2) < oo has a constructive elementary ertension to a strongly construc- 
tive saturated Boolean algebra. O 


We now consider the case in which the first characteristic is infinite. For 
elements of a finite characteristic and Boolean algebras of an infinite char- 
acteristic, we can apply the propositions above to obtain constructive ele- 
mentary extensions satisfying the density condition. In the case of infinite 
characteristics, the following proposition suffices. 


Proposition 3.17 Given a strongly constructive Boolean algebra (2, v) 
such that chy(2) = oo, we can construct effectively a constructive elementary 
eatension (B,u) containing an element c € |B| such that for any a € |Q| 
with chi(a) = 00, we have ch(a Ac) = ch(a A C(c)) = (00, 0, 0). 


Proof. We use a modification of the construction of Theorem 3.8 on ele- 
mentary extensions of atomic Boolean algebras. But instead of the existence 
condition for four atoms, we verify the condition that chi(r) > t, +4. In 
addition, the counter indicates the minimal characteristic of elements added 
under ¢ and C(c) but not the number of elements. 0 


Proposition 3.17 and Theorem 3.16 imply the following result. 


Theorem 3.18 (Strongly constructive extensions) Any strongly construc- 
tive Boolean algebra has a constructive elementary extension to a strongly 
constructive saturated Boolean algebra. 


Proof. We construct effectively a chain of condensations 
(Qo, vo) < (Mim) < --+ < (Ay) <--> 


so that (2l;,4;) is a computable sequence of constructive models, f, is a 
computable sequence of recursive functions, and y, : A, < Anyi is an ele- 
mentary embedding of 2, into 4,4, such that 2,4, is a condensation of 2, 
and Ynln(m) = Yn4ifn(m) for any m,n € N. Defining (2,,v..) as the union 
of this chain, we obtain the required strongly constructive elementary exten- 
sion of (po, vo) = (A,v), where A, is the direct limit of the algebras A,, and 
Voo(c(n,m)) = v,(m). The saturation of 2, follows from its density. Oo 


Corollary 3.19 Any strongly constructive Boolean algebra (A, v) has a con- 
structive elementary extension to a strongly constructive homogeneous Bool- 
ean algebra. 
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An early result about recursive structures is the following, attributed to 
5. Tennenbaum. There is a recursive linear ordering of order type w + w* 
having no infinite recursive ascending or descending sequence. There are 
also, of course, more obvious recursive orderings of this type, for example 
0,2,4,...,5,3, 1. An ordering of the first sort, which can be constructed 
by a priority argument, is classically isomorphic to the second, but cannot 
be recursively isomorphic since it has different recursive properties. 

Some other examples are mentioned in [7]: a recursive linear ordering of 
type w on which the successor relation is not recursive; a recursive vector 
space over any recursive infinite field having no recursive basis; a recursive 
algebraically closed field of any characteristic having no recursive transcen- 
dence basis. 


*Due to the untimely death of the author, the final version of this paper was prepared 
by Professor J. Knight. The editors of the volume express their gratitude to Professor 
Knight for this valuable assistance. 
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In each of these cases it is clear that within the isomorphism type of a 
single structure we have recursive structures which are not recursively iso- 
morphic. In this article we discuss general results which have been obtained 
concerning this and related matters. 


1 Recursive structures 


We consider structures of some fixed recursive similarity type (/, J, K, u,v) 
where J, J and K are recursive sets and wp: J + w andy: J > w are 
recursive functions. A structure of this type is a quadruple of the form 


aA = (A ’ (Ri) eps (Fi) ses ’ (a)kex ) 


where each R; is a p(i)-ary relation on A, each f; is a v(j)-ary operation 
on A, and each a, € A. 


Such a structure 2 is a recursive structure if A is a recursive set, each R; 
is a recursive relation on A, uniformly in 7, each f; is a recursive operation 
on A, uniformly in j, and the function k +> a, is recursive. 


An alternative definition is used by the Russian workers in this area. De- 
fine a constructivization a of an abstract structure 2, to be an onto function 
a:N-— A, such that for atomic formulae y the relations {a@ | 2% & y[a(a)]} 
are recursive, uniformly in y. Then such a pair (2l,q@) is essentially a re- 
cursive structure isomorphic to & (together with a particular isomorphism). 
Indeed, this approach is closer to mathematical nature, where one thinks of 
a classical isomorphism type as being an abstract structure. But, in practice, 
it seems to reduce the number of symbols significantly to deal only with the 
recursive structures themselves, and we shall follow this line. 


2 Recursive stability 


A structure with which the least can be done by way of different recursive 
copies is (w, <, S) where S is the successor relation on w. This structure 
is rigid, that is, has no automorphisms other than the identity function, and 
it is easily seen that for any two recursive structures, 2 and %, which are 
isomorphic to (w, <, S), the unique isomorphism from 2 to B is recursive. 
This rather strong property, that all isomorphisms between recursive copies 
are recursive, has been called “recursive stability”. 
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Definition 2.1 A recursive structure 2 is said to be recursively stable if for 
every recursive structure 8 = A, every f :B = A is recursive. 


It seems plausible to expect that this phenomenon will occur only when 
the elements of the structure are suitably definable. 


Definition 2.2 An r.e. defining family for a structure 2 is an r.e. set S' of 
existential formulae y(v) of one variable, such that each is satisfied by exactly 
one element of 2%, and each element of & satisfies at least one of the formulae 
v(v) from S. 


If a recursive structure 2 is such that some expansion (2, a) of A by a 
sequence @ of finitely many constants from 2 has an r.e. defining family, then 
it is clear from the following that 2 is recursively stable. For any recursive 
8 =A and any f : BX A, we have f : (B,b) & (A,a) for suitable 6. Then 
f is the unique isomorphism from (%, ) to (2, a), and its graph is r.e., since 
it is the set of pairs (d,c) such that, for some y in the family, (8,6) E y[d] 
and (2,a) F [ce]. 


The converse statement, that a recursively stable structure 2 has a finite 
expansion with an r.e. defining family, does not hold without some further 
assumption. Let us define the existential diagram of a recursive structure 2 
to be the set of existential sentences true in the structure (2, (@)ac4). Since 
Ql is a recursive structure, this set is clearly r.e.. 


Theorem 2.1 Let & be a recursive structure whose existential diagram is 
recursive. Then & is recursively stable if and only if some finite expansion 
of & by constants has an r.e. defining family. 


This result is implicit in [12]. The non-trivial direction is obtained by 
constructing simultaneously a recursive structure % and an isomorphism 
f : 8 = 2 which is not recursive, using a finite injury priority argument. 
This argument is also given in [7]. 


As with other results to come, Theorem 2.1 needs the assumption that at 
least one recursive isomorphic copy has some extra recursive properties. In 
[13], an example is constructed of a recursive structure 2 which is recursively 
stable but has no r.e. defining family. 
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3 Intrinsically recursive relations 


For a recursive structure 2% and an additional relation R on A, a construction 
similar to that used to prove Theorem 2.1 can often be used to give a recursive 
structure 8 and an isomorphism f : 2% = % for which f(A) is not recursive. 
If there are no such % and f, then the relation R is said to be intrinsically 
recursive on A. 


Ifa relation R on 2 has a definition of the form 
R(@) <= AE Vy,(G,¢) 


for some sequence € from 2 and some sequence ¥,(%,¥) of existential for- 
mulae, then R will be called formally r.e. on A. Clearly, if both R and 
its complement are formally r.e., then R is intrinsically recursive. The con- 
verse can be shown provided that, again, (2, 2) satisfies further recursive 
conditions. 


Theorem 3.1 (Ash [7]) Let (2, R) be a recursive structure whose existential 
diagram is recursive. Then R is intrinsically recursive on % if and only if 
both R and its complement are formally r.e. on U 


The construction for this attempts to make both f(A) and its complement 
not r.e.. A similar construction only attempting to make f(#) not r.e. gives 
the more basic result: 


Theorem 3.2 (Ash [7]) Let (2, R) be a recursive structure whose existential 
diagram is recursive. Then R is intrinsically r.e. on & if and only if R is 
formally r.e. on LA. 


The examples mentioned earlier can all be deduced from Theorem 3.1 
without repeating the priority argument. 


Some assumption is needed for the equivalence in Theorem 3.1. In [16], 
an example is given of a recursive (2, 2) for which R is intrinsically recursive 
on 2 but is not formally r.e. on 2. 


If R is not intrinsically recursive on 2, we may define the spectrum of R 
on 2 to be the set of all possible Turing degrees of the relations f(A) for 
recursive structures 8 and isomorphisms f : 2 &%B. The possible spectra 
obtained in this way are considered in detail by V. Harizanov in [15]. 
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4 Recursive categoricity 


A recursive structure 2 is said to be recursively categorical if, for every 
recursive B = M, there is at least one recursive isomorphism f :B = 2. For 
example, the ordering of the rationals (Q, <) has this property, as can be 
shown using an effective back-and-forth argument. 

Clearly (Q, <) is not recursively stable, since it has 28° automorphisms, 
and so has 2%° isomorphisms with any recursive copy. In fact, it follows 
fairly briefly from the definitions that a structure 2 is recursively stable 
if and only if, for some finite sequence @ from A, (A,a) is both rigid and 
recursively categorical. 

The example of (Q, <) suggests a sufficient condition for 2 to be recur- 
sively categorical. 


Definition 4.1 An r.e. automorphism family for & is an r.e. family of ex- 
istential formulae y,(Z,), in different numbers of variable, such that ev- 
ery finite sequence from 2 satisfies at least one of these formulae while, if 


A = y,[b] and AE y,[E], then (2, b) & (2,2). 


Clearly, if 21, or more generally some (2,@), has an r.e. automorphism 
family, then, by an effective back-and-forth argument, 2 is recursively cate- 
gorical. The converse can be shown subject to further assumptions on 2. An 
AV sentence means one of the form 4z VY y(Z, y), where y(Z, 7) is quantifier- 
free. 


Theorem 4.1 (Goncharov [12]) Let % be a recursive structure whose IV 
diagram is recursive. Then 2 is recursively categorical if and only if some 
finite expansion (2,a) has an r.e. automorphism family. 


In the case where there is no r.e. automorphism family, one can construct 
not just two, but infinitely many recursive copies of 21 which are pairwise not 
recursively isomorphic. In other words: 


Theorem 4.2 (Goncharov [13]) Let 2 be a recursive structure whose IV 
diagram is recursive. Then either there is only one recursive isomorphism 
type of recursive copies of XA, or there are infinitely many. 


In contrast, Goncharov in [14] has shown that there are recursive struc- 
tures having any other number, 2, 3, 4,..., of recursive isomorphism types 
of recursive copies, but of course not having recursive JV diagrams. 


172 C. J. Ash 


It follows quickly from the definitions, that if a finite expansion (2, @) of 
Q is recursively categorical, then so is %. The converse appears to be an open 
question: Is there an 2 which is recursively categorical while some (2,@) is 
not?! 

From Theorem 4.1, there is no such & whose JV diagram is recursive. 
Millar in [17] shows, more generally, that there is no such % whose existential 
diagram is recursive. 


5 A°-stability 


While the structure (w,<, S) is recursively stable, (w,<) is not, as can 
be deduced from Theorem 2.1. On the other hand, for any recursive copy 
(A, <), the successor relation is II), so the unique isomorphism is A}. We 
call such a structure A$-stable, and in general: 


Definition 5.1 A recursive structure & is A®-stable (a < w€*) if, for every 
recursive B = 2, every isomorphism f : BY Wis A®. 


Thus, each (8, <) with w < 8 < w* is A$-stable, but not recursively 
stable. 


For any recursive copy of (w*, <), there is a AY procedure which, given m 
and n, locates the element corresponding to the ordinal wm +n. It follows 
that (w?, <) is A9-stable. It seems less obvious how to show that (w?, <) 
is not A$-stable. Similarly, if 


w gl pane ei 


and a > 1, then it is not difficult to show that (8, <) is A},-stable. Theo- 
rem 6.1 below shows that (@, <) is not A®-stable for any 7 < 2a. 


6 Back-and-forth relations 


Between structures % and B of the same type, we define the relations <,, for 
all ordinals 7 > 1 as follows. 


Recently, the question has been answered affirmatively by Cholak, Goncharov, Khous- 
sainov and Shore [11]. 


Chapter 3 Isomorphic Recursive Structures 173 


Let 2 <, B if every existential sentence true in B is also true in 2. For 
7 > 1, let &X<, B if, for each @ with 1 < B < y and each finite sequence 6 
from %, there is a finite sequence @ from 2% (of the same length as 6) such 
that (B, b) <g (U,a). For sequences from the same structure A, we write 
a <, 6 to mean (A,a) <, (4, d). 


Define, for a finite sequence @ from 2% and a > 2, the subset cl,(@) of A 
by c € cla(@) if there exists 6 from % and B < a with @ > 1 such that, for 
all c’ and b with a,c, b <, G, c,b, we have c’ =. 


Theorem 6.1 (Ash [1]) Suppose that a > 2, and that A is a recursive 
structure for which the relations <g on & are r.e. uniformly in B < a. 
Suppose also that there is a recursive procedure which yields for each @ from 
A an element of A not in cl,(@). Then A is not A®-stable. 


To apply this result, one needs to consider these relations <g and the 
sets cl,(@) in some detail. It is at least true, as outlined in [1], that for all 
a,y < wf" there is a recursive copy of (7, <) on which the relations <g for 
8 <a and the sets cl,(@) are uniformly recursive. 

In the case of such well-behaved structures 2, Theorem 6.1 says that 
A is not A°-~stable if there is no finite @ for which cl,(@) = A. It seems 
desirable to try to obtain a result along the same lines as Theorem 2.1. For 
this purpose, one may consider recursive infinitary formulae. 


7 Recursive infinitary formulae 


The X, and II, formulae of L.,,., are defined by transfinite induction: the Xo 
and IIg formulae are the quantifier-free formulae, the ©, formulae are those 
of the form V 4¥,%n for which each yp, is a IIg formula for some 6 < a, and 
the II, formulae are those of the form AV Gn Pn for which each y, is a Ug 
formula for some 3 < a. 


One may then show, by transfinite induction on a, that A <, B if and 
only if every II, sentence true in 2 is also true in B, or equivalently, every 
XNq sentence true in % is also true in . 

We define, for a < wf*, the recursive ©, and II, formulae to be those 
in which all the infinitary disjunctions and conjunctions are recursively enu- 
merable. For this to make sense, we need to define simultaneously indices for 
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these formulae, in the style of Kleene’s system of notations for the ordinals 
below wr. 

We can then define a ©2 defining family for a structure A to be a LP 
set S of (indices for) recursive L, formulae, y(v), each satisfied by exactly 
one element, such that each element of 2 is satisfied by at least one y(v) 
from S. 

Then it is clear that if a recursive structure W% has a finite expansion 
(2,a@) with a L° defining family, then it is A®-stable. For a converse, we 
need several assumptions. 


Assume that the existential diagram of 2 is recursive, and that the rela- 
tions <g are r.e. uniformly in 2 <a. Then, as shown in [1], and again, more 
neatly, in [5], there is a recursive procedure which obtains, for each 8 < a 
and each @, a recursive IIg formula y(o), such that for each b from 2, we 
have @ <, b if and only if 4 ¢[b). 

It follows that, under the same assumptions, if c € cla(@), then there is 
a recursive ©, formula y(v, @) satisfied in & by c alone, and such a formula 
can be found recursively from c (and @). Thus, if A = cla(@), then (2,@) has 
a b° defining family. So Theorem 6.1 gives: 


Theorem 7.1 (Ash [1]) Suppose that I is a recursive structure for which 
no finite expansion (2,a@) has a ©° defining family. Suppose also that the 
existential diagram of 2 is recursive, that the relations <g are r.e. uniformly 
in B <a, and that the relation c ¢ cla(@) is r.e.. Then & is not A?~stable. 


8 A°-categoricity 


In a similar way, we may define a recursive structure & to be A® -categorical 
if, for every recursive B = A, there exists a A®-isomorphism f : B = A. 
Again, for a sufficiently well-behaved &, either Theorem 8.1 below can be used 
to show that 2 is not A®-categorical, or some (2,@) has a ©2 automorphism 
family - the obvious generalization of an r.e. automorphism family, above — 
and so & is A°-categorical. 


Theorem 8.1 below gives the most straightforward result for non—A®- 
categoricity. For a recursive structure A, a > 2, and elements @ of 2, we 
define C,,(@) to be the set of sequences @ from 2% such that, for some b from 
Mand some § < a, for all @ and 6 of the same lengths as @ and 6, if 
G,t,6 <g a,@,B then (2,2) = (2,2). 
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Theorem 8.1 (Ash [2]) Suppose that a > 2, and that ts a recursive struc- 
ture on which the relations <g are r.e. uniformly in B <a, and the relation 
(21,2) ¥ (2c) ts r.e.. Suppose also that there ts a recursive procedure which 
gives, from each finite sequence @, a sequence € ¢ Cy(a@). Then A is not 
A° -categorical. 


Under similar recursive assumptions on 2, including that its existential 
diagram is recursive, if every sequence is in C,(@), then we can obtain a U2 
automorphism family for (2l,@), so that a sufficiently well-behaved structure 
A will be A®-categorical if and only if there is some @ such that (2,@) has 
such a family. 

A slight refinement of Theorem 8.1 is shown in [2], in which the definition 
of C,(@) replaces (2, ¢) = (A, é) by @,@ >, a,@. This is an oversight, and 
should read G,¢ >, G@,¢’ and G,¢ <, G,7. 

By way of example, we consider in [2] certain Boolean algebras. We let 
B(@) denote the Boolean algebra generated by a well-ordered set of type . 
Then, for infinite @, B(@) has 2%° automorphisms, and so is not A®-stable 
for any a. For w% < 6 <w°t! and a > 1, B(@) is A$,~categorical, and not 
A®-categorical for any y < 2a. 


9 Intrinsically ©° relations 


Say that a relation R on a recursive structure Y is intrinsically US if, for 
every recursive 8 ~ Y% and every isomorphism f : A= B, f(R) is Uo. If 
FR is defined in some (21,@) by a recursive Ng formula, then it is clear that 
R is intrinsically £2. Otherwise, provided that (2, R) has sufficiently many 
recursive properties, Theorem 9.1 below shows that R is not intrinsically U2. 

Assume that a > 2. For @ from %, define the relation Relea) on A 
by @ € Rcl,(@) if there exist 6 and 8 < a such that, for all @ and 6 with 
Z,2,6 <g a,@,6 , we have R(¢’). 


Theorem 9.1 (Barker [8]). Suppose that a > 2, and that the relations 
<g are r.e. uniformly in B < a. Suppose further that there is a recursive 
procedure for finding, given a, some ¢ ¢ Rcla(@). Then R is not intrinsically 


L° on A. 


Again, assuming also that the existential diagram of 2 is recursive, if for 
some @ every sequence C’ of the relevant length is in Rcla(a@), then we can 
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obtain a recursive ©, definition of R in (2,a@). So, for a sufficiently recursive 
(2, R), Ris intrinsically ©° if and only if it has such a recursive U, definition. 


By way of example, Barker shows in [8] that, if 8 > wt? and a > 1, 
then the set of limit ordinals of the a-th kind in (8, <) is intrinsically II3,, 
but not intrinsically ©3,. In [9], he also considers intrinsically £° subsets of 
reduced abelian p-groups. 


10 Non-recursive structures 


By a structure here (in this section) we mean one which has a recursive 
similarity type, and has as universe a recursive set of natural numbers, but 
is not necessarily recursive. Instead, as a sequence of sequences of relations 
and operations, it has a well-defined Turing degree. 


Let 2 be a recursive structure, and let R be a relation on A. Define R 
to be relatively intrinsically N° on & if, for all B, not necessarily recursive, 
and all f : & = B, f(R) is E° relative to B. We have seen that, under 
the assumption of recursive properties of (2, R), if R has no recursive Uy 
definition in any (2,a@), then R is not intrinsically recursive on A. By 
contrast, without any provisos, one can show the following, using forcing. 


Theorem 10.1 R is relatively intrinsically ©° on & if and only if R has a 
recursive Liq definition in some (,@). 


Suitable definitions of relative A°-stability and A®-categoricity also have 
exact characterizations in terms of recursive infinitary formulae. These re- 
sults are obtained in [10] and, independently, in [6]. In many ways, such 
results are more pleasing that our earlier ones. In this paper, however, we 
take the view that what matters is the construction of recursive structures. 


11 a-systems 


Theorems 6.1, 8.1 and 9.1 were obtained using the author’s “metatheorems” 
from [1]. While relying on the same proof, these results have since then been 
improved and streamlined in [3] and [4]. We take the opportunity to state the 
present version from [4], and show how Theorem 6.1 can be obtained from 
it. This is a significant improvement on the argument in [1], since complete 
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recursive metric spaces are no longer mentioned, and a single argument covers 
the cases where a is and is not a limit ordinal. 

Let T be an r.e. tree having no terminal nodes. Let U and V denote the 
sets of nodes of T at even levels and at odd levels, respectively, so that the 
root of T isin U. Let E assign to each v € V an re. set E(v), uniformly 
in v. 

Consider the game, 6, in which players I and II choose, alternately, nodes 
of T to form an infinite sequence ug, vp, Ui, V1, ..-, Where I chooses the u; 
and II chooses the v; in such a way that uo is the root of 7, each v; is a 
successor of u; in J, and each uj;4, is a successor of v;. (By a successor 
of a node in a tree, we mean an immediate successor.) We say that such 
a sequence is a play of the game ©, and that this play is winning for I if 
U;E(v;) is r-e., and otherwise is winning for I. 

A I-strategy is a function s which assigns to each v € V a successor, s(v), 
of vin 7. The play uo vo ws % ... is said to follow the I-strategy s if for 
each 7, uj4, = 8(v;). A winning strategy for player I is an I-strategy s such 
that every play which follows s is winning for player I. 


Proposition G Suppose that there exist uniformly r.e. relations (Cy)y<a 
on V satisfying the conditions below. Then there is no A® winning strategy 
for player I in the game 6. 


(i) If v Cov’, then E(v) C E(v’). 
(ii 


) If y¥<6<aand v Gg U, then v C, v’. 
(iii) Each C, is reflexive and transitive. 
) 


(iv) fa>W1>72>-::> y% fork =1,2,..., and vy Cy, v2 Cy °°? Sy 
vu, with u any successor of v,, then there is a successor v of u such that 


v; G,, v for each 2 = 1,2,... ,k. Qo 


Thus, for any A® I-strategy, there is a play which follows it, and is 
winning for IT. Further information about such a play is given by: 


Proposition U Under the supposition of Proposition G, from a recursive 
index for T, an r.e. index for E and a A® index for a I-strategy s, we may 
recursively compute both a A® index for a play uo, vo, Wi, V1, --- of @ such 
that U;E(v;) is r-e., and also an r.e. index for U; E(v;). oO 
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Proof of Theorem 6.1. We may assume that A is infinite, since otherwise 
the second supposition cannot hold. Let B be an infinite recursive set. We 
wish to define a recursive structure B having universe B, and an isomorphism 
f :%® =A which is not A®. 

Let c* € A with c* ¢ cl,(@), and let d* € B be arbitrary. We let the tree 
T have root (9, g, c*),d*), and have as other nodes all longer sequences of 
the form ((fo,00,¢0), do, (fi,01,c1), d1, .-.), satisfying the conditions: 


(1) fo = g, 90 = 9, co = c", do = d*, 
and, for each 7, the conditions: 


(2) f; is a finite partial one-to-one function from B to A, fj4; D f; and 
ran(fi+1) and dom(fj+1) contain at least the first 7 elements of A and 
B, respectively. Also, c¢; € ran(fi+1) and Fala) # dj. 


(3) 9; is a finite set of sentences y(b) for which y(¥) is a quantifier-free 
formula of the language, b € dom(f;) and y(f;(6)) is true in A. Also, 
0i41 > 9;, and o;4, contains each of the first 7 sentences y(b) which are 
induced in this sense by f;41. 


(4) c € Aand c; ¢ cla(ran(f;)). 

(5) d; € B. 

Thus, a play in © consists of the initial segments of an infinite sequence 
((fo, 70, Co), do, (f1,01,01), di, sh) 


for which U;o; determines a structure 8 with universe B, and f = U;f; is an 
isomorphism from 8 to &% such that for each 2, f~'(c;) # dj. 
We consider a AQ,, strategy for player I in which each 


em ’ (fit1, 01415 Ci41)) 
is extended to a sequence 
er > (fitn, Cita, C41), dis1), 


where d;,; is different from the i-th partial A® function applied to c;41, if 
this is defined, and is arbitrary otherwise. Then, for a play which follows 
this strategy, f = U;f; is different from each A® function. 
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To use Proposition G, we arrange that, for a play which is winning for IT, 
the diagram U;o; of B is r.e., so that B is a recursive structure. This follows 
if we define E((... , (f,0,c)) to be o. Of course, for a in Proposition G, we 
now read a+ 1. 


To complete the argument, we need to define suitable relations C, for 
y <a. We first define relations <, for y > 1 between finite partial one- 
to-one functions f and g from B to A by f <, g if dom(g) D dom(f) and 
a@ <, 9(f~'(@)), where @ = ran(f). Then for 


VS Cian TOC) and Cea mre (0 AR oar 2) 8 8 


we define v Co v’ if o C a’, we define v C, v’ if f C f’ and o Ca’, and, for 
1<+¥ <a, we define v C, vo’ if f <, f’anda Coa’. 


Conditions (i), (ii) and (iii) of Proposition G are immediate, so to prove 
the theorem it remains only to verify condition (iv). 


Suppose, then, that 
Gl Sy ote ks 


and that 
v Cy U2 Sy 0 


= n-1 Uke 

For simplicity we may assume, without loss of generality, that 7, = a, 7, = 0 
and, since a > 2, that k > 2, and so y2 >0. Let v; = (..., (fi, 0%, ci), and 
let u = (..., (f1,01,¢1), d). Now we have f; © fo <, -+- <y_, fe and 


Oo Ga, © +++ Cag. 


We appeal at this stage to the principal result about the relations <, 
that, since fo <,. -+- <y_, fe, there is a g D fo with dom(f,) C dom(g) 
and f; <,, g for each 1 = 3,...,4—1. This fact is fairly easy to show by 
induction on k; it appears as Lemma 4 in [1], and is proved as Proposition 


1.3 in [5]. 


By extending this g, we may assume that c, € ran(g). If g-'(c1) # d, 
then take h = g. If g™'(c,) = d, then, since c ¢ cla(ran(f1)), there exists 
h D> f; with g <,, h and h(d) 4c. In either case, we may choose v to 
be (..., (f1,01,¢1), d, (f,0,¢,)), where f Dh, o D oy and c are chosen to 
satisfy the conditions (2), (3) and (4). Condition (iv) is thus verified, and 
the theorem proved. Oo 
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Introduction 


The concept of computability for a collection of objects resulted from the 
development of the theory of algorithms and the theory of numerations. A 
general approach to the computable indexing of certain classes of objects 
was proposed by Mal’tsev [45]. From the mathematical point of view, com- 
putability of a collection of objects means that there exists an effective and 
uniform construction procedure for the objects, provided they are properly 
“numbered”. When examining various particular cases of constructible ob- 
jects, we should consider not only the objects themselves, but also collections 
of objects and uniform procedures for these collections. Such procedures lead 
to computable numerations of the objects. Various problems stem from the 
variable complexity of the objects under consideration. For example, in the 
theory of numerations [34], the computability of a system of recursively enu- 
merable sets implies the possibility of the sets being numbered in such a way 
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that there exists a procedure which, given a set index, uniformly enumer- 
ates the set with that index. To make the analysis of constructive models 
and classes of constructs (effective numerations) consistent, it is necessary to 
study computable sequences and classes of constructive models. To perform 
this study, we must develop new methods and approaches. Along with the 
traditional tasks related to the numbered objects, specific new problems re- 
lated to the particularities of the above mentioned constructions should be 
evolved as well. The concept of a computable class of constructive models 
was introduced by Ershov [32]. The construction of a strongly computable 
class of strongly constructive models was first performed by Ershov [32] in 
proving the existence theorem for strongly constructive models. 


Theorem 0.1 Let T be a decidable theory. Then there exists a sequence 
(No, Yo), --- » (Mn rn), --- 
of strongly constructive models such that 
(i) T = Th({M, Ma, ...}), 
(ii) the set {(x, y) | g(y) € Thi(M.,vz)} is recursive. 


In this theorem, T = Th({Mo, 9, , ... }) denotes the elementary theory 
of the models for the main signature o, and Thi(IM,,v,) is the elementary 
theory of the model MN, for the extended signature a; = 0 U {c;, | k € w}, the 
constants being interpreted as cy, = v,k in the constructive model (Mn, vn). 
Part (ii) of the theorem means exactly that v-indexing, n +> (Mn, Vn), is 
the strongly computable indexing of the class of strongly constructive models 
{(Mn, Yn) | n Ew}. 

On the other hand, the concept of a computable class of constructive 
models is closely related to the problems of autostability dealt with by a 
number of authors. A well-known and fundamental result was obtained by 
Goncharov [43], and it may be formulated as follows. 


Theorem 0.2 For each n < w, a model exists with the property that its 
class of constructs is computable and contains exactly n elements, with the 
elements being different to within their autoequivalence. 


There is, however, a wide class of constructive models with non-comput- 
able classes of constructs. The following result by Nurtazin [49] illustrates 
this. 
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Theorem 0.3 If a model contains non-equivalent strong constructs, then the 
class of all strong constructs of this model is not computable. 


Finally, it should be noted that the class of constructive models is a 
semantics for abstract data types. Indeed, a data bank may be considered 
to be a strongly constructive model. An axiomatic system defining a data 
bank can be used to naturally generate the computable class of constructive 
models, i.e., the class of possible states of the data bank, or the class of 
time-dependent states of the data bank, with the time being digitized as 
for computer processing. Interrelations between different axiomatic systems 
for the data bank, their equivalence, etc., are easily defined in terms of the 
corresponding tasks of computable indexing of the classes of constructive 
(even strongly constructive) models. 

The above mentioned problems require theoretical investigations of the 
computable classes of constructive (or strongly constructive) models. 


1 Non-computable, computable, and strictly 
computable classes of constructive models 


Consider the algebraic system 0 = (M; Py, Pi,...3fo, fi,---) for the 
signature 09 = (Po°, Pr’, ...3; f°, ff’, ---). A pair (Mv) is called a 
numbered model; here v : N - M is a numeration of the domain M of the 
model 9%. Let Mt, denote an extension of the system Nt with the signature 
0, = ooU{eo,..., ce, ... }, with the element v(k) € Das the interpretation 
for the constant cx. 

The numbered system (9M, v) is constructive if the set D(IN_), consisting 
of all atomic propositions and their negations that are true in the system 
M,, is recursive. (M,v) is strongly constructive if the elementary theory 
Th(M_) of the model M, is decidable. 

A mapping y : Mo — M, of the domain Mo of the constructive model 
(No, Yo) into the domain M, of the constructive model (91,1) is called a 
constructive homomorphism if the mapping ¢ is both an abstract homomor- 
phism y : Mo -+ M, of algebraic systems and a morphism of the numbered 
system (3Mo, vo) into the numbered system (91,11), i-e., there exists a gen- 
eral recursive function ¢(x) such that yro = 4%. The mapping y is called 
an equivalence (or autoequivalence) if y is both an isomorphism between the 
algebraic systems Ito, NN, and a constructive homomorphism, as well as yo! 
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being a morphism of (901,11) into (9Mo,vo). In this case, the constructive 
models (3Mo, vo) and (91,1) are identified as equivalent (or autoequiva- 
lent). The respective constructive numerations vp and 14 are also identified 
as autoequivalent, notated =. 


If a model M yields non-autoequivalent constructs (or strong constructs), 
then it is called non-autostable (or non-autostable with respect to the strong 
constructs). 

A constructive homomorphism ¢ : (9o, vo) 4 (91,1) is called a con- 
structive isomorphic injection if y : Ny — Mt, is an isomorphic injection of 
Mo into M,. 

It is quite natural to treat a collection of constructive models up to their 
autoequivalence. It is easy to show that in the definition of constructivity 
(or strong constructivity), the recursiveness condition for the set D(IM,) (or 
Th(IM,)) may be replaced by the equivalent condition of recursive enumer- 
ability of the set D(IN_) (or Th(M,)). This makes it possible to determine 
whether a class of constructive or strongly constructive systems is computable 
or not. 

A class K of constructive systems (9, v) will be called computable (or 
strongly computable) if there exists a general recursive function f(n,2) such 
that for each n the function f(n, xz) enumerates the set D(IM,) (or Th(M.)), 
where the constructive system (IN_,v) is autoequivalent to a certain system 
of K, and each system from K contains the relevant n value. Let y, be 
a constructive numeration associated with n. In this manner, the effective 
numeration 7 : N — K of the constructive models of K is represented, this 
numeration being called the computable indexing of the class of constructive 
models. 

In the other case, the class K of constructive systems will be non-comput- 
able. K is called effectively infinite [41] if any computable subclass K; C K 
may be used to effectively generate an element from the difference K ~ K,. 
It is clear that an effectively infinite class will be non-computable. These 
concepts, however, are not identical. This was first shown in [13]. 


Theorem 1.1 There exists a non-computable class of constructive models 
with the property that it is not effectively infinite. 


The constructed class contains the constructs of a single abelian group 
yor. Z(p”), but not all of those constructs. A stronger result was obtained 
by Ventsov [52]. 
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Theorem 1.2 There erists a constructible model such that the class of its 
constructs is infinite, yet it does not contain the computable infinite subclasses 
of the non-equivalent constructs. 


The class of all constructs of such a model is obviously non-computable, 
but is not effectively infinite. 

It will be of interest to describe some of the conditions which allow an 
easy construction of effectively infinite classes, or the identification of non- 
computable classes. 


Theorem 1.3 [38] /f a model & is strongly constructible and yields a weak 
construct, then for any computable class K of constructs of 2, it is possible to 
generate effectively a construct of A whose theory is undecidable, and which 
is not autoequivalent to any element of K. 


This theorem implies that the class of all constructs of a model which has 
both a strong and a weak construct, is effectively infinite. Another criterion 
for the effective infinity of the class of constructs of a model is given in [51]. 

Let 29 be a U-subsystem of the algebraic system 2, i.e., there exists a 
¥,-formula y such that for any element a of 2, a satisfies vy if and only if a is 
an element of Mo. If the system 2 is constructible, then for any constructive 
numeration v of 2, the set v~!(Mo) of all numbers corresponding to the 
elements of the systems po is recursively enumerable. If the model 2 is 
constructible, then clearly the submodel 2p will also be constructible. 

The set X = {r,,..., 2%, ...} will be called t-independent over sub- 
system Yo of system A, if for every k, x44, is not a member of the subsystem 
generated by the set 

My U {r1, see , te} 
in the algebraic system 2%, and for any finite submodel 8 of the system 
generated by 
Ay U {x1, ose yg Lky Leti} 
in the system 2, there exists a term t(z,,..., 2%) with the property that 
the substitution of x,41 by t(r1,..., 2) leads to the transformation of the 


submodel B into an isomorphic submodel of the subsystem generated by the 
set 


Ap U{z1, teey r,} 
in the system Ql. 
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Theorem 1.4 [27] Let the class K contain the constructive algebraic systems 
which extend the 3-formulary system Up. If K includes all the constructs 
of some system 2X containing an infinite set X which is t-independent over 
Ao and which is enumerable in the suitable construct of the system A, then 
K is effectively infinite. 


This theorem generalizes the result of [6]. 


In particular, the classes of all constructive abelian groups [7], construc- 
tive torsion-free abelian groups [47], constructive fields, constructive rings, 
etc., are of the kind described above. 


A class of constructive systems is called hereditary if it is closed with 
respect to its enumerable subsystems. The least hereditary class containing 
a class K is called the hereditary closure of K. The hereditary closure of a 
computable class of constructive models is also expected to be computable. 
A constructive system (2,a) from the hereditary class K is universal with 
respect to this class if any system from K may be constructively injected 
into (2,a). A hereditary class containing a universal constructive system 
will obviously be computable, because it represents the hereditary closure of 
this universal system. 


A computable indexing of a class K of constructive algebraic systems 
is asserted to be reducible to the computable indexing 7 of the same class 
if there exists a general recursive function f(x) such that y = mn). The 
reducibility is usually denoted by the common “less-than-or-equal-to” sign: 
y <n. A computable indexing 7 of the class K is considered to be principal if 
any other computable indexing ¥ of the same class is reducible to 7. If a class 
K of constructive algebraic systems has a computable principal indexing, then 
it is called strictly computable. Now it is possible to formulate a stronger 
outcome concerning hereditary classes than that stated above. 


Theorem 1.5 A hereditary class will be strictly computable if it contains 
a constructive universal system which has the property that the constructive 
models of the class can be effectively and uniformly injected into it. 


Corollary 1.6 [7] For each n € w, the class A of constructive abelian groups 
(2,v) whose torsion-free rank ro(A) =n is strictly computable. 


If n = 0, then a strengthening of Khisamiev’s result [44] is obtained. 
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Corollary 1.7 The class of constructive abelian torsion-free groups with fi- 
nite rank is strictly computable. 


Theorem 1.8 [7] Let the class K of constructive algebraic systems have the 
property that, given systems (2,a) and (B,f) in K, there exists an algo- 
rithm to form a system (Mags, Has) in K such that the system A can be 
locally injected into Mag, and the system (Mag, Mag) can never be construc- 
tively isomorphic with respect to the system (8,3). Then K is not strictly 
computable. 


Proof. Let y represent the computable indexing of a class K. Now we shall 
form a computable indexing v of a certain subclass of K such that v < y. 
Then the computable indexing 7 = 7 @ v of K will have the property that 
7 <7. The desired property is the immediate consequence. 

The direct sum 7 = 7 ® v of the indexings y and v is determined by 


Yn for even n, 
In = 
VY, for odd n. 
Construction of v: The following algorithm will be used to construct the 
numeration v,, for every m € w. For each step in constructing v;, it is 
necessary to advance a step further in computing Ym(m), and then proceed 
to enumerate the element such that the following conditions hold. 


(i) We keep enumerating the elements of the system (M%m,m) in accor- 
dance with the constructive numeration 7, until the value Yn(m) is 
computed. 


(ii) As soon as Y(m) is computed, we will proceed to enumerate the ele- 
ments of the model 


2) eae » Pym Yom (m) qi 


To do this it is necessary to reproduce the diagram of the elements 
enumerated by ym. Then the least fam-,.,(m) "humeral is found such 
that the said diagram is a sub-diagram of elements 


Hom Vem (m) (0) atte 9 Homrem(m) (¢). 


Accordingly, the injection of the enumerated elements is accomplished, 
and then we proceed to enumerate the hitherto non-enumerated ele- 
ments of the system IN,,.4,(m)> the proper numeration being pany. (im): 
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The construction yields the numeration 


a 


if ~m(m) is not determined, 
iy = 


Hom %ym(m) if Ym(m) is determined. 


It is easy to show that none of the functions y, enables us to reduce v 
to ¥. oO 


Corollary 1.9 The class of constructive torsion-free abelian groups with 
non-zero rank is computable, but not strictly computable. 


Proof. The computable indexing y" of the class of constructive torsion-free 
abelian groups with rank n is constructed uniformly for each n. In this case, a 
direct sum may be used as a computable indexing of the class of constructive 
torsion-free abelian groups with non-zero rank. 


FST OO Pee OG Ges ))=4) 


The second part of the corollary is the immediate consequence of Theorem 
1.8. QO 


The fact given below strengthens the result of [47], and is obtained in the 
same Manner. 


Corollary 1.10 The class of constructive torsion-free abelian groups with 
finite rank is computable, but not strictly computable. 


More detailed considerations lead to the following conclusion. 


Theorem 1.11 For any set I Cw such that 0 € I and I~ {0} # @, the 
class A; of constructive torsion-free abelian groups (2,v) whose rank ro(Q) 
lies in the set I is not strictly computable. 

If this set I lies in the class A$, then the class A; is computable. 


The above results may be used to easily construct computable, com- 
putable but not strictly computable, and non-computable classes of con- 
structive Boolean algebras, distributive lattices, and fields [36]. 


The results obtained are given in the following table. 
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Now we will proceed to the problem of computability of classes of con- 
structive extensions. 


Let (2, a) and (%,) be two constructive algebraic systems such that 
AC B. If an identity mapping 
id: AGB 


represents a constructive isomorphic injection, then (2l,a) is identified as a 
constructive subsystem of the system (%, 8), with the system (B, 3) being a 
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constructive extension of the system (2l,a). The constructive numeration ( 
is called a continuation of the constructive numeration a@ of system 2 into 
extension 8. Two constructive systems (B, 3) and (6, y) constructively ex- 
tending a system (21, a) will be equivalent over 2 if there exists a constructive 
isomorphism 
y : (B, 8) — (6,7) 

such that it is generally valid within the common subsystem 2. In this case, 
the constructive numerations @ and ¥ are identified as being equivalent over 
(21, a), with the following notation being used: 8 = y (or 8 = 7). 


Let K be the class of constructive extensions of the system (2, a). It will 
be computable if there exists a computable indexing y of K and a general 
recursive function f(n,x) such that for each fixed value of n, the function 
f(n, x) specifies the constructive injection of the system (21, y) into the system 
(2,,@,), and for each constructive extension (8,3) from K there exists a 
value m, for which the numerations 3 and ym are equivalent over (2l,a). The 
ordered sequence (lo, Yo), (21,41), ... will be identified as the recursively 
numbered class of constructive extensions of the algebra (2, a), and it will 
be denoted F(K,a,y). Thus, K will be the computable class of constructive 
extensions of the system (21,a) if there exists a corresponding recursively 
numbered class F'(K, a, y). 

A recursively numbered class F(K,a, 7) is said to be reducible to the re- 
cursively numbered class F'(K, a, 6) if there exists a general recursive function 
g(x) such that 7 = dg(n). 


A class F(K,a,4) is identified as principal if any other recursively num- 
bered class F(K,a, 7) is reducible to F(K,a,6). If for the class K of con- 
structive extensions of the system (2l,a) there exists a principal recursively 
numbered class F'(K,a,6), then the class K is identified as being strongly 
computable. 


Now we will give an example of a strictly computable class of constructive 
extensions. Let (98,v) be a constructive field for which a variety of B- 
irreducible polynomials in one variable is recursive, and let K be the class of 
all separable normal extensions of the field 8. Then there exists a principal 
recursively numbered class of all non-equivalent constructive extensions of 
the field (8,v) in K. To show this, we should remind the reader of two 
theorems concerning the continuation of a constructive numeration of a field 
into its extension [33]. 
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Theorem 1.12 To continue a construct of a field % up to a construct of an 
algebraic extension 3B’ of the field $B, it is necessary and sufficient that the 
family of all finite varieties of polynomials in denumerably many variables 
over the field $8 which have roots in 8’ should be recursively enumerable. 


If 8’ ts a separable extension, then the condition of recursive enumer- 
ability of the family of polynomials in one variable over the field TS having 
roots in $B’ will suffice. 


Theorem 1.13 Jf a constructive field (B,v) is such that the variety of 
P-irreducible polynomials in one variable over SB is recursive, then there 
exists at most one continuation of the construct v into any normal extension 


of the field . 


Let some single-valued Gédel-numbering 7 of all B-irreducible polynomi- 
als in one variable be fixed. By Theorem 1.12, a normal extension B’ from 
the class K of the field $8 will be a constructible extension of the field ($, v) 
if and only if the set of 7-numbers which are irreducible over the field B and 
have roots in the extension $8’ is recursively enumerable. The recursively 
numbered class F(K,v,7) associated with Post’s numeration of recursively 
enumerable sets of 7-numbers of 8-irreducible polynomials will be principal. 
Any other class F'(IK, v, 6) specifies a numeration yz of recursively enumerable 
sets of n-numbers. Since Post’s numeration is principal, there exists a gen- 
eral recursive function g(n) reducing to Post’s numeration. Theorem 1.13 
enables us to show that the same function g(n) may be used to reduce the 


class F(K,v,6) to the class F'(K, v, y). 


A constructive algebraic system (2,a) and the class K of constructive 
extensions of the system (2, a) are considered to satisfy the EF-condition if 


(i) Qa)eK 


(ii) there is an algorithm which uses the numeration of each (8,3) € K 
to construct the constructive numeration ’ of (%’, 6’) € K such that 
B # B', with the constructive injection 


(21, a) <> (B’, 8’) 


being fully specified by this algorithm. 
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Theorem 1.14 [f both the algebra (U,a) and the class K satisfy the EF- 
condition, then K is not strictly computable. 


Proof. Let K be a computable class of constructive extensions of the 
constructive system (2l,a), then there exists a recursively numbered class 
F(K,a,7). Now we construct a recursively numbered class F'(K,a,6) such 
that F(K,a,5) ¢ F(K,a,y). The desired proof is an immediate conse- 
quence of this irreducibility since the recursively numbered class F(K, a, 7) 
was arbitrary. 


Construction of F(K,a, 6): 
I. Let dam41 = Ym for every m € w. 


II. A stepwise procedure will be used to construct the numeration 62m for 
each m€w. /, will designate the numeration defined in condition 
(ii) of the above description of the EF-condition for the 7,,—-numbering 
of the system in the class F'(K, a, y). 


STEP t>0: In computing y,,(2m), we proceed as far as step t. 


(1) If the value of y,,(2m) has not yet been computed, then we take 
bem(t) = a(t). 
(2) If this step gives the value of ym(2m), then take 
Samlt) = Yontamy(0)- 
(3) If the value of ~,,(2m) was computed before this step, then take 


bam(t) = Yom (2m) (Et), 


where @; is the least number such that 7, (2,,)(4) has not yet been 
assigned a 62,—number. 


The construction is completed. 


Suppose that the recursive function y,, performs the reduction of the 
recursively numbered class F'(K, a, 4) to the class F(K,a,7). From the defi- 
nition of reducibility, we can conclude that y,(2m) is determined, and that 
bam = Venton} This is inconsistent with condition (ii) in the description of 


the EF-condition. Oo 


Chapter 4 Computable Classes of Constructive Models 195 


This result may be used to give an example of a computable class that 
is not strictly computable. Let (98,1) be a constructive field, and K be the 
class of all purely transcendental extensions of the field $8 having a finite 
degree of transcendence. It is quite obvious that there exists a recursively 
numbered class F(K,v,7) of all non-equivalent constructive extensions of 
the field ($B,v) in K, but a principal class does not exist. This last proposi- 
tion is the consequence of Theorem 1.7. To verify the EF-condition for the 
B(x,, ..., Lz)-transcendental extension field of degree n, we should use a 
purely transcendental extension field B’(z;,..., tn) of degree 1 to repre- 
sent PB(z1,..., ¢n). Thus, the class of constructive purely transcendental 
extensions of a finite degree of transcendence over the given constructive field 
($8, v) is computable rather than strictly computable. 

It is possible to strengthen Theorem 1.4 for the class K of constructive 
extensions of the constructive system (2, a). 


Theorem 1.15 Let K be a class of constructive extensions of the con- 
structive system (A,a), and let this class contain all continuations of the 
a-construct into some extension B of the system A, with this extension 
including a set t-independent over 2X and enumerable in some of the contin- 
uations of construct a. Then the class K will be effectively infinite. 


Corollary 1.16 The class of all constructive extensions of a fixed construc- 
tive field is effectively infinite. 


Non-computability of this class was ascertained in an earlier study [46] 
as a consequence of the more general results of (3]. 
Thus the question posed in [32] has been answered. 


2 Index sets of computable indexings of the 
classes of constructive systems 


Let - be a computable indexing of a class K of constructive algebraic systems, 
and let Ko C K. Let the set 


I7(Ko) = {n | (yn, In) € Ko} 


be identified as the index set of the subclass Ky in the computable indexing 
y of K. If the subclass Ko = {(30,v)} is composed of one system, then 
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the relevant index set of the subclass Ko is classified as the index set of the 
constructive models, and it is designated as [7 = [7((Mt,v)). 


The concept of arithmetic complexity of index sets is concerned with the 
characteristics of computable indexings of a class of constructive algebraic 
systems. The most “simple” computable indexing has uniformly recursive 
index sets. A computable indexing having more complex index sets is not 
reducible to a computable indexing having less complex index sets. If a 
class is composed of models having simple algorithmic complexity, such as 
finite models, then the index sets of these models are also less complex in 
comparison with the maximal complexity of an index set. On the other hand, 
if in every computable indexing of a constructive model class the index sets 
have low arithmetic complexity, then both the class itself and its models have 
rather simple algorithmic complexity. These features call for a study of the 
index sets, their degree of complexity and the problems of reducibility to a 
computable indexing with less complex index sets. This section deals with 
just these issues. In the subsequent sections we will also obtain relationships 
between the complexity of index sets and the reducibility and the number of 
computable indexings, as well as between the index set complexity and the 
structure of a semilattice of computable indexings. 


Now we shall estimate the complexity of an index set of a constructive 
model. 


Theorem 2.1 For each computable indexing y of a class K of constructive 
systems and an arbitrary system (IMN,v) € K, the index set I,7 is in the class 
X3 of the arithmetical hierarchy of sets. For each set A of the class U3 there 
exists (IK, 7,1) such that [7 = A, i.e., the given estimate of the arithmetical 
complexity of an index sets of a constructive system is exact. 


Proof. Let a universal recursive function be denoted by ®(k,z). Then 


nv Ak ((Veay(@(k, 2) =y) A (Vyi521(®(k, 21) =v y1)) A 


A (Vri,..-5ts(Pyn(ti, +.) Ts)  P.(®(k,r1), --. , B(k,75)))) A 


N Way Hse) SS PER As se) 


feo 
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Here the model corresponding to the constructive numbering v is considered 
to be a model in a factor set N/=, where the inter-number equality predicate 
is: 
€=,m oe v(l) = v(m). 

For each predicate P of the main signature o, the term P, is chosen to denote 
the recursive analogue in the constructive numeration v. Similarly, for each 
function f of the signature o, the term f, denotes the recursive analogue in 
the constructive numeration v. On the right-hand side of the equivalence 
under consideration, the condition is written in such a way that the function 
®(k, x) is a general recursive function and specifies the constructive isomor- 
phism between the systems (N/=,,, , yn) and (N/=_, v). 

The Tarski-Kuratowski algorithm will be used to write out a prenex for- 
mula which specifies the least upper bound of the arithmetic complexity of 
an index set: 


ARV a Yi, 71) 265 %s5 215-62) Sm ay, V1 ~ SIVA 


The proof of the second part of the theorem is found elsewhere [13]. In this 
reference, construction with priority is used to form a computable indexing 
7 of a class of constructive abelian groups 


>5 Zp"), and = SO Alp") + SA (p*). 


The second group in this class has only the constructive numeration v for 
which the index set [7 is the same as the pre-chosen set A. OQ 


One can succeed in proving a stronger result if the abelian group technique 
is used to modify the construction of Theorem 2.1 to form some additional 
constructions. 


Theorem 2.2 [15, 17] There exists a computable class K of constructive 
periodic abelian groups and a computable indexing y such that all the index 
sets 7 of constructive systems in K have arithmetic complexity not less than 
A3, with an infinite number of index sets lying in the class D$ rather than 
belonging to the lower classes of the arithmetic hierarchy of sets. 


It is of interest to form a class of constructive models having a computable 
indexing such that all the index sets of constructive models be in the class 
L$ but not in the lower classes of arithmetical hierarchy. 
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Complexity of an index set is a function of both the mode of system 
indexing and the properties of the constructive system class. 


Theorem 2.3 Let (IM,v) be a system in a class K of constructive systems, 
and the classes K and K/{(I0,v)} be computable. Then the index set [7 
will be A$ for any computable indexing y of K, with this complexity estimate 
being exact. 


Proof. By Theorem 2.1, the index set [7 belongs to the class D3 of the 
arithmetical hierarchy of sets for an arbitrary computable indexing y. The 
index set [7(Ko) of the subclass Ko = K \ {(,v)} will be a complement 
to the index set I, i.e., 


I(Ko) =N\ 17 = 7. 


Let 7 denote a computable indexing of Ko stipulated by the theorem. 
Now we proceed to the estimation of the arithmetical complexity of the 
complement [,’: 


néeljwne I”(Ko) ++ Im(7n = 1m): 


As in the proof of Theorem 2.1, the equivalence relation = specifies the 
complexity of SV. Joining the Jm quantifier to the antecedent of the prenex 
prefix 4V4 does not influence the arithmetical complexity. Thus, the sets [7 


and I,’ = I7(Ko) will be the ©$-sets, and therefore they will be A$-sets. 


As it was discovered [13], the exactness of this estimate results from the 
existence of a computable indexing y for the class K = {z,z+2z,z+2+<} 
of constructive autostable abelian groups, such that the index set /%,, will 
be a A§-set which does not belong to the lower classes of the arithmetical 
hierarchy of sets. im 


Theorem 2.3 and its proof lead to the result below. 


Corollary 2.4 For any computable indexing y of a finite class of construc- 
tive systems K = {(90;,4;) |i =0,1,..., n}, the indez sets 17 belong to 
the class A$ of the arithmetical hierarchy of sets, and this estimate of the 
index set complezity is exact. 


It will be noted that regarding the accuracy of estimations, a stronger 
theorem holds. 
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Theorem 2.5 [17] There exists a computable class 
Ko => {( Me) t= 0, 152. ynt 


of constructive periodic abelian groups 


ky+1 


Ari. = S>Z(p') + S> Z(p*) 
f=1 s=1 


and a computable indexing n of K such that all index sets I? belong to the 
class A$ and do not belong to the lower classes of the arithmetic hierarchy 
of sets (n > 1). 


The following result is a consequence of Theorem 2.3. 


Corollary 2.6 If a constructive system (N,v) in a computable class K has 
an index set IY for some computable indexing y, with the complezity of this 
set being X§ rather than AS, then the class K \ {(M,v)} is not computable. 


Both this fact and the example used when proving Theorem 2.1 con- 
tribute to the proof of Theorem 1.1 by way of choosing a suitable set A in 
Theorem 2.1. 


The following result is another example of the lower least upper bound 
of index set complexity which is a function of the properties of the class K. 
Some preliminary definitions should be introduced here. A model IN will be 
called locally injectable into a model N, IM > MN, if every finite submodel 
Mo of the model Mt can form an isomorphic injection into the model MN, 


é ee eee 
MoM. If neither of the models IM, MN can have a local injection into the 
other, then those models are identified as finitely distinct ones. 


Theorem 2.7 If in a class K of constructive models all the models are pair- 
wise finitely distinct, then for any computable indexing y of K every index 
set belongs to the class II} of the arithmetical hierarchy, with this estimate 
being exact. 


Proof. The signature o of the models in K will be divided into ascending 
finite parts 


Oo Ca, C:--Ca;,C-:-Ca such that Uo, =o. 
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Let D™ (x1, ..., 2%) denote a diagram of a finite submodel of IN with the 
universal set {z1,... , Zn} and the finite signature o,. Then the supremum 
estimate of the index set complexity is obtained from the following equiva- 
lence. 


nély oV Vin, ..., 2k) 
Ati, ..., t4)D™ (un, ..., ung) = D™ (yati, ... Inte) 
Here (n;, ... , mg) is the number of a suitable k-tuple of some pre-fixed Gédel 


numbering of all the natural number tuples. Because of the constructivity 
of (INL, v) and (Mzy,,,%n), it is possible to effectively write out the diagrams 
D™ (yn, ..., ung) and pv (Ynti, +... Yntk). This leads to effective ver- 
ification of the equality: 


Der (Anti a) Yntk) — D™ (uni pagers 9 Ung). 


Prefixing V4 on the right-hand side of the equivalence gives an estimate of 
the supremum of the index set complexities for a class of finitely distinct 
constructive models. 

An exactness proof for this estimate can be found in [20]. a) 


A finite model class is a particular case of a class of finitely distinct mod- 
els. A constructive finite model will obviously be autostable. The signature 
being finite, all the finite models will be constructible. This is not so for a 
denumerable signature. 


Let JY = I7(K,) denote an index set of the subclass K, of K which 


contains all models of cardinality n. 


Theorem 2.8 For any computable indexing y of a class K of constructive 
finite models, the index set I) is the difference of two recursively enumerable 
sets, i.e., 1,7 is a Sy'-set in the Ershov hierarchy. For any recursively enu- 
merable sets A, B, there exists a class K of constructive finite models and a 
computable indexing a of K such that 17 = ANB. 


Proof. Indeed, a subclass of models having not less than k elements is 
defined by the formula 


AGP yahe PEO Ei pots pte) SS: Sep a Se ASD) 
wy 
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This leads to the equivalence 


me [2 4 (3a, ven tn(O(Am(t1) 5-2 am(tn)))) 
A = (36 Perere ae ln41(n41(Ym(C1) ee) Vnktn)s m(Cn41)))) 


which is the proof of the first part of the theorem. 


Now the exactness of the estimate will be shown. Let f and y be general 
recursive functions enumerating the sets A and B respectively. The sign 
“<”, denoting a strict linear order for the model elements, will be used as a 
signature symbol. Consider a model IN = ({a1,..., an};<), and suppose 
that a) < az <--+- < ay. Models of the type IN, with k € {n,n +1,n 4 2} 
will be treated as class K. 

The following algorithm is used to construct an a-indexing of K. We 
begin to enumerate by a,, the elements of model IN,. Simultaneously, the 
values of f(x) and y(z) are computed. If z is found such that f(z) = m, 
then the injection of IN, into M4, is carried out, and we proceed to further 
enumeration of the elements of 2,41 by am. But if y is found such that 
y(y) =m, then the injection of MN, or Mrz, into M42 is carried out. The 
elements of this 9t,42 are enumerated by a, to complete the construction. 

Finally, it is easy to show that [?,, = B, [%,, = A~ B, and that 
I? =Nw~ (AUB). O 


Observe that if for a given n the class K has a finite number of models of 
this cardinality, then the index set of each of these models will be a difference 
of two recursively enumerable sets. This condition is clearly satisfied as far 
as the models of finite signature are concerned. From this, we obtain the 
validity of the following result. 


Corollary 2.9 For any computable indering y of a class of finite models 
of finite signature, every index set 1,7 will be a Siz'-set. For any two re- 
cursively enumerable sets A, B, there exists a class of finite models of finite 
signature, a computable indexing y of this class, and a model Ny41 such that 
Teta =ANB. 

For a class K of constructive systems, let L(K) denote a subclass con- 


sisting of all the systems of K which are locally injectable into all systems 
of K. 
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Theorem 2.10 Let y be a computable indexing of a class K of construc- 
tive systems. Then I’(L(IK)) € US. For an arbitrary set A € II§, there 
exists a computable class K, and a computable indexing ya of Ka such that 


I4(L(Ka)) = A. 


Proof. The estimation of the complexity supremum is carried out in a 
fashion similar to that used above, using the prenex prefix of the proper 
formula. The example of [20] confirms the estimate’s exactness. In this 
example, the subclass L(K) contains a single model. oO 


Let K be a class of constructive systems, and let (Mt,,v) € K. We shall 
define two subclasses which depend on (M,, v): 


K, = {(M,,H) | (Mz) €K, M,M,} 


£ 
Ly = {(M,, 1) | (M,,u) EK, M, SM, M, 9M, } 


Note that ; ; 

(NM, > Dt) A (MLA M,) o My, =1 Me. 
Hence the subclass L,, which will be called a local subclass having member 
(N,v), may be defined in another way: 


L, = {(M,., 1) | (Dt... 1) € K, mM, =1 21 
The subclass K, will be called a local cone specified by the model (M.,, v). 


Theorem 2.11 [28] For computable indezings y of classes of constructive 
models, the following supremum estimates of the arithmetic complexity of 
index sets are exact. 


I7(K,) € 118, I7(L,) € I 
2 


It is important to lower the complexity of an index set of a constructive 
model. The exact formulation of the problem is the following: we are to clar- 
ify whether it is possible, having a computable indexing 7 and a constructive 
numeration v, to find or to prove the existence of a computable indexing a 
of the same class of constructive models such that the set [3 will be of lower 
arithmetic complexity than [7. 

The simplest exercise in lowering the complexity of an index set leads to 
the proposition below. 
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Proposition 2.12 If for some computable indexing y of the class K, the 
constructive model (Mt,v) has index set 17 whose complezity is II?, then 
there exists a computable indexing n of the same class such that the indez set 
I? ts recursive. 


The class L of constructive systems, all locally injectable into each other, 
offers greater possibilities for lowering the complexity of the index set. 


Theorem 2.13 [12, 20] Jf, for some computable indexing y of the class L of 
systems all locally injectable into each other, the index set 17 of the construc- 
tive model (N,v) has complezity I19, then there exists a computable indexing 
a of L such that the index set I% is recursive. 


The proof of this is quite similar to the proof of Theorem 1 in [12]. This 
is evidence of the possibility of strengthening Proposition 2.12 in the case 
that additional conditions are imposed on the model (IM, v). 


Theorem 2.14 Let a computable class K have a system (N,v) with the 
property that for every submodel of IN, the isomorphic injection into some 
system of the class K \ {(IM,v)} can be carried out, and suppose that a 
computable indezing y of K ezists such that [7 € II2. Then for an arbitrary 
A €II® having infinite complement, there exists a computable indexing a of 
K such that [2 = A. 


However, in general the lowering of the index set complexity is not at- 
tainable. 


Theorem 2.15 There exists a computable class K, a computable indexing 
7 of K, and a constructive model (N,v) € K, such that [7 € X39, and for 
none of the computable indexings of this class can the index set of (IM,v) be 
recursive, 


Proof. Let us consider a signature consisting of a single one-place function 
symbol f(z). For each n € N we shall define a finite model N,, with domain 
[N,| = {41, 42,.--, Gny3}. Within the model 9,, the function f(z) is 
specified by equations f(a;) = a;4; fori <<n+3, and f(an43) = a1. We also 
define a model 2, = U2, Mi as a free join of all finite models M;. 

On the basis of an arbitrary recursively enumerable set A, we define a 
class Kg = {M; | 7 € A}U {MM}. All the models M; (¢ € w), Mu are 
obviously constructible (even strongly constructible) and autostable. The 
complement A = N \ A to the set A may be considered non-empty. Let ya 
denote a general recursive function which enumerates the set A. 
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Construction of indexing 7. By ym we begin to enumerate the model 
Mn and simultaneously compute the values of y4. If a value a of x has been 
found such that y(a) = m, m € A, then the isomorphic injection of I0,, into 
9M., is performed, and we further proceed to enumerate the elements of IN, 
by Ym-numerals. If there is no z with the property that v(x) = m, then 
‘Ym Will be a constructive numeration of the model Mt,,. The construction is 
completed. 

Notice that if in a computable indexing a of Ky, the index set Le is 
recursive, then the set A will be recursive too. Indeed, for any cotniniee. ins 
with the index being m € N~ i - it is easy to write out a number n», 
which is 3 less than the cycle of the function f(z) in asuitable model. This is 
a way to define an algorithm for the enumeration of the set A = N~ Tne 
Since the set A is recursively enumerable by definition, it will be recursive. 

Thus, if when constructing y, the set A is defined as recursively enumer- 
able but not recursive, then the index set Tine can never be recursive for any 
computable indexing. oO 


A suitable choice of the set A in defining K4 may lead to the non- 
computability of the class K4 \ {(90.,v)}, to the exclusion of any infinite 
computable subclass in this class, etc.. If the complexity of an index set is 
still high, then it is impossible to lower its complexity. 


Theorem 2.16 [20] There exists a computable class K of constructive pe- 
riodic abelian groups, a computable indering y of K, and an abelian group 
(A,a) € K, such that [7 € US and the index set 12 is in the class ©} ~ I} 
for any computable indexing n of K. 


Proof. The appropriate objects from the proof of the second part of Theo- 
rem 2.1 will be chosen as K and y. Let 


A= S°Z(p") + DF Zp*) 
n=1 
with a suitable constructive numeration a. The abelian groups ))>”., Z(p”) 
and ))~, Z(p") + 5-° Z(p®) will obviously be locally injectable into each 
other. The proper choice of the set A in Theorem 2.1 leads to J” € D9 \ A$ 
by construction. If the index set /” were in the class II} for some computable 
indexing n of K, then Theorem 2.13 would specify a computable indexing pu 
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of the class K of locally mutually injectable systems, and for such an indexing 
the index set [# would be recursive. Thus, the index set /4(K\ {(,a)}) = 14 
would also be recursive. For the reasons given above, the class K \ {(2l, a)} 
would be computable. By Theorem 2.3, this leads to the condition that 
1” € A3, which is inconsistent with the choice of the set A. Therefore, there 
is no computable indexing 7 for which /” € M19. Oo 


It is important to find some other criteria to decide whether it is possible 
to lower the complexity of index sets. 


3 Reducibility of computable 
indexing systems 


The concept of reducibility of computable indexings was introduced in §2. 
In this section we shall consider different types of reducibility of computable 
numeral systems (or computable indexings) and their properties, as well as 
the possible number of different computable numeral systems. 

Let a and ( be two computable indexing systems of a class K of construc- 
tive algebraic systems. Indexing a is reducible to indexing @ if there exists a 
general recursive function f(x) such that for any constructive system (IM, v), 
the inclusion f(/%) C I holds. (The notation is a < Z.) Indexing a is 
reducible to indexing in terms of local classes if there exists a general re- 
cursive function y(x) such that for any constructive system (Mt,v) € K, the 
following is valid: y(/°(L,)) C J*(L,), where L, is the local class defined by 
the system (N,v). We shall denote reducibility in terms of the local classes 
by a . B. 


Reducibility a < ( of indexing systems clearly implies the reducibility in 
terms of the local classes a < f:: 
2 


a<B > a<Z, 
é 


with the mapping function being the same. In general, the converse does not 
hold. One instance in which a<@ but a ¢ {, is the example used to prove 


the second part of Theorem 2.1, wherein the constructive system class is a 
local class, and consequently any indexing systems of this class are mutually 
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reducible in terms of local classes, and in addition, any general recursive 
function may be used as a mapping function. However, as will be shown 
below, such a class has infinitely many computable indexing systems which 
are non-computable in the sense of their reducibility. 


There is a limit function to map a into @ if there exists a A}-function 
f(x) such that an = B y(n) for each n € w. In this definition, the existence 


condition for a A$-function may be replaced by the existence condition for 
a general recursive function which has a limit, limp. y(n, 2), for each fixed 
value of x. Namely, there is a limit function for a to be reducible to # 
if there exists a general recursive function y(n, x) with the properties that 
limnoo Y(n, 2) exists, and 


arz=Ppy 
LF B iivn y(n,x) 


for each x € w. This kind of reducibility will be denoted a < #, and the 
function y(n, z) will be called a limit mapping function. - 


If there exists a general recursive function f(z) which bounds from above 
the number of value jumps in the sequence 


A(02); GU, Z) 0.53 Olt. 2) 5 cS, 


then the reducibility will be of limit bounded type (by means of f(z)). The 
function f(z) will be identified as a bounding one for a limit mapping function 
(or a majorizing one for a mapping function), or simply a majorant of the 
function y(n,z). It will be noticed that if f(x) is a majorant of a limit 
mapping function y(n,z) and f(x) < h(x) holds for each x € w, then A(z) 
will also be a majorant of y(n,z). Bounded limit reducibility of a to £, 


with a majorant being f(x), will be denoteda < . 
lim, f(z) 


It is clear that the notion of common reducibility of a to 8 implies that 
the bounded limit reducibility of a to G can be carried out, with a majorant 
being O(x) = 0. Generally, the converse is not true. 


Theorem 3.1 [25] There exists a computable class K of constructive models 
and computable indexing systems a, B and y of K such thata <8 <7, 


y¥<B, Ba, and y¥ fa, 


lim,1 lim,1 lim,1 


with K having infinitely many different computable indezing systems and the 
reducibility k < 7 being valid for any two K and n. 
lim,2 
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In this theorem, 1 and 2 are used to denote the general recursive identical 
functions 1(z) = 1 and 2(r) = 2. 

By a similar method, it is possible to show that for each n > 0 there 
exists a computable class K" of constructive models with the properties that 
the collection of different computable indexing systems of this class will be 


infinite, reducibility « < » will take place for any two « and n, and there 
lim,n 


will exist an (n + 1)-size chain of computable indexings of this class 
a <a <--» <a" 
for which a't! < a! for each i <n, but a't*+! ¢ a’. Here k(x) =k. 
lim,1 lim,k 


Finally, there is a bounded limit function to reduce a to f, i.e.,a < 8B, 


if there exists a general recursive function f(x) such thata < B. sain 
lim, f (x) 


Taking into account all the above, and the given definitions, the satisfia- 
bility of the following implications is obvious: 


ax<x<Broa < Boa =p, 


lim, f(z) r,lim 


For each reducibility type (<, = <, < and = <_) of computable in- 


lim’ rlim lim, f (x) 
dexing of the constructive model aa we shall define binary relations: 


axBo (a<B) A (B<a) 
aZB o (aSf) A (BSa) 
ax B oe (a < 8) A (8 < a) 


lim 


a= B + (a < B) A (B < a) 


rjlim 
a 6 (fa < A < a 
Sore ( ae Ps ) 


Theorem 3.2 


(i) The binary relations ~, ~, %, ® are equivalence relations. 
€ tim’ r,lim 


(ii) The relation ; a is not an equivalence relation. 
im, f(z 
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Proof. Reflexivity and symmetry of all the relations under consideration are 
obvious from their definitions. We shall verify the transitivity of +, noting 
that the verification for . is carried out similarly. 


Let a 6 and B & ¥, with v(x) being used to reduce a to 8, Yo(z) for 
B to a, w(x) for B to y, and W(x) for y to B. Then we have 


alg) C18, wWU2) CH, ga(2) Ce, and 217) CP. 
Vv Vv Vv Vv Y Vv Vv 


Whence 
proi( lL?) Ly and Poop2(17) S I? 

for each constructive system (IN, v) in the constructive algebraic system class 
under consideration. Thus, the general recursive function Y1o%1 specifies the 
reducibility a < y, and the function w2.y2 specifies the reducibility y < a, 
and hence a & ¥. 

When proving the transitivity of the relation ~, the index sets of type [? 
should be replaced by index sets of type /*(L,). 


Transitivity verification for the relations + and = is accomplished sim- 
m r,lim 


ilarly to the above, but a proper general recursive majorant should be found 
for the second relation. Hence we will be content to verify the transitivity of 
the relation & . 


r,lim 


Leta & Band @ & 4, with 
rim rjlim 


ax B Boe y, * B, and £8 ® a, 


~~ 
lim fi” lim, fo lim, fs lim, fa 


where f1, fo, fs and f, are the proper general recursive majorants. The nota- 
tions %1(x,y), a(z,y), Ys(z,y) and w4(z, y) are used for the proper general 
recursive limit mapping functions. The algorithm yi(n,z) = ¢2(n, y(n, 2)) 
will be used to specify the function y(n, zx) describing the limit reducibility 
of a to 2. This function is obviously general recursive. We also have 

lim ¥;(n,z) = lim y(n, lim y(n, z)). 

noo NCO N—>0O 


Whence 


Ar a B tim va(n.2) = Bas 


8 {lI 


Y tim v2(minz) FY lim, ve(m, lim. ¥(n,2)) 


= Y lim, v2(n, lim ¢1(n,2)) = Y jim ¢1(n,2)- 
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It is obvious that the function 


fi(z) 


hi(z) = So (felt) +1) 


7=0 


is a general recursive majorant of the function y,(n,z). Thus, we have 
a ®& y,and hencea < ¥. 
lim, hy r,lim 
A similar procedure is used to show that go(n,rz) = a(n, ¥3(n, 2)) 
is a general recursive function which accomplishes the limit reducibility 


~ a. Here, 
lim,ha 


f3(z) 
ho(z) = (fale) + 1) 


is a general recursive majorant of yo(n,z). Therefore y < a. 
r,lim 


Thus it is established that 


acy and ya, 


r,lim r,lim 
and hence a & ¥. 
rlim 
The second part of Theorem 3.2 is a consequence of Theorem 3.1, since in 
the latter it was shown that the relation ~ does not satisfy the transitivity 


im, 
condition. That is why the binary relation % will not in general be an 
equivalence relation. Hien Ske} Oo 


Two general recursive functions will be said to satisfy f(x) « A(a) if 
the set 


{x | h(x) < f(x)} 
is finite. Let a general recursive function f(r) be a majorant of some general 
recursive function y(n, x), and let f(r) x h(x). Then h(z) will obviously be 
a majorant of the general recursive function yi(n, x) derived from y(n, x) by 
redefining values within the finite set of arguments. 


The definition itself implies that the majorant is a non-negative function. 
If a function f(x) is available to majorize the general recursive function 
y(n, x), then for each x € w there exists limyi(n, 2). 
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The notations given below will be used for some classes of functions de- 
fined in terms of computable indexing numerals a and {, provided that 
a<p. 


lim 
I(a, 8) = {y(n, x) | y(n, x) is a general recursive function to accomplish 


the limit reducibility of a to B} 


AI(a, B) = {y(n, 2) | y(n, x) € II(a, 8) and a general recursive majorant 


is available for y(n, x) } 


M(a, B) = { f(x) | f(z) is a majorant of some function y(n, z) € AI(a, B)} 


It should be noted that the condition a < @ may be omitted, since for 

a ¢ @ it is quite natural that II(a, 8) = 9. am 
lim 

The relation « used above yields a partial ordering on the set M(a, {). 
Furthermore, if f(x) € M(a,8) and f(r) xh(x), then h(x) € M(a, fp). 

If f(x) x A(x) and h(x) « f(x) with f(x), h(x) € M(a,f), then these 
majorants are considered to be equivalent, f(z) A(x). This last relation is 
clearly an equivalence relation within M(a, 8). 


Theorem 3.3 
(i) Any finite subset in M(a,{) has an infimum and a supremum. 
(ii) If 0 ¢ M(a,), then there are no minimal elements in M(a, 3). 


(iii) Jf 0 € M(a,{), then the identity function 0(r) = 0 is the least element 
of the set M(a,). 


Proof. Part (iii) is obvious because of the non-negativity of majorant func- 
tions. 

To prove part (i), it will be sufficient to consider a two-element subset. 
Let fi(z), fo(z) € M(a,B). If fitz) fo(x), then the supremum and the 
infimum coincide with these functions. 

Suppose fi(r)# fo(x). Let yi(n,x) and ye(n, x) denote limit mapping 
functions in CI(a, 8) corresponding to the majorants f,(r) and f2(x). The 
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two functions ~(n, x) and w2(n, z) will be specified as follows. 


i(n,z) if fi(z) < fo(x 
tina) =f ) | filz) < faz) 
ga(n,z) if fi(z) > fo(z) 


yi(n,z) if fi(z) > fo(x) 
gon,z) if fi(z) < f(z) 


Each of these is a general recursive limit mapping function of CI(a, 3), since 


weo(n,r) = 


a, = B irr o1(n,2) = B tiem o2(n.2) = B tin a(n.) = B tiem v2(n.z)- 
The majorant h,(x) of yi(n, 2) is defined as follows. 


i if fi(z) S fo(z) 
hy(z) = 
fo(z) if file) > folz) 
Recursiveness of h,(x) is obvious. 
We will now show h;(z) to be the infimum of the set {fi(z), fo(x)}. Let 
g(x) x fi(x) and g(x) « fo(x), with g(x) € M(a, 8). The sets 
{z|9(z)>fi(z)} and {x | g(z) > falz)} 


are finite by the definition of x. Therefore their union 
{z | g(x) > fi(x)} U {2 | g(x) > fa(x)} 


= {x | (g(x) > fi(z)) V (g(2) > falz))} 
is finite. The equivalence (g(x) > fi(x)) V (g(z) > fe(x)) @ (g(x) > Ai(z)) 
is obviously valid. Therefore the set 
{x | g(x) > hi(z)} = {x | o(z) > Aa(z)} U {2 | g(z) > fo(x)} 
will be finite. Consequently g(x) « h,(2), i.e., Ay(x) is the infimum of f,(z) 
and fo(z). 


The procedure to show that h2(x) € M(a, ) and that h2(z) is the supre- 
mum of {f,(x), fo(x)} is similar to the above procedure for h,(z). 


The proof of part (ii) can be found in [24]. Qo 
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The majorant f(x) will be called attainable if there exists x € w such 
that in the sequence y(0,z),..., p(n,z),... there are exactly f(z) jumps 
of value. 


Proposition 3.4 There exists an attainable majorant for each y(n,z) in 


the set Al(a, f). 


Proof. Indeed, thee exists some majorant f(z) for the limit mapping func- 
tion y(n, rz) € Al(a,Z). If it is not attainable, then in the sequence 


y(0,r),--., p(n, 2),... 


the number of value jumps is strictly less that fo(2) = f(z) for each z € w. 
Therefore f,(z) = fo(z)—1 will also be a majorant. For each fixed zp € w, the 
number of value jumps in the sequence y(0, 70), --. , (nm, 20), -.- belongs to 
the set {0, ... , f(o)}. That is why the described fo(x)-to-f,(x)-transition 
procedure is not more that f(z9)-folded. Thus, for the proper k < f(zo), 
the function f,(x) = f(z) — k& will be an attainable majorant for the limit 
mapping function y(n, 7). Oo 


If “complexity” of a limit mapping function is conceived of as the number 
of possible value jumps of this function, then there is a chance to lower the 
“complexity” of a limit mapping function when performing the transition 
to some equivalent computable indexing of the initial class of constructive 
models. 


Theorem 3.5 Let a and 8 be computable indexings of a class K of con- 

structive algebraic systems, and g(x) be a general recursive function such 

that sup{g(z) |r Ew} =o. Ifa < B, with f(x) being some general 
lim, f(z) 


recursive majorant, then there exists a computable indexing y of K such that 
=aandy < 
lim,g(z) 
Proof. The procedure to construct 4 will be stepwise. The values of the 
subsidiary general recursive function w(t) will be determined simultaneously. 


STEP 0: Let yo = ao, Y(0) = 0. Proceed to the next step. 


Suppose that, the step ¢ having been completed, the value of p(t) is 
obtained, and y~-images of constructive numerations a9, @1,... , Qy(t) are 
known. 
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STEP t+1: If g(t +1) < f(w(t) +1), then 
Y= and p(t+1)= v(t). 
However, if g(t +1) > f(%(t) +1), then 
‘41 =Ayyi. and v(t+1)=H(t)41. 


Proceed to the next step of the construction procedure. 
The construction is completed. 


The construction implies that y < a. On the other hand, the number 
sequence in y, consistent with the constructs ag, @,,..., will form a re- 
cursive set. This is a consequence of enumerability of the set elements in 
strictly ascending order. For each 7, the numeration yn,, consistent with and 
autoequivalent to a, may be found effectively. Thus, the reducibility a < y 
is proven. Taking into account g(n;) > f(z) for i € w, it is obvious from the 


construction that y < £. QO 
lim,g(z) 


Corollary 3.6 Let a and 2 be computable indezings of a class of construc- 


tive models such that a < £ for some general recursive majorant f(x). 
lim, f(z) 
Then there exists a computable indering y of this class such that a = 7, 
< 8B for each fixed natural k. 
lim,(2—-k) 
Proof. It is sufficient, in the proof of Theorem 3.5, to take g(x) = [x—Ina] as 
a new majorant, and to “correct” the proper limit mapping function within 
the finite set which is dependent of k. QO 


On the other hand, the results just below demonstrate the existence of 
computable indexings having highly “sophisticated” limit mapping functions. 


Theorem 3.7 [24] Let a be a computable indezing of a class K of con- 
structive algebraic systems such that I7 C A C I°(K,), where (M,v) € K, 
|L,| > 2 and A ts a U$-set. Then for any general recursive f(x), there exist 
computable indexings B and y of K with the properties that y % £8 and 
Ca, 8) #9. ime 


Modifying the proof of this theorem shows that in K it is possible to find 
a computably enumerable family of computable indexings which are pairwise 


incomparable with respect to the bounded reducibility < . 
lim, f(z) 
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Theorem 3.8 (24] Let a be a computable indexing of a class K of construc- 
tive algebraic systems with the property that there exists a A$-set A such 
that If C A and I? C A, where (M,,v) € K, (M,,u) € K, M, = M, and 
v#£y. Then for any general recursive f(x), there exist computable indezings 


B and y of K with the properties that y £8 and AI(a,B)# @. 
lim, f(r) 

An analysis of computable indexings for a class of constructive systems 
show that when constructing a suitable equivalent computable indexing to a 
given one, it is possible to “raise the complexity” of a limit mapping function 
under certain conditions. 


Theorem 3.9 Let a and 8 be computable indexings of a class K of con- 
structive algebraic systems, and let g(x) be a general recursive function for 
which 

sup{g(z) | €w} = 00 and a £ @. 

lim,g(r) 
Then for any general recursive f(x) with the limit inferior lim f(x) = k such 
that, if limg(x) ts found, then k < limg(x) and there exists a computable 
indexing y of K with the properties that y=aandy <£¢ 8. 
lim, f(z) 

Proof. We shall determine the constructs 7; (i.e., effective enumeration 
systems) of the indexing 7 in a stepwise procedure. 


STEP t>0: Compute f(t). 


(i) If f(t) < k, then find the first numeral n; such that there is no 7 < t 
such that an, = 7%. Set y= Qn,. Proceed to the next step. 


(ii) If f(t) > &, then find the least n; such that g(n,) < f(t) and there is 
no z < ¢ such that an, = 7%. Set y = Qn,- Proceed to the following 
step. 


The construction is completed. 


Since lim f(z) = k, the set {zr | f(x) < k} is finite. The construction 
procedure does not appreciably depend on it. On the other hand, the set 
{zx | f(z) = k} is infinite. That is why part (i) of the procedure will be 
repeated infinitely. Then all the a,-numerations will be included in the 
construction of y as the numerations 7; = a,, provided 7 is chosen properly. 
Therefore y is a computable indexing of K. The equivalence y = a is easily 


established. 
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Note that for all t € w, the inequality f(t) < g(nz) holds. Here n; denotes 


a number which is obtained in step ¢, and for which 7; = Qn,. Suppose 
that the reduction y <  £ may be performed by using general recursive 
lim, f(z) 


function ~(s, 2), 1.e., Ye = B iim v(s2) and f(x) is a majorant for w(s,z). We 
shall define y(s,x) in the following way. For the chosen value of y in the 
construction procedure, the step ¢ is awaited such that 7, = a,. For all s, let 
9(s, y) = v(s, t). 

As has been noted above, each value of y has the corresponding value 
of t. The inequality f(t) < g(y) is valid due to the construction procedure. 
Therefore y(s, y) is a general recursive function, and it can be majorized by 
a general recursive function g(y) and can accomplish the limit reducibility 


a <  £. But this cannot be so due to the restriction placed on computable 
lim,g(z) 


aand 8. Consequently, y £ £. Oo 
lim, f(x) 


For any class K, there exists a partition into maximal subclasses L, of lo- 
cally injectable systems which can be used to specify the reducibility by way 
of local subclasses. The content of this reducibility concept for constructive 
model classes is similar to the content of reducibility of computable numer- 
ations of families of recursively enumerable sets, because each local subclass 
is actually specified by a suitable set of finite submodels. 


Without loss of generality, K may be considered to contain models of the 
signature a which contains only predicate symbols. It may be subdivided 
into finite parts 


09 Go, C++ Con Congr C+: Co such that ca Wee 
n=0 

It is obvious that there is a finite number of models of finite cardinality 
k for a finite signature o,. The notation 92°” will be used for a finite 
submodel of the model 92% which contains n elements and is restricted to the 
finite signature o,,. If It =, MN, then for these models, the sets of finite 
submodels for finite signatures are equal. That is why the local subclass L, 
of the class K having representative (9M, 1) is uniquely specified by the set 
of finite models {92”™ | n € w,m € w}. 

The number of non-equivalent computable indexings may be used as a 
characteristic of a computable class of constructive models. 
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Theorem 3.10 [21] Jf fora class K of constructive systems, the computable 
indezings a and 2 are available with the property that a fy, then there 
exists a computable indexing T of the same class such that 


att, y<T, and THY. 
t e 


Corollary 3.11 If for a constructive model class there exist two computable 
indezings a and y such that a $7, then this class has infinitely many com- 


e 
putable indexing systems which are non-equivalent with respect to local class 
reducibility. 


Proof. The proof consists of successive applications of the theorem estab- 
lishing the sequence 7 = y, 71 = 7,72, +--+ 57» Tn41,--- for computable 
indexing systems of the initial class, with 


To <T1 <+0+ << ™m <Trgi <cee, 


and Tras1 < Tm, @©LTn, for n Ew. Oo 
f 


Corollary 3.12 /f for a class of pairwise finitely distinct constructive models 
there exist two non-equivalent computable indexing systems, then this class 
has infinitely many pairwise non-equivalent computable indexing systems. 


Note that for a class of finitely distinct constructive models, each subclass 
of locally injectable systems consists of a single model. Therefore, for com- 
putable indexing systems of a class of constructive finitely distinct models, 
two distinguishable reducibilities coincide, i.e., a< 8 ei: This is an 
immediate consequence of Corollary 3.11. 


As has been noted, a class of finite models ‘is a particular case of a class 
of finitely distinct models. Therefore, the following corollary holds. 


Corollary 3.13 I[f for a class of finite distinct constructive models there exist 
two non-equivalent computable indexing systems, then this class has infinitely 
many non-equivalent computable indering systems. 


The concept of a class of finitely distinct systems is inconsistent with the 
concept of a class of locally injectable systems, that being a class wherein all 
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the models are locally mutually injectable. Although computable indexings 
of a class of locally injectable systems are mutually equivalent with respect 
to reducibility in terms of local classes, nevertheless, every such non-trivial 
computable class will always have infinitely many incomparable computable 
indexing systems in the sense of common reducibility. This fact is a conse- 
quence of a more general one. 


Theorem 3.14 [12] Let two models in a computable class K of constructive 
systems be (INL, v) and (M,., 4), and let an effective sequence of constructive 
systems be {(IN:,v;) | i € 1} where I is an initial segment of w, with the 
above satisfying the conditions 


) uzv, and U=V, 

) M, =1 M, 

(iii) V(M, A) Ee K Vt die J (MG M,), 
) We T~ {0} (Vi#v). 


Then the class K has infinitely many computable indexing systems which are 
incomparable with respect to reducibility. 


Corollary 3.15 /[f a class K is a non-trivial computable class of locally in- 
jectable constructive systems, then this K has denumerably many computable 
indexing systems which are incomparable with respect to reducibility. 


Proof. Really, the existence of the constructive models (IN,,v) and (M,,, 40) 
required by the theorem follows from the non-triviality of K, and / should 
be a one-element set, / = {0}. 0 


Corollary 3.16 /f a computable class K of construclive systems has a non- 
trivial local subclass L, and a model (N,,a) such that for any (IMs, B) € K 


ee é ; 
the injection Mg OM, exists, then K has denumerably many computable 
indexing systems which are incomparable with respect to reducibility. 


Proof. If I, AM, then we can let J = {0} in the theorem. However, if 


t 
IM, A M,, then we should assume / = {0,1} and My=V, =a. QO 
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The strongly constructive models are quite special in a class of construc- 
tive models. The concept of effectivity is completely realizable in these mod- 
els. In this light, it is of interest to consider computable and strongly com- 
putable classes of strongly constructive models. 


Corollary 3.17 If a computable class K of constructive systems contains 
the systems (IN,,v) and (M,,u) such that 


(i) VEL, Mt, =) M,, 
(ii) Ad-theory of the model M, is decidable, 


then K has denumerably many computable indexing systems which are in- 
comparable with respect to reducibility. 


Proof. Let D be a finite model. The subclass 
Ky = {(0.,a) |(Ma,a)EK A DOM} 


will be completely enumerable in computable indexings of K, and therefore 
it will be computable. Due to the decidability of the J-theory of Dt,, the 
finite model set will be effectively enumerable, with these finite models being 
non-injectable into IN,, so let D = {9 | D A M_}. Then the subclass 
Kp = U{Kp | D € D} will obviously be completely enumerable for each 
indexing of K, and it will be a computable class. Any system (30tg,8) € K 
which is locally non-injectable into (IN,,v) belongs to Kp, because for it 
there exists a finite model D such that D — Mg and DA M,. 

The class K, the constructive models (M,,v) and (M,, 4), and the com- 
putable class Kp U {(20,,v)} satisfy the conditions of Theorem 3.14, and 
that gives the verification of Corollary 3.17, as required. O 


Corollary 3.18 Let K be a class of constructive systems having decidable 
d-theories. If K has two non-equivalent computable indexing systems, then 
it has denumerably many non-equivalent computable indexing systems. 


Proof. Indeed, if K includes a non-trivial local subclass L,, then K and 
the two constructively non-isomorphic models (Mt,,v) and (M,,) in the 
subclass L, satisfy the conditions of Corollary 3.17. Therefore, in this case, 
K has denumerably many incomparable computable indexing systems. O 
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However, if every local subclass in K is trivial, i.e., is composed of a 
single model, then K will be a class of finitely distinct constructive models. 
Then, from Corollary 3.12, it follows that such a class has infinitely many 
non-equivalent computable indexing systems. 


Corollary 3.19 Let K be a class of strongly constructive systems which has 
two non-equivalent computable indexing systems. Then K has denumerably 
many non-equivalent computable indexing systems. 


Now we shall proceed to address the problem of the number of non- 
equivalent strongly computable indexing systems of a class of strongly con- 
structive models. 

Let K bea class of strongly constructive models of a given signature a. We 
shall introduce the predicate P,(y) for each formula y(y) of the signature o. 
The extended signature 


o' =a U{P, | y is the formula for the signature o} 


is defined. 
Each model 90 of the signature a may be extended to a model MN’ of the 
signature o’ in the following way. 


M — Pj(a1,.-., an) AME pla, ... , an) 


Proposition 3.20 A model (M,,v) will be strongly constructive if and only 
if (MN,,v) is a constructive model having a decidable 4-theory. 


Proof. Indeed, strong constructibility of (St,,v) follows immediately from 
the constructivity of (9,,v) because of the method of extending IN, up to 
MM, since the set of all the formulae of a given a is effectively denumerable. 

On the other hand, the constructibility of (M,,v) is also an immediate 
consequence of the method of its construction from the strongly constructive 
model (M,,v). Each 4-formula W’ of the signature o’ is easily and effec- 
tively transformable into a formula W of the signature o by way of replacing 
each predicate P, by its corresponding formula y. It is easily seen that the 
equivalence 


MEW oOMEY 


will hold. Whence, by reason of strong constructivity of (Mt,,v), we come to 
the decidability of 3-theory of the model (t,, v). Oo 
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Given a class K, let T = {(9,,v) | (L,v) © K}, and let some Gédel 
numbering of all formulae of signature o be fixed. Then for every strongly 
computable indexing ¥ of K, it is possible to construct a computable indexing 
7’ of T, i.e., having (IN,,,y), we shall construct, uniformly with respect to n, 


/—.,/ 


the model (9), ,7;,). Here the equivalence y; =7j 0 7: =; will obviously 
be valid. 

Conversely, according to Corollary 3.19, for each computable indexing 7’ 
of T, it is possible to construct effectively a strongly computable indexing 
of K. The general recursiveness of the characteristic function for the theory 
Th(S,,,) follows from the general recursiveness of the characteristic function 
of the set of formulae D(2,) and the equivalence below. 


ge TH(M,,) + DL, Feo, & Po Py € D(M,) 


This establishes a one-to-one correspondence between the classes of equiva- 
lent strongly computable indexing systems of K and the classes of equivalent 
computable indexing systems of T. Taking account of the fact that every 
model in T has a decidable 4-theory, Corollary 3.18 leads to the following 
result. 


Theorem 3.21 Let K be a class of strongly constructive algebraic systems 
having two non-equivalent strongly computable indexing systems. Then K 
has denumerably many non-equivalent strongly computable indexing systems. 


Proof. The class T will be specified on the basis of K as described above. 
Then T will satisfy the conditions of Corollary 3.18 by reason of the one- 
to-one correspondence described above. Therefore, T will have denumer- 
ably many non-equivalent computable indexing systems which are related to 


the denumerably many non-equivalent strongly computable indexing systems 
for K. Qo 


The next result demonstrates the mutual relationship between the number 
of computable indexing systems and the complexity of index sets. 


Theorem 3.22 [20] Let Ko be a subclass of the class K, and let (t,v) € Ko 
be a locally injectable model for K. If the index set I7(Ko) is not an m- 
complete II?-set for some computable y in K, then K has infinitely many 
non-equivalent computable indexing systems. 
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Now we can conclude with results about the possible number of com- 
putable indexing systems within the finite classes of constructive algebraic 
systems. 


Proposition 3.23 Let the computable class K of constructive algebraic sys- 
tems have two models (Q,a) and (B,Z), such that A> B with a#G, and 


let the class K~ {(2, a), (B, B)} be computable. Then K has infinitely many 


non-equivalent computable indexings. 


Proof. The computable indexing of K \ {(2,a),(%,3)} will be denoted 
by 7. Let y and v be some computable indexings of Ky = {(2, a), (B, 8)}. 
It will be noticed that 7 @ y and 7 @v will represent computable indexings 
in K. The constructive models (2, a) and (%, 3) bear indices only in accord- 
ance with y and v. Therefore, the equivalence 


(n®ySn@®v) + (y Sv) 
holds. 
The computable indexing of Ko defined by Yan = and Yen41 =A, for 


each n € w, will be taken as an example. Both Kg and ¥ satisfy the condi- 
tions of Theorem 3.22. Therefore, there exist infinitely many non-equivalent 
computable indexings for Ko, and consequently for K. O 


Theorem 3.24 If there are two non-equivalent computable indexing systems 
for a finite class of constructive algebraic systems, then there are infinitely 
many non-equivalent computable indexing systems for this class. 


Proof. Let the class 
K= {(Q;, a;) | i= eee ,n} 
of constructive systems with non-equivalent constructs (¢ # 7 + a; #aj;) 


contain two models, with one of them being locally injectable into the other. 
Then, according to Proposition 3.23, we obtain that K contains infinitely 
many non-equivalent computable indexing systems. DO 


The number of non-equivalent computable indexing systems of a construc- 
tive model class will depend upon the availability of computable indexing 
systems which are mutually irreducible in terms of a bounded limit function 
with a fixed majorant. 
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Theorem 3.25 Let computable indexings a and of a class K of construc- 
tive models satisfy the relations 


a<QZ, Ba, and B < a. 
lim,k lim, (k-+1) 


Then K has a computable indexing y such that 


OS) BL AS Oy: and sok a, 
lim,1 lim,k lim,(k—2) 


Corollary 3.26 [fa class K of constructive models has computable indezings 
a and 3 such that 


OSB, Boo oy, and Bf a, 
lim,(k+1) lim,k 


then the number of non-equivalent computable indexings of K is not less 
than [44] +2. 


It should be noted that the existence of a constructive model class with 
a finite number of non-equivalent computable indexing systems has not been 
established yet. That is why the question of the infimum for the number of 
non-equivalent computable indexing systems (considered in Corollary 3.26) 
remains open. 


4 Semilattices of computable indexings 
of the classes of constructive models 


As a computable indexing y of a class K of constructive algebraic systems 
is specified by a binary general recursive function, the set of different com- 
putable indexings of K will be at most a computable set. It will be denoted 


by J(K). In §4, it was shown that the relations ~, eee and = are the 
im rjlim 


equivalence relations within the set /(K). For a computable a € /(K), the 
notation [a], [a]e, [a}iim and [alin will be used for the respective classes of 
equivalent elements. 


The partial ordering [a] < [y] 4 a < ¥ will be established in accordance 
with the reducibility of computable indexing systems in the factor set 


L£(K) = I(K)/= = {[a]|a€ I(K)}. 
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As for any two computable indexings, there exists a supremum with respect 
to reducibility, then this same property holds for the order in the set C(I). 
Therefore, the order < having been established, the set C(IK) forms an up- 
per semilattice. This semilattice will be called the (upper) semilattice of 
computable indexings of the class of constructive models, the notation £(K) 
being the same. 


The definitions and notations for other types of semilattices are quite 
similar to the above. Reducibility < by local classes will correspond to the 
7 


upper semilattice £(K), limit reducibility < corresponds to Liim(K), and 
lim 
bounded reducibility < to £,(K). Ifonly the strongly computable indexing 


r,lim 
systems of a class K of strongly constructive models are considered, then an 


asterisk will be used in the notation: £*(K), £7(K), £j,,(K) and £%(K). 


The relation < is a more general one, whence all other (<, <, < ) re- 
é oii rjlim 


lim 
ducibilities follow. Therefore, the semilattices £e(K), Liim(IK) and £,(IK) are 
obviously factors of the semilattice £(K). Consequently, they have a number 
of properties in common. For example, the number of non-equivalent com- 
putable indexings of K may be used to characterize the cardinality |£(IK)| of 
the semilattice. Cardinalities of the different semilattices under consideration 
satisfy the following inequalities. 


[Liim(K)] < |£-(K)], — |£e(IK)| < |£-(K)| and |£¢(K)| < |£(K)| 


where 6 € {€, lim, r}. The outcome of Theorem 4.1 corresponds to a re- 
formulated Corollary 3.11. 


Theorem 4.1 [/f for a class K of constructive systems there exist computable 
indexings a and B such that a¢ B, then |Le(K)| = Xo. 
e 


Proof. Taking into account that the semilattice cardinalities are bounded 
from above by No, we come to the equality |Ce(K)| = |£(K)| = Xo, which is 
valid if the conditions of Theorem 4.1 are satisfied. im) 


Corollary 4.2 For any computable class K of constructive algebraic sys- 
tems, the semilattice cardinality |Le(K)| may take on one of only two possible 
values; 1 or Xo. 


The fact below follows from the other results in §4. 
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Theorem 4.3 There exists a computable class K on constructive models 


such that |£(K)| = 1 and |L(K)| = Xo. 
Similarly, the following follows from the results of §4. 


Theorem 4.4 There exists a computable class K of constructive models such 


that |Liim(K)| = |£,(IK)| = 1 and |£(K)| = Xo. 


Some results in the above sections concerning the number of computable 
indexing systems for classes of strongly constructive models or constructive 
models with decidable 3-theories may be formulated as follows. 


Theorem 4.5 Let K be a class of constructive models with decidable 4- 
theories. The computable indexing semilattice cardinality |£(K)| will be equal 
either to 1 or to No. 


Theorem 4.6 Let K be a class of strongly constructive models. The semi- 
lattice cardinalities |£(K)| and |L*(K)| will be equal either to 1 or to Xo. 


Different dimension types are known for the semilattices. The semilattice 
may be 


(i) of dimension n if it contains a sequence of n pairwise incomparable 
elements, yet any sequence of (n + 1) elements will contain comparable 
elements, 


(ii) of denumerable dimension if for any natural n, the semilattice contains 
n mutually incomparable elements, 


(iii) of effectively denumerable dimension (or enumerable dimension) if there 
exists a computable infinite sequence of semilattice elements which are 
mutually incomparable, 


(iv) of effectively infinite (non-constructive [34]) dimension if in any com- 
putable sequence of the semilattice, incomparable elements may be used 
to effectively generate an element in the semilattice which is incompa- 
rable to the elements of the computable sequence. 


Proposition 4.7 The above listed possibilities for the dimension of a semi- 
lattice are mutually distinct. 
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To distinguish between some particular classes of semilattices is a rather 
complicated problem. For example, the concepts of denumerable, enumer- 
able, and effectively infinite dimensions coincide [34] for the semilattices of 
numerations of the families of recursively enumerable sets. For the semilat- 
tices of computable indexings of constructive model classes, the result below 
is true, which shows the relationship between bounded limit reducibility and 
semilattice properties. 


Theorem 4.8 [26] Jf a class K of constructive models has computable in- 
dexings a and B such that 
a < 8B, 


‘ 3 
lim,27 


then the semilattice |£(K)| of computable indexings of K will be of enumer- 
able dimension. 


Corollary 4.9 Let a computable indexing a of a class K, a constructive 
model (N,v) € K, and a U$-set A satisfy |L,| > 2 and [2 C AC I°(K,). 
The semilattice C(K) of computable indexings of the class K will then be of 
enumerable (effectively denumerable) dimension. 


To verify the above, it is sufficient to assume f(x) be equal to 27° in 
Theorem 3.7, and to apply the theorem. 


Corollary 4.10 Let a computable indezing a of a class K of constructive 
systems, models (Mt,,v) € K and (M,,) € K, and the A}-set A be such 
that v#£p, M, =, M,, [2 C A and mes A. Then the semilattice L(K) of 


computable indexings of K will be of enumerable dimension. 


This result is an immediate consequence of Theorems 3.8 and 4.8. 


Let 6 € {A®, ©, 9 | n € wh}, and let W, denote the x-th recursively 
enumerable set. 

The set B will be called 6-simple in the set A if B C A and B € @, and 
if for each z € w the finiteness of W, follows from W, C AN B. If Bisa 
b?-simple subset of A, then it will be identified as a simple subset of the 
set A. 

It will be clear that a 0-simple subset always exists for an arithmetical 
set A belonging to the class 6. One example is the set A itself. However, 
a 9,-simple subset with 0; g 6 does not always exist for the 6-set A. For 
example, a productive set does not contain a ©?-simple subset. 


226 V. P. Dobritsa 


Theorem 4.11 [23] Let K be a computable class of constructive models, let 
+ be a computable indexing of K, (9NL,v) € K, |L,| > 2, and let the index 
subset I17(K,) contain a ©9-simple subset. Then the semilattice L(IK) of 
computable indexings of K will be of effectively denumerable dimension. 


Corollary 4.12 Let K be a computable class of constructive systems, let 
be a computable indexing of K, (M,,v) € K, |L,| > 2, and I7(K,) € AS. 
Then the semilattice L(IK) of computable indezings of K will be of enumerable 
dimension. 


Proof. In this case, the index set [7(K,) itself should be taken as the 
L$-simple subset. oO 


Now, using a computable indexing a of the class K, the semilattice 
L£(K) will be analyzed to identify the sub-semilattice C£(K,a), which in- 
cludes classes [y] from £(K) such that 7 < a. If the semilattice £¢(K) is 
to be considered, then the sub-semilattice £¢(K,a) will be identified in the 
same way. 

Now, let a and £ be computable indexings of K, and let a < f. In the 
semilattice £(IK) we define the sub-semilattice £(IK, a, 8) which includes the 
classes [y] from £(K) such that a < y < @. The sub-semilattice L(K, a, 3) 
is specified in the same way. 


Theorem 4.13 There exists an effective functor which correlates each con- 
structive model MN, to a recursively enumerable set O(IMN,), and transforms 
any computable class K of constructive models into a corresponding com- 
putable family S = {®(M-_) | (ML,v) € K} of recursively enumerable sets, 
and maps each computable indexing a of K into the corresponding com- 
putable indering a’ of the family S in such a way that 


(i) if K ts a computable class of constructive finite models, then the 
functor ® generates the isomorphism L(K) = L(S), 


(ii) if a is a computable indexing of a class K of finitely distinct con- 
structive models, then the functor ® generates the isomorphism 


L(K, a) = L(S, a’), 


(iii) if a and B are computable inderings of a class K of constructive 
models, and a<{3, then the functor © generates the isomorphism 
2 


L£e(K, a, B) = L(S, a’, ’). 
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Without loss of generality, the signature o of the models under consider- 
ation may be restricted to consist of only predicate symbols. The notation 
On © o is used for a sub-signature containing at most n predicate symbols 
from a, with 


oo 
0, © a2 C03 +++ Can Cong © -°: Co and a= bho 
n=1 


There exist a finite number of models of a given finite cardinality k of a finite 
signature o,. For such models, to check for isomorphism or, being the same 
thing, to check for coincidence of their diagrams, is completely effective. 


It is possible to choose an injective Godel numbering of the finite models 
of cardinality k of finite signatures ¢,, such that all the models of the signature 
o, are enumerated first, then the models of o2, etc.. The order of numerations 
corresponds to the increasing n of the signature on. If beginning from some 
n, we have o, = Onze for & € w, then for each finite cardinality k there will 
be a finite number of models of this signature. 

Let 

foe) 

aia 

i=1 
be an effective partition of the set N of natural numbers into an infinite 
sequence of infinite recursive sets R;. Let the Godel numbering of finite 
models of signatures a, be fixed in such a way that only the numbers from 
the set Ry, are used to number the models of cardinality k is accord with the 
above procedure. The abbreviated notation D, will be used for the finite 
model having Gédel number r in this fixed numeration. 


An arbitrary constructive model (90t_,v) of the signature o will be asso- 
ciated with the recursively enumerable set 


o(M,) = {r|D, 9 M,}. 


The functor ® is the desired one; the verification of this can be found in [23]. 


In part (iii) of Theorem 4.13, it was stated that the factor L,(K) of 
the semilattice £(L) (“locally”, within the class boundaries [a] and [(]) is 
similar to the corresponding segment of the semilattice £(S) of computable 
numerations of the proper family S of recursively enumerable sets. However, 
the structure of the semilattice C(K) itself may significantly differ from the 
structure of the semilattice £(S). For example, if K is a computable local 
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class of constructive systems, then S includes only one set, and |£(S)| = 1. 
However, for a non-trivial class K, we will have |£(K)| = Xo, which follows 
from Theorem 4.15. 

At the same time, all semilattices of computable numerations of recur- 
sively enumerable sets may be represented as semilattices of computable in- 
dexings of a constructive model class. This is a consequence of a stronger 
result. 


Theorem 4.14 [20] For each computable family S of recursively enumer- 
able sets, there exists a computable class K of constructive algebraic systems 
IM, which are constructed effectively on the basis of recursively enumerable 
sets A € S, and this class has the property that it establishes a one-to-one 
correspondence between the computable numerations y of the family S and 
the computable indexings y' of the class K, and the following conditions hold. 


(i) Ma, is an autostable constructive system, 
(ii) Ly = (Ma), 


(iii) the model IN, may be used to effectively enumerate the corresponding 
set A, 


(iv) yo poy se’. 


Corollary 4.15 For each computable family S of recursively enumerable 
sets, there exists a computable class K of constructive algebraic systems such 


that L(S) = L(K) = £2(K). 
To conclude, some problems for further investigation will be formulated. 


(1) The spectra of possible cardinalities for various semilattices of construc- 
tive model classes should be found. 


(2) It should be examined whether there is any possibility for the semi- 
lattices of computable indexings of constructive model classes to be 
represented as the semilattices of the numerations of proper families of 
recursively enumerable sets. 


(3) The degree of distinctions in cardinality and structural properties be- 
tween the named semilattices of computable indexings of a single class 
of constructive models should be analyzed. 
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Chapter 5 
&—Definability of Algebraic Structures 


Yu. L. Ershov 


The notion of the L-definability of an algebraic structure in an admissible 
set was introduced in the author’s article [4] as a generalization of the notion 
of constructivization. 

Below, we use notions and facts from the theory of admissible sets or, 
generally speaking, KPU-models, following [5]. All the model-theoretic no- 
tions we use can be found in [2, 6]. Let A be a KPU-model and vy : B > M 
be an A-numbering, i.e., a mapping of a U-subset B of A onto M. 


Definition 1 An n-ary predicate P C M™ on M is called 
(i) a &,-predicate if 
{(b,,..-, bn) [BE BY", (vb, ..., vb,) © P} = v'(P) 
is a L-predicate; 


(ii) a A,-predicate if P and M" ~ P are ¥,-predicates. 


Let IN = (M, P3",..., P®") be an algebraic structure with signature 
(Po, ..., Pm") (for the sake of simplicity we consider here only the case of 
relational signatures). 


Definition 2 An A-numbering v : B —> M of the universe of IM is called 
an A-constructivization of the structure IN if the equality predicate and all 
the predicates P™, ... , P™ are A,-predicates. 

A structure 30 for which there exists at least one A-constructivization is 
called A-constructivizable. 

A pair (N,v), where vy : B + M is an A-constructivization of the 
structure MM, is called an A-constructive structure. 
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Remark 1 In the case where A is HF(@), the notion of an A-constructi- 
vizable structure coincides with that of a constructivizable structure, while (if 
HF(@) and w are identified as in Section 2.1 of [5]) the notions of an A-con- 
structivization and of an A-constructive structure differ from the well-known 
ones only in the fact that an arbitrary nonempty recursively enumerable set 
(and not only w) can be taken as the domain of the constructivization. 


It is possible to give an equivalent definition of an A-constructivizable 
structure which is based on the notion of “definability” well-known in model 
theory. Let t= (M, P35", ..., P™) be an algebraic structure with signa- 
ture (Pen eg PO) 


Definition 3° MM is called definable in A if there exist formulas 


Vo(xo) ’ Wi(zo, x1) ’ ®o(z0, rr) Pees) gotten ©, (20, ee) Px 1) 


(with parameters in A), such that Mp = WA[zo] 4 @ and 7 = W4[x0, 21] MB 
is a congruence on the algebraic structure 


tye Cog Pe POY, 


where 
Mo _, aA ; ; 
Fe OF teed oss Baa) A Aes ign, 


and the structure I is isomorphic to the quotient structure INo/7. (In this 
case we say that the system of formulas Vo, V,;,®o,..., ©, defines MN 
in A.) 


We recall that 7 is a congruence on IM if 7) is an equivalence on Af and, 
for any 1 <n and ao, ... , dm,-1, bo, --. » bm,-1 € Mo such that (a;,6;) € 7 
for 7 <_m;, we have 

(a) € Pm = (be PM. 


Definition 4 A structure IN is called U-definable in A if there exists a 
system of U-formulas 
Wo, Ur, Po, ..., On, VE, O5,..., OF 
such that Ug, V;, Bo, ... , ®, defines M in A, and 
WrAlzo, 11] 0 M2 = Mex ¥Alzo, 21], and 


O74[z9,..., 2mj-1] 0 Mt = ME ~ O4[20, ..., tm,—r) a 


where My = WA{z]. 


IN 
3 
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Remark 2 Let Mo C A, and let P C Mf be an n-ary predicate. If we 
refer to P as a A-predicate on Mo in the case that there exist “-formulas 
(xo, .-., Pn-1) and ®*(x9, ... , Zn_1) such that 


P= O4fZ]9 M2 and M2. P = OA] 9 M2, 


then it is possible to give another equivalent definition of D—definability. (The 
u-formulas Uy, 3, ..., ®* in the above definition “confirm” the equiva- 
lence.) 


Definition 5 A structure 9 is called U-definable in A if there exists a 
sequence of /-formulas Vy, UV, , &o,... , ®, which defines Mt in A, and for 
which the predicates U#[ro,2,],..., OA[Z],..., 7 < n, are A-predicates 
on Mg = WA{zo]. 


Proposition 1 An algebraic structure IN is A-constructivizable if and only 
if it is L-definable in A. 


Proof. Let )!t be U~definable in A, and Vo, V1, Oo, ... , ®y be a sequence 
of ©~formulas which defines SM in A; 


Mo = WAlzol, 
n = Wi[z0, 21) N MZ, 


PR = Ole, ...,2mnai] A Mm, i<n 


Mp Mog Pe ae oP, 


Let y : Mo/n — M be an isomorphism. We define an A-numbering 
vy: Mo — M by setting v(mo) = ¢y({mo]), mo € Mo, where [mo] is the 
class of elements of Mp that are 7-equivalent to the element mo. A routine 
verification shows that the A-numbering constructed in such a way is an 
A-constructivization of the structure 2. 


Conversely, let St be A-constructivizable, and let vy : B — M be some 
A-constructivization of the structure 92. Since B is a N-subset of A, there 
exists a U-formula Vo(zp) such that B = WAl[z]. Since v : B > M is an 
A-constructivization of S02, the relations 
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m = {(bo, b1) | bo, 61 € B, vbyg = vby}, 


Qo = 1(0n6<3s 4 Dig 1) | boy oon. o Oma e 2: (bij es Vor AV eS}, 


Qe Ln ssccat Oiaget) [Ong sag bagene By Libny s025 POme)-e Bt 
are A,-predicates. Consequently, there exist E-formulas 


W1(zo, @1), 
Wi(2o, 21), 
Do(z0, ee | Ping=i); 


5(z0, 2 ye ig Pig =) 


®,,(z0, aa | Lmn-1)s 


7 (z0, sey Cyst) 
such that 
7 = Ui {[z0, x], B? ND = Wr[ro, 24}; 

Qo = blz, ste yg Paetls Bron Qo = OeA[z0, ) Pinb— tls 

Qn = Plz, sey in als Bm “XN Qn = @*A[z0, see yg Poy uca|s 
It is not hard to verify that the system of H-formulas Vo, V;, 0, ..., On 
defines 9M in A. The existence of -formulas Uj, 05, ... , ®* shows that It 
is U-definable in A. Oo 


The following claim is an interesting consequence of this (uninteresting) 
proposition. Let o, = (¢, €’). 
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Proposition 2 /f an algebraic structure M of signature o is A-constructi- 
vizable, then there exists a KPU-model B of signature 0; Uo with set of 
urelements M, such that (B[ M) [o=M, and B is S-definable in A and 
“has the same ordinals” as A does. If A is an admissible set, then B is also 
an admissible set. 


For the proof of this proposition we refer the reader to Section 3.4 of [5]. 


Corollary 3 Jf A is an admissible, set and the algebraic structure IN is 
A-constructivizable, then the ordinal o(A) is IN-admissible. 


The definition of an 92-admissible ordinal can be found in [1]. It is well- 
known that if IN is a constructivizable algebraic structure, then the 3-theory 
Th(IN)3 of this structure is recursively enumerable. It is easy to see that if 
M is constructivizable, then HF(M) is also constructivizable. Hence the 
d-theory Th(HF(92))3 (and moreover, the U-theory Th(HF(M))s) of the 
admissible set H F(t) is recursively enumerable. 

If SN is A-constructivizable, and A is a sufficiently “large” admissible 
set, it is possible to indicate, using infinite formulas, a larger fragment of the 
theory of the structure IN which is effectively “enumerable” in A. We outline 
a description of the syntax and semantics of this ©*-logic of an admissible 
set B of signature (6, €?;,,b€ B, Pi"’,..., P™). 

The variables Vg = {x | 6 € B} are coded as follows: Laps = (0,6), 
be B. The constants are coded as follows: Lc, = (1,b), b € B (we assume 
that cg = @). 


We first introduce the notion of a Aj-formula. Simultaneously, we define 
the code of a Aj-formula. 


(1) By elementary formulas we mean formulas of the forms to = t1, to € ty, 
and Pi(t;,...,tm,;) for i < n; they are Aj-formulas and have the 
following codes: 


cfg = tu = (25 0, cto, ity), 
tg Ets = (2, 1, ctou, ity), 


LP hiv ntt tar = CAR ean ene ot SR ton. 


(2) If ® is a A$-formula, then —@ is a Aj-formula and its code is (3, .®.). 
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(3) If ® is a family of Aj-formulas such that .6s s {L 6s] @ € S} € B, 
then A(®) and V(®) are Aj-formulas, and their codes are defined as 
follows: 


LA(®)s = (4,3), 
LV(®)s = (5, 4). 
(4) If ® is a Aj-formula, z is a variable, and ¢ is a term, then Vr € t © and 
dz € t® are Aj-formulas, and their codes are defined as follows: 


Lr €¢ O41 (6,24, cts, L®5), 
cde et Os s (7,25, cts, -B.). 


Something is a Aj-formula if and only if it is contained in the set gener- 
ated by rules (1)-(4). It is easy to establish that the set Ag of all codes of 
Aj-formulas is a A-subset of B. 


We now introduce the notion of a ©*—formula. 


(1) Every A§-formula is a £*-formula, and its 5*-code coincides with its 


A5-code. 


(2) If ® is a family of 5*-formulas such that LGs = {LO | & € &} € B, 
then A(®) and V(@) are ©*-formulas and their *~codes are defined 
as follows: 


LA(®)s ss (4, Ba), 
LV(®)a Ss (5, ra). 


(3) If ® is a O*-formula, z is a variable, and ¢ is a term, then Vz € t ® and 
de €t® are ©*-formulas and their codes are defined as follows: 


LWz €£O5 S (6,124, cts, LO4), 
var 6404 = (7, v9, cts; c8). 


(4) If ® is a U*-formula, and X is a set of variables such that LXs 
{iri | 2 € X} € B, then (3, X, ®) is a Y*-formula, and its code is 
defined as follows: 


Lek xX, ®)4 3 (8, LX4, L®.). 
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The set &* of all codes of /*-formulas is a A-subset of B. For any 
&*-formula ©, it is natural to define the set FV(®) of free variables of ®. 
For any such formula, LFV(®). € B. To any element a € B, we can assign 
a mapping 7. : V + B from the set of all variables {z, | 6 € B} into B by 
the following rule: given x,, if there exists a unique element c € B such that 
(Lvp4, c) = ((0, b), c) Ea, then y(x5)  c, otherwise yq(zp) = @. 

By induction on E*-formulas, we define the relation B F ©®[y,] of the 
truth of a formula ® in B under the interpretation y.. This is defined as 
usual. We must only specify the case in which ® = (4, X, 8). BE ©[y,] 
is true if and only if there is a function f : ¥ > B such that f € B and 
BE W[yq] for a’ Ss (aX Xx BUF. 

The following theorem on the L-definability of the truth of ©*~formulas 
is not hard to prove. 


Theorem 4 The predicate 
Tree = {(-®s,a) | ® is a S*-formula, BF ®[y]} 
is a %-predicate in B. 
Corollary 5 /f IN, A, and B = BM) are the same as in Proposition 2, 
then the %*-theory of B(QN) is a “Si-subset” of A. 


In the sequel, our attention will be focused mainly on the /-definability 
of structures in admissible sets of the form HF(I2) for models MN of suffi- 
ciently simple theories T. It is useful to obtain beforehand information on 
definability in such structures. The following assertion turns out to be useful. 


Proposition 6 [f § < HF(9N), where § is an elementary submodel of 
HF(N), then H has the form HF(M’) for a suitable model IN’ <M. 


We give a sketch of the proof of the fact that predicates of the system 
MM which are first-order definable in H F(t) can be described by (infinite) 
formulas of the language L,,, |. 


Let n € w. We set 
n = HF(n(= {2/1 €n})), 


Ho = HF(®) C HC -:-, 


U 8. = HF(w). 


new 
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For any n € w, # € Hn, mM € M” we define an element x(m) € HF(M) in 
the following way. Let Am :n — M be defined as follows: Ag(2) = mi, 2 <n, 
where ™ = (mo, ... , Mn-1). The mapping As can be uniquely extended to 
a mapping A¥%.: 9, = HF(n) > HF(M), so that 


A({ao , tee 9 ax} = {AZ(a0) pest Az(ax) } 
for any set (not urelement) {ao,..., a} € HF(n). Let 
x(m) = AZ(x). 


Given any element x € Sn, it is possible to define effectively a term 


t(21, ey In) 
of the signature (@, { }!, U?) such that, for any m,...,m, € M, 
tHF(M)(m.,..., ma) = 27). 


Let y(%, y) be a formula of the language of the signature 0; U 0’, where o’ 
is the signature of the structure It. We assume that the variables in the list 
= correspond to urelements of the structure HF(2M) (i.e., to elements of the 
structure IM), and variables in the list ¥ correspond to arbitrary elements 
of HF(9%). The formula y,(z,y) of the language L., ,., of the signature 
o’ U (@, €, { }', U?) is constructed from the formula y as follows: 


1) if y does not contain quantifiers, then y. = », 


2) if =9oq%1, then y. = (Y0)« ¥ (y1)*, forge {A, V, >}, 


( 

( 

(3) ify = yp, then y. = 7(y0)., 

(4) ife =Qzryo, then y. = Qz(yo)., for Q € {V, J}, 

(5) if e = Jyyo, then y. = Vicy (Vaeqq 221 °** Sen ((¥0)*)t ay)» 


(6) ify =Vyyo, then pe = Anew (Kae Var, --: Vtn ((p0)»)2¢3))- 


If y(%) does not contain variables from the list 7, then neither does y,(Z). 
For any terms to and t, of the signature o’ U (@, { }!, U?), with variables from 
the list F, it is possible to write effectively quantifier-free (finite) formulas 
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Wi, .t,(Z) and ©, 4,(Z) of the signature o’ such that to = t; =Hrm) We a 
and to € t) =Hrom) ®1,1,- For any pair of terms to and ¢, of the signature 
(6, { }1, U?), with variables from the list F, we define formulas ®,,,;, and 
W,,,1, of the empty signature such that 


FV(®,, ,1,) = FV(,, 1.) = FV(to) U FV(t1) 
and 


tn lye ety] es. [onl Dien (yh 


HF : ; 
tS (MM) ,{ } Ly] 


j{EFOR) { ).U)p 


{BRO LIM T os JOM E Waly] or 


IN 


HF(o),{ }, 
a = eM] 


for any interpretation y : FV(to = t,) > ||. Let 7 denote the sentence 
Jdu(u = u), and let uo and wu; represent variables from the list T. We define 


for to = uo: 
if t; =u, then ©,, 4, = 77, Wuy,u, = (uo = 41), 
if t; = @, then ,,.9 = 77, Vio.g =T, 


ty = {i}, then ©. ,4, = Ve upr Vay = 75 
ift, = (t U tt), then Pu. = ®...4 Vv ,,.,17, Wao sth = T; 


for tpg = @: 
if ty = U4, then D6 a =—7T, Vo uy —7T, 
if t) = 9g, then 95.9 — “1h, Vs.0 = T, 


if ¢; = {t)}, then Og.4, = Vy gAUg 4, Von, = 7, 
if t; = (t, Ut7), then 4, = O54 VOe.u, Vo. = 7; 

for to = {to}: 
if ¢) =u, then ®,,.4, 2-77, Viovu, 277, 
if t; =, then ©, ger-r, UV, g=77, 
ift,={t}, then OSV AWy 9, Von = Ox ns 
if t) = (¢, Udy), then O14, = Big. VO, Vtove, Oe vt 
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for to = (tg U tg): 
if t) =u, then: O74, 4 ry We ia = 
if 4) = @, then ©,..9 = 77, Ving = Vy oA Vir o, 
Ht} then ®1,,4, = Vig. Vio, = Ve, A Vert, 
if t; = (t, Uet7), then 1, 4, = Oi, VO, Vio, = Ve AV ey: 
We set Wi, 4, S Wiot, A Ve, ,19- Using the formulas UF, and ©, 1,, we 


transform the formula y,.(%) into a formula y”(Z) of the language L,,, . of 
the signature o’ such that 


~(Z) =H) 9" (Z). 


Then p#FO)[z] = y*™{z]. Using this transformation and Karp’s theorem 
(7, Theorem 9.10], we arrive at the following proposition. 


Proposition 7 Let Mo and IM, be w-saturated models. If Mo = My, then 
HF (No) = HF(M,); of Mo < M1, then HF (My) < HF(M,). 


Definition 6 A model IN is called saturated enough if there exists an w- 
saturated model 92, such that No < WM, and HF(Mo) < HF (My). 


Corollary 8 Let No and MN, be saturated enough models. If Mo = Mh, 
then HF (2M) = HF (M1). Lf Mo < M1, then HF (Mo) < HF(M,). 


Proof. The assertion follows from the definition, Proposition 7, and the 
existence of w-saturated models. O 


Remark 3 In any saturated enough model 2, any (not necessarily com- 
plete) arithmetic type of formulas with a finite number of quantifier alter- 
ations is realized over a finite Mo C |92|. The author does not know whether 
this condition is equivalent to being saturated enough. 


Remark 4 Any complete theory T (of a countable language) with infinite 
models has a countable saturated enough model. This fact follows from the 
Lowenheim-Skolem theorem, Proposition 6, and the existence of w-saturated 
models of the theory T. 


Any complete categorical theory T has sufficiently many w-saturated 
models. 
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Proposition 9 /f a theory T is complete and w-categorical, then any model 
of T is w-saturated. If the theory T is complete and uw,-categorical, then 
any uncountable model of T is saturated (and, in addition, w~saturated ). 


Proof. The first assertion follows from the Ryll-Nardzewski theorem on 
the characterization of w-categorical theories (see {2, Theorem 2.3.13]), or 
more exactly, from the fact that there is a finite number of types over any 


finite set. The second assertion is well-known. (see, for example, [2, Corol- 
lary 7.1.15}). oO 


Remark 5 Not all countable models of w,-categorical theories are saturated 
enough. For example, the following claim is true. 


Let T be the theory of algebraically closed fields of characteris- 
tic 0. If Fo, FL ET, then HF (fo) = HF(F;) if and only if either 
Fo and F, both have infinite transcendence degree over Q, or the 
transcendence degrees of Fo and F, over Q are finite and equal. 


Theorem 10 Let IN be a saturated enough model. If ho,hy € HF(M), 
then the types tup(m(ho) and tyrimy(hi) coincide if and only if there exist 
n Ew, # © Hn, Mo,7™, € M” such that ho = (Mo), hy = x(77), and 
tn(77%) = ton (771). 


Proof. 
Necessity. Let ho, hi € HF (9) and 


turcany(ho) = tyrcamy(’1). 


Let sp ho (the support of ho) have n elements: spho = {m®, ... , m?_,}. It 
is easy to see that the support of h, also has-n elements, and there exists 
x € H, such that ho = x(m®°), m° = (mo, ...,m®_,), and hy = x(m') 
for a suitable m' = (mj, ..., m_,). Furthermore, for any formula y(Z) € 
tm(m°), there exists a permutation o € S, of the set n such that y(Z) € 
tmn(o(m')), where o(77') = (mM) ig), --- , Mq—1)) and Ay = x(o(7')). But 
then there exists o € S,, such that hy = x(o(m!)) and to(m®) = tmx(o(m™m')). 
Indeed, if such o does not exist, then for any o € S, such that hy = 
x(o(7A)) there exists y,(Z) belonging to tox(™m®) but not to tyx(o(7™m')). Let 


y(Z) = Noesx po(Z), where 
S¥% = {a|o0€ Sy, x(o(m')) = hi}. 
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Since yo(Z) € ton(™m®°) for all o € S%*, it follows that p(T) € tm(m®). As 
already mentioned, there exists a9 € S*% such that y(Z) € ton(oo(m')), but 
oo(Z) ¢ ton(co(m')). We arrive at a contradiction. Hence there exists 


ao € S* such that 
tox(™®) = tox(o(™')) 
and hy = x(a(m')). 
Sufficiency. Let # € Hn, m°,m! € M", and tgy(m®) = tm(m'). Using 


Propositions 5.1.7 (ii) and 5.1.8 of [2], we find an elementary extension JN’ of 
the model 9M which is a special model. 


Since IN’ is w-saturated, it follows that HF (92) x HF(M’). Then 
toy(™°) = tox(m°) = ton(m') = tyy(™m") 


and, since IN’ is special, there exists an automorphism y of IN’ such that 


y(m°) = m!. We extend y to an automorphism y” of the model 9 = 
HF(N’). Then 


g*(x(m°)) = x(p*(m)) = x(p(m®)) = x(7'). 
Consequently, ty(2(™°)) = tg((m')), and 
tume(any(2e(™°)) = ty(2e(M°)) = ty(>(TH')) = twr((7')). 


The theorem is proved. oO 


By special admissible sets we mean admissible sets of the form HF (2), 
where 9M is an algebraic structure which is a model of a simple theory T’. 
The preceding shows that many questions about admissible sets of the form 
H(t) can be reduced to the corresponding ones about the structure M. 
On the other hand, such admissible sets present examples of structures for 
which there is a natural notion of computability without conditions on the 
cardinality of structures. Thus, if R denotes the field of real numbers, then 
the notion of U—definability in HF(R) is a reasonable “computability over R”. 
However, the notion of “simplicity of a theory” requires refinement. One of 
the required features of a simple theory is its regularity in the sense of the 
following definition: 


Definition 7 A theory T of the (finite) signature o’ is called regular if it is 
decidable and model complete. 
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Remark 6 In a model complete theory T any formula is equivalent to an 
4-formula (see (2, Proposition 3.17]). If T is also decidable, then such an 
4j-formula can be found effectively. 


The theories Th(R) and Th(Q,) of the fields of real and p-adic numbers, 
respectively, provide examples of regular theories. However, it is hard to 
consider such theories as simple ones because they have many nonconstruc- 
tivizable countable models. 


Definition 8 A theory T is called simple if it is a regular w-categorical 
theory whose set of complete formulas is decidable. 


The condition of w—categoricity means the uniqueness (up to an isomor- 
phism) of a countable model of the theory. The model completeness and the 
decidability of the set of complete formulas guarantee the autoequivalence of 
all constructivizations of this countable model (see [3]), i-e., the “uniqueness” 
of the computability theory for countable models of such theories. 


We now turn to the question of the possibility of (D—)definition of classical 
objects, the fields C and R of complex and real numbers, in special admissible 
sets. We first consider the case of the simple theory Tp of an infinite structure 
with empty signature, i.e., models of the theory To are presented by infinite 
sets without any additional structure. We assume that some uncountable 
algebraic structure IM = (M, ...) is defined in HF(S), where S is an infinite 
set. Let ag,...,@m € S be all the urelements appearing in the definition 
of SM as parameters and let @ = (ao, ... , dm). Let Vo(xo) and W(x, x1) 
be formulas from the definition of IM in HF(S) such that Mp = wars) [xo], 
n= VO, x1] M M2 is an equivalence on Mo, and there exists a one- 
to-one correspondence (induced by an isomorphism between II and Mo/7) 
between M and Mo/n. 


With any n € w and » € Hy, we associate the sets 
T. = {b | be S", HEF(S)F Wo(+(a, b))}, 
M, = {x(a,b)|bET..} / (51 {<(@,6) |b € T.}’) 
and the relation 


5, = {(8°,8') | B,6' € T., HIF(S) F Uy (>(a,8°), x(a, 6"))}. 
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Then M,, C Mo, 6, is an equivalence on T,,, and |M,,| = |T,,/6.|. We 
note that since S is saturated enough, Theorem 10 implies that the set T,, 
and the relation 6, are closed with respect to types over @, i.e., if be T,, 
b € S” and t(say() = t(s,ay(b - then 6 € T,,, and if (B°, b') € 6, and 
t(sz)(6°, b') = t(sy(d°, d') for some d°,d' € S", then (d°,d') € 6,. It should 
be noted that the following obvious relation is valid: 


Mo => U U M,, = U M,,. 
n xEHn xE€HF(w) 


Since M is uncountable, we can find n € w and x € %, such that M,, is 
uncountable. Then there exist pairwise unequal 


BO inch BL ce OVE 9x Neg cae) 


so that 1+m+k=n, x(G,B°), x(@,b!) © Mo, and (2(G, 6°), x(a, b')) ¢ n, 
where 6° = (69, ... , b&), bt = (b},... , ot). Without loss of generality, we 
can assume that there exists a uniquei, 1 <i < k, such that 6? 4 6}. Indeed, 
let us consider the following sequence of collections of k elements. 


B= 09, ..., Be; 


1 40 oO. 
Dig Dy ase Ope 


bt, ..., bt, be 


iflocce 


oO. 
» OF; 


Each collection differs from the neighboring one by at most one element, so if 
for each neighboring pair b, b the pair (2(a, 6) , (a, b’)) belongs to 7, then the 
pair (2(a, 6°), (a, b')) must also belong to 7 since 7 is an equivalence. We 
note that +(@,b) € Mo for any collection 6 from this sequence. This follows 
from the fact that the types of the elements »(a@, 6°) and x(a, 6‘) coincide. 
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Hence we can assume that there exist b;, ... , bh-1, bk, BL, € SN {ao,... , am} 
such that 


(2¢(G, b1,..- 0-1, be), 2¢(G,b1,.-- ,dk-1,04)) € 7. 
Now for any b £ U’ ¢ {G@,by,... ,b4-1}, the fact that 
tisay(d1,--- , be-1, bk, bi. -. 5 be-1,8,) = tes.ay(d1,.-~ 5 be-1, 8, 01,... , be-1, 8’) 
implies (as mentioned above) that 

(x(G, bi... 0-15), %(G, b1,..- ,be-1,6')) ¢ 7. 


It should be noted that any permutation a of the set S uniquely defines (lifts 
up to) an automorphism a* of the admissible set HF(S) where 


a*(s) = a(s), s€S, 
O"({81505+48nt) = {o*@),-<.,a°(8n)};- {e1).5+ :9n} € HES) S. 


If a [ {a} = idyg, then a* induces an automorphism on the structures 
Mo and Mo/n. The following proposition is a consequence of the above 
considerations. 


Proposition 11 [f an uncountable algebraic structure IR is definable in 
HF(S), then the automorphism group Aut(Mt) of the structure IN contains 
a subgroup G that is isomorphic to the symmetric group Sym(S) of all per- 
mutations of the set S. 


Proof. Indeed, if x, @, b;, ... , bg-1 have the same meaning as above, then 
any nontrivial permutation apo of the set 


So = S~ {@, by,... soni} 


extended to S by letting ao(@) = @, ao(bi:) = by, ..., ao(be-1) = de-1, 
induces a nontrivial automorphism on 2/7. Thus 


Aut(IMo/7) ~ Aut(Mt) 


contains a subgroup isomorphic to Sym(So) ~ Sym(S). QO 
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Corollary 12 The fields C and R are not definable in HF(S) for any set S. 


Proof. Indeed, the field R has no automorphisms, and the field C has no 
automorphisms of finite order greater than 2. QO 


Remark 7 It is easy to see that if the field R is definable (©~definable) in 
the KPpu-model A, then C is also definable ("-definable) in A. 


Hence Proposition 11 is a serious obstacle to the definability of uncount- 
able structures in admissible sets of the form HF(S), where S is an infinite 
set. 

We now consider the simple theory 7; — the theory of dense linear or- 
ders without endpoints. Let L be a dense linear order without endpoints. We 
describe a general model-theoretic construction in terms of which we state 
necessary conditions for the definability in HF(Z) of an uncountable struc- 
ture (see Proposition 16 below), and a necessary and sufficient condition for 
the D-definability in HF(L) of uncountable models of a given theory (see 
Theorem 17 below). 

The category “*w is defined as follows. Its objects are the sets of the form 
[mn] = {0,1,...,n—1}, n € w ([O] = 9), and its morphisms are order- 
preserving embeddings. It should be noted that there is a unique morphism 
from [0] into [n] for any n € w. 


Definition 9 By a *w-spectrum, we mean any functor S from the category 
*w into the category Mod* of algebraic structures (of some fixed signature c) 
whose morphisms are all possible embeddings. 


To define a *w-spectrum S, it is necessary to give an infinite sequence 
Mo, My, ... of algebraic structures of signature a, and associate with each 
order-preserving embedding p : [n] > [m] an embedding ps : Mtn + Mm so 
that, if wo : [n] + [m] and p, : [m] > [k],n < m <k € w, are morphisms 
of the category *w, then (j410)* = fisxHo«, and if yw: [n] — [n] is the unique 
morphism from [n] into [n] (= id{y), then p. = id, : Mn 4 Mn, n Ew. 


If the *w-spectrum S = {M,, us |n Ew,  € Mor*w} has been defined, 
then for any linearly ordered set L, it is possible to define the algebraic 
structure Mz, (IMF) as a direct limit lim Mt, of the spectrum 

Lo 


{My , Pio t, | Lo C Li CL, Ly is finite}, 
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where M,, = Mt, if Lo © L is finite and |Lo| = n, and the embedding 
PL Li : MN, > M,, is defined for finite Lo C L; (C L) as follows: if 
Ly = {lo<li<-++<UIm1} and Lo = {li, <li < +--+ <hi,_,} 
(in which case 0 < ig < ty < +++ <in_y < m), and p: [n] > [m] is defined 
as p(j) = 1; for 7 <n, then 
Plo,L, = Px? Ly = Wn > i = IN: 
If L C LI’ are linearly ordered sets, then the structure Dt, can be identified 


with a substructure of Jt, in a natural way. 


Remark 8 Any isomorphism between linearly ordered sets L and L’ induces 
an isomorphism between It, and Mtz:. 


Proposition 13 /f L C L’ are dense linear orders without endpoints, then 
Mr < Mr. 


Proof. For countable L’ the assertion follows from [6, Proposition 24.2]. 
The case of an arbitrary L’ is proved by the application of the Tarski-Vaught 
theorem on elementary embeddings. oO 


Corollary 14 If L and L’ are dense linear orders without endpoints, then 
Mr = My. 


Let fo and y, be morphisms from [1] into [2] such that po(0) = 0 and 
fi(0) = 1. The condition 
Hox # Hix (*) 


is sufficient for |IRF| > |L| to hold for any linearly ordered set L. Indeed, 
let € € M, be such that o.(€) 4 wi.(€). For any linearly ordered set L, and 
l € L, we define the corresponding embedding py; : Mey = MM, + Mz, and 


let €& = yu(€). Then / 4 I’ implies & A € and |L] = |{& | 1 € L}| < |MzI. 


The following model-theoretic claim is stated without proof. 


Proposition 15 Let S be a “w-spectrum such that pos(€) # t1«(€) for some 
& € M,, and let L be a dense linear order without endpoints. Then 


{& | le L} 


is a set of indiscernible elements of the structure Nz, (with order induced 


by L). 
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Proposition 16 Let 9M be an uncountable algebraic structure defined in 
HIF (L) for some dense linear order L without endpoints. Then there ez- 
ists a *w-spectrum S such that pow # [1«, all the models No, W1,... of 
this spectrum are countable and isomorphic, Mo < IN, < --- < M, and for 
any embedding yu : [n] > [m], the embedding p. : Mr > Mn is elementary. 


Proof. The preceding analysis of definable sets shows that there exist k € w, 
x € HF(k), and sequences @,6 € L* that have the same type over (L,@), 
where € are constants appearing in the definition of Nt in HF(L) (we can as- 
sume that {c} C {@}N{b}), such that >(@), (6) € Mo and (+(@), «(b)) € nx. 
Then a  b, and we can show (in a similar way to the proof of Proposition 11) 
that there exist such @ and 6 so that a; # 6; for a single number i < k (a; = 6; 
for 7 < k, 7 #7). For definiteness, we will assume that a; < b;. We suppose 
that ag < a, < +++ < ax_y, and0 <i<k-—1. Then q; < b; < aj41. 


By the Lowenheim-Skolem theorem, we can find a countable elementary 
submodel HF(L°) < HF(L) such that {¢} C {a} U {b;} C L°. Since L° 
is a dense linear order, there are elements dz, d3,...,dn,... such that 
b; < dg < dx <-++ < dy <... < aj4 1. We set do a; and d, = b;. Then 


aj < dg < dy < dy < +++ << dy S++ < ajay. 
We set 6,4 S [dk, de41), k €w, and 
Ln % (—00,do) U d9 U-++U bay U [ai41, 00) = (—00,d,) U [a;41, 00) 


(define Lo = (—00, do) U [a;41, 00)). 


From the above definition, it is clear that LZ, is a countable dense linear 
order without endpoints which is isomorphic to L° over {é}. Let IN, be an 
algebraic structure definable in HF(Z,) by the same formulas (and param- 
eters ¢) as Min HF(L). For any n € w we fix an isomorphism between 
linearly ordered sets Yn : bn = [dn,dn41) > 50 = [do, d;) (such an isomor- 
phism exists because 6, and dg are countable dense linear orders with least 
elements but without largest elements). For n = 0 we set yo = ids,. For 
n,k €w let gay, : bn + 6, be an isomorphism between linearly ordered sets 
which is defined as follows: gnx = ~;'Yn (we note that Yan = ids, and 
Pri = Pk Pn,k for n, k,l € w). 


Let  : [nm] — [m] be a monotone embedding of [n] = {0,...,n — 1} 
into [m] = {0,...,m — 1} (ie., w is a morphism of the category *w). 
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Corresponding to this embedding, we assign the monotone embedding 
zi: L, — Ly» uniquely defined by the following relations: 


Et Lo = idy, Blo = Prey fork<n 


(we note that L, = [Ip Udo U---U5,_1). It is easy to verify that up ++ p is 
a functor from *w into the category of linearly ordered sets with monotone 
embeddings (i.e., idin] = idz,, and A = FA for pw : [n] > [m], 2: {/] > [n]). 
For a monotone embedding p : [n] + {m], the embedding # : Lr > Ly 
(identical on {€}!) induces elementary embeddings p’ : HF(L,) + HF(Lm), 
and pt. : My + Mm. It is easy to check that uw + p, is a functor from 
*w into the category of algebraic structures that are isomorphic to INo with 
elementary embeddings as morphisms. 


It remains to check that fo. # fis. By definition (do = a; and d; = 
b;), we see that x(@) € Ly, wo(s(@)) = x(@) and pi (s(@)) = x(b) yes 
Fi,(do) = dy = b; and 7i,(d;) = a; for j < k, j #1). Since (x(a), x(b)) ¢ 
for HF(L), this fact remains valid for HF(L2) < HF(L). Thus, o.([2(@ ¥). = 
[2<(@)Jn A [2(b)]n = H1-([2¢(@)))- 


Proposition 16 gives a necessary condition for definability in HF(L), 
where L is a dense linear order without endpoints. It turns out that the 
effectivization of this condition is already a necessary and sufficient condi- 


tion for }-definability in HF(L). 


Definition 10 A system of numberings y, : w + My, n € w, is called a 
computable sequence of constructivizations 


(Mo, vo), (Wt1,%1),---, (Mam), ---, new, 


if the following conditions hold (we assume that the signature o of the struc- 
tures Mo, M1, ... is finite and without function symbols): 


(1) E = {(n,mo,m1) | n,mo,m1 Ew, Va(mMo) = Ynz(m1)} is a A-predicate 
on w, 


(2) Np = {7% =(no,n1,... me) | 7 E wEt, (vy, (11),--- Yao (M%)) € PM } 
is a A-predicate on w for any (k-ary) predicate symbol P € 0; 


(3) for any constant symbol c € o there exists a L-function fp: w > w 
such that c™ = vy, f.(n). 
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Every morphism yu : {n] — [m] of the category *w is uniquely defined 
by the number m and the subset y([n]) C [m]. This remark allows one 
to define a one-to-one correspondence p* : A — Mor*w between the subset 
A= {n|[né€w, r(n) < 24} Cw and the set Mor*w, provided that n € A 
is assumed to code the morphism u : [k] — [l] such that | = /(n) and r(n) 
is the number of the subset y([k]) C [] = [l(n)] in some standard listing of 
finite subsets of w. (Here / and r are such that n = (I(n),r(n)).) It is evident 
that A is a A-subset of w. 


Let S = {Mn, us» | nr €w,u € Mor*w} be a *w-spectrum. 


Definition 11 By a constructivization of S we mean any computable se- 
quence of constructivizations 


(Dto, Yo), (Dh, 1), -.., (Mam), es nEw, 


together with a D-function f : A x w —> w such that, for any n,m,k € w 
and p : [n] > [m] € Mor*w, if n* € A is such that p*(n*) = p, then 
[aly (Kk) cS Umf(n*,k). 

A *w-spectrum S is called constructivizable if there exists a construc- 
tivization for it. 


Theorem 17 Let L be a dense linear order without endpoints. A theory T 
has an uncountable model S-definable in HF(L) if and only if there exists 
a constructivizable *w-spectrum S satisfying condition (*), and such that 
mse T. 


Proof. Let 0 be an uncountable model of the theory T which is L—definable 
in HF(L) for some dense linear order L without endpoints. 

Acting as in the proof of Proposition 16, we find x, @,b, L°, do, d3,..., 
and so on. Since L® is a countable dense linear order without endpoints, it 
is isomorphic to the set Q of rational numbers with the natural order. From 
this, the existence of a constructivization v : w +> HF(L°) of the admissible 
set 


HE(L°) (~ HF(Q, <)) 


follows. Since Mo is -definable, the set v~!(Mo) = {n|n €w, v(n) € Mo} 
is a -subset of w. The predicate 


{(n, m) | n,m €w, v(n),v(m) € Mo, (v(n), v(m)) € n} 
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is a A-predicate on v~!(Mo). The predicate 
y(p™) = {(m,..., me) | ni ew, (v(m), ..., u(me)) € po} 


is a A-predicate on v~'(Mo) for any (k-ary) predicate symbol P € oc. 

The elements dz < --- < d, <-:-, for n € w, of the set L° (for which 
b; < dy < aj41 for all n € w) can be chosen so that there exists a L—-function 
d:w —>w such that vd(n) = d, for all n € w. If the substructures M,, 
n € w, of the structure M are defined as in Proposition 16, then it is obvious 
that the corresponding *w-spectrum has a constructivization. (We only need 
to choose uniformly effective isomorphisms Yn : dn > 60, Nn Ew.) 


Conversely, let S be a *w-spectrum such that IR} & T for (any) dense 
linear order L without endpoints. Let 


(ONG, Yo) 5-200) (Dn Madoc ks new, 


and let f : A x w > w be a constructivization of this *w-spectrum. We 
sketch the proof of the E~definability of the model MZ in HF(L). Let Lo = 
{lo <--- <ln-1} CL be a finite subset of the set L, 


Te = Upistesla a ee EF 
(for n = 0 we set Lo = @). Let 


Mp, = {(Lo,k) | k ew}, 
NL = {((Lo, ko) ; (Lo, k1)) | ko, ki € w, Un(ko) = Un(ki)}, 


PP = {((Lo,h1),.-. » (Lo, km)) | bi, --+ 5 hm Ew, 
WAAR )iy.5eetalhan)) € pe 


for each (m-ary) predicate symbol P € a. For c € o we choose k € w so 
that c™ = v,(k) and set CM = (Lo,k). Then nz, is a congruence on the 
structure 

mo, = (M?,,...,P™o,...,c%@,...) 


0 


and the quotient structure 9,, = M~, /n1, is isomorphic to My. Let 
Lo C Ly, C L be finite subsets of the set L, 


Lo = 4p. S14}, y= ie eS ad 
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and 0 < jo < --- < jn-1 < m be such that J; = U. for 1 <n. Now 
let w = pro,z, : [2] > [m] be the morphism of *w such that p(z) = 3; 
fori <n. Then the embedding p. : Mt, — Mn defines the embedding 
Hi, : Dr, + Mtr,. On the set 


M° = U{MZ, | Lo C L is a finite subset of L}, 


we define the equivalence relation 7 € (M°)? as follows. Then for (Lo, k), 
(11,1) E M°, we set ((Lo, k), (£1, l)) En if 


(HLo,L2)= ([(Lo, ky Int) = (HLL. x ({(Zi, ne, ) 


for Lz = [Lo UL}. It is easy to verify that n(M?.)? = nz, for finite Lo C L. 
Taking into account that Zo C Ly C Le C L implies pz..1, = ML, ,L HLo Li 
(for a finite Z2) and using the definition of a “w-spectrum, we obtain the 
following equivalence: 


((Lo,k), (Z1,1)) € 7 & there exists a finite subset Lz C L, 
such that Lo U L, C Ly, 
and (HLo,L2)=([(Lo, k) nz, ) = (H1y,L2)=([(Li, !)Inz, )- 


Owing to this equivalence, it is not hard to check that 7 is an equivalence 
relation on M°. Furthermore, 7 is a congruence on the algebraic structure 


om? 
m° = (M°,..., U{P™ | Lo C Lis finite},...,¢ %,...). 


The quotient structure IN°/n is isomorphic to M7. 

It is not hard to verify that the set M° is a A-subset of HF(L), and 
the relation 7 and predicates |) {P™o | Lo C L is finite}, P € o, are A- 
predicates on HF(L). To this end, it is necessary to use the properties of 
constructivization of the *w-spectrum S, and the remark that a A-subset 
(subset) and a A-predicate (X-predicate) in = w,0,s,+,-, <) are 
the same in any admissible set. Theorem 17 is proved. Oo 


Regarding this theorem, the following conjecture arises. 


If a theory T has an uncountable model that is X-definable in 
HF (90) for an algebraic structure M with a simple theory, then 
the theory T also has an uncountable model that is U—definable 
in HEF(L) for some dense linear order L. 
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We indicate an example of the application of Theorem 17. Let Q(ao, ai, ...) 
denote the purely transcendental extension of the field Q of rational numbers 
regarded as a linearly ordered field such that for n € w, all elements of the 
field Q, = Q(ao,... , Gn-1) (we set Qo = Q) are infinitesimal with respect 
to the element a,. Such an ordering is unique, and there exists a single-valued 
constructivization 


y:w—> (Qlao,...,4n,.-.|n Ew), <) 


such that n + v~'(a,), n € w, is a U-function on 2. 

Let R* be the real closure of the ordered field (Q(an |n € w), <). Then 
there exists a constructivization v* : w + R* that “extends” v. We note that 
the embedding Q(a, | n € w) > R* is a morphism from (Q(a, | n € w),v) 
into (R*,*). 

If R*, n € w, is the algebraic closure of Q, in R*, then n — (v*)~/(R*), 
n € w, is the computable numbering of a ©-subset of w, which allows us to 
construct a computable sequence of constructivizations 


( 0>%0) 5 eae) (Ri, %n)> 


such that the embeddings R* C R* are morphisms from (R* , v,) into (R*,v*). 

Let ys : [n] > [m] be a morphism of *w. The embedding yp’: Qr + Qn 
such that p’(a;) = a,:) can be uniquely determined from y. It is an order- 
preserving embedding. Consequently, it induces the uniquely defined embed- 
ding #: RX — R*,. Therefore, the structure 


{R*, BE | n€w, p € Morw} 


is a *w-spectrum which is constructivizable. Indeed, the sequence of con- 
structivizations 


(Ros 4) 52s (Rhy a)s ay. RE W; 


was given above. We can assume that all the constructivizations v, are single- 
valued. Then the functions f, such that (v,(l)) = umf,,(0) for any | € w are 
uniquely determined from p € Mor*w. These functions are /-functions and 
the corresponding function f : A x w — w such that f(n*,k) = fus(ns)(k), 
n* € A, k €w, is a X-function. Hence the *w-spectrum 


{Ri 7 |n€w, p € Mor'v} 


is constructivizable and, by Theorem 17, the structure R}°, being the real- 
closed field of cardinality |Z|, is X-definable in HF(Z). 
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Corollary 18 If L is a dense linear order without endpoints of the power of 
the continuum, then the field C of compler numbers is =-definable in HF(L). 


Proof. Indeed, in HF(L), some real-closed field R of the power of the 
continuum is U-definable. Therefore, its finite extension R(z), the algebraic 
closure of R, is also definable in HF(Z), and R(2) is isomorphic to C. QO 


Neither Proposition 16 nor Theorem 17 can help in solving the question 
of the definability (“-definability) of a concrete uncountable model. By 
Corollary 18, the field C of complex numbers is D~definable in HF(L) for 
any dense linear order L of the power of the continuum. But what about the 
definability of the field R of real numbers? 


Proposition 19 The field R is not definable in HF(L) for any dense linear 
order L. 


Proof. If R is definable in HF(L) for some dense linear order L, then it 
is possible to choose two countable suborders Lg < L, (~ L) such that 
Lo contains all the parameters from the definition of R in HF(L), and if 
Ro and R, are subfields of R defined in HF(Zo) and HF(Z,) respectively 
(in the same way as R in HF(L)), then Ro < R, < R. Since Ro and R, 
are different countable subfields of R, they are not isomorphic (since R is 
Archimedean). On the other hand, there exists an isomorphism between Lo 
and L, (preserving parameters). Consequently, it must be that Ro ~ Ri. 
The contradiction thus obtained proves the proposition. Oo 


Remark 9 Using a similar argument, we can prove that the field Q, of 
p-adic numbers is not definable in HF(L) for any dense linear order L. 


We establish a general fact which implies that R is not D-definable in 
HF (L) for any linear order L. 


Definition 12 An algebraic structure IM of finite (recursive) signature 
is called locally constructivizable if for any finite family of elements 
do,.-., 4, € M, the 4-theory Th3(M, a) of the structure (IM, ao, ... , an) 
is recursively enumerable. 


Remark 10 A structure IM is locally constructivizable if and only if, for 
any do,...,@n € M, there exist a constructivizable structure MN and 


bo, --- bn € N such that Th3(M, a) = Th3(M, 6). 
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The decidability of the theory Th(9t) and its categoricity with respect 
to some cardinality is a sufficient condition for the local constructivizability 
of IN. In particular, all models of simple theories are locally constructivizable. 


Proposition 20 /f IN is locally constructivizable and N is S-definable in 
HF(N), then N is locally constructivizable. 


Proof. The assertion is obtained from the above remark and the following 
general fact: 


If M is constructivizable, and ag,..., @Qn-1 € M, then the -theory 
of the structure (HF (IN), (@)),cuF(n) is recursively enumerable. Oo 


Remark 11 Any two infinite linearly ordered sets have the same 3-theory, 
whence any linearly ordered set is locally constructivizable. 


Corollary 21 The field R is not Y-definable in HF(L) for any linear 
order L. 


In conclusion, we give an example of a complete decidable theory only the 
simple model of which is locally constructivizable. Let E = {0,1}* be the 
set of all finite sequences formed by 0 and 1. The signatureo = {P! |e € E} 
consists only of unary predicates. The theory T is defined by the choice of 
an infinite recursive binary tree D(C F) with no infinite recursive branches 
(an example of such a tree can be found, e.g., in [8]) and by the following 
system of axioms: 


Ve Pa(z), 

Va (Peo(x) V Per(z) + P.(x)), € € EB, 

Va ((Peo(t) 4 >P.ai(x)) A (P(x) 4 >Peo(z))), € € E, 
dz (P.(x) A>Peo(t) A7Pei(z)), € € D, 

V2>P(2), ©€ EXD, 


Va Vy (P.(2) A >Peo(2) A >Pex (2x) 


A Py) An <0(y) Aa (y) +2 =y), ec E. 
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Chapter 6 


Autostable Models and 
Algorithmic Dimensions 


S. S. Goncharov* 


In the theory of constructive models, the study of types of different effec- 
tive representations of models is, together with the existence problem, one 
of the principal problems. In the basic notions of constructive models we 
will follow the paper of Ershov and Goncharov “Elementary Theories and 
Their Constructive Models” in this volume, and [11, 12, 14, 32]. Following 
Mal’tsev’s approach to the definition of effective representations of models 
through enumerations, we arrive at the natural notion of recursive equiva- 
lence (Kolmogorov equivalence) between numberings [13, 44]. 

Let (N,v) and (Mt, wz) be two enumerated algebraic structures. The num- 
berings v and yu of the algebraic structure 0 are said to be recursively equiv- 
alent if there exist recursive functions f and g such that v = wf and p = vg. 
It is obvious that for constructivizations v and y it suffices to require the 
existence of a recursive function f such that v = wf. We note that any con- 
structivizable structure 2, whose group of automorphisms has cardinality 
of the continuum, has continuum many non-recursively equivalent construc- 
tivizations. Thus, in spite of the simple algorithmic structure of a countable 
atomless Boolean algebra, we obtain continuum many non-recursively equiv- 
alent constructivizations. 


Proposition 1 Two constructivizations of an algebraic structure A are re- 
cursively equivalent if and only if, for any P C A’, 


v-'(P) ={(n,m) | (vn,vm) € P} is recursive <=> 


u'(P) = {(n,m) | (un, um) € P} is recursive. 
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However, we consider abstract structures up to isomorphism. Mal’tsev 
[12, 14] has introduced the suitable notion of autoequivalence in this case. 
Two numberings v and yp of an algebraic structure 2 are said to be autoe- 
quivalent if they are recursively equivalent up to automorphism, i.e., if there 
exists an automorphism y of 2 such that yy and p are recursively equivalent. 
In this case, we obtain the following corollary. 


Corollary 2 Two constructivizations v and u of an algebraic structure A are 
autoequivalent if and only if the same subsets of A*® are recursive in (,v) 
and (A, w) up to automorphism, i.e., if and only if, for any P ¢ A?, 


v-\(P) = {(n,m) | (vn,um) € P} is recursive <> 
there exists an automorphism yp such that 


ul (p(P)) = {(n,m) | (pun, pum) € P} is recursive. 


Uspenskitand Semenov [59] considered a more delicate notion of equiva- 
lence, involving not all subsets P C AS“, but only algebraic ones. A subset 
P C A“ is called algebraic, or stable, if for any automorphism ¢ of 2% and 
any n-tuple (a1, ... , an) € P the n-tuple (y(a1), ... , y(an)) belongs to P. 


Two constructivizations v and yp of a structure 2 are called algebraically 
equivalent if for any algebraic subset P C A<”, v~'(P) is recursive if and 
only if u~'(P) is recursive. 


In the case of autoequivalence, the decision procedure for v~!(P) allows us 
to define uniformly a decision procedure for w~!(y(P)) for an automorphism 
y of the structure 2 such that yy = p. However, such a uniform construction 
is in general impossible in the case of algebraic equivalence. 


On the class Con(9) of constructivizations of the model IM, we can in- 
troduce the following reducibilities [59]: v <« pe (Kolmogorov reducibility) 
if there exists a recursive function f such that v = wf; and v < p (autore- 
ducibility) if there exists an automorphism y of IN such that yy <K pw. We 
say that v is uniformly reduced to p (v <y p) if for some computable oper- 
ator F we have F(x,-1(s)) = Xv-1(s) for all S € St(IN) (where St(M) is the 
set of stable relations of IN and ya is the characteristic function of A); that 
v is programmedly reduced to p (v <p p) if there exists a partially recursive 
function f such that if y, is the characteristic function of the set u—1(S) for 
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S € St(M), then yen) is the characteristic function of the set v~!(S), where 
Ym denotes the m-th partial recursive function; and that v is algebraically 
reduced to p (Vv <aig ft) if every stable relation of IM which is decidable under 
the constructivization py is also decidable under the constructivization v. 

The above notions were defined in [18], together with that of restricted 
algebraic reducibility <ai,, n > 1, (the case in which only m-ary alge- 
braic relations, m < n, are considered). In [18], a sufficient condition for 
the equivalence between algebraic reducibility and n-algebraic reducibility 
was obtained. With the help of this condition, models for which algebraic 
reducibility and n—algebraic reducibility are equivalent were indicated. 

Let be one of the above reducibilities (algebraic, programmed, or uni- 
form reducibility, autoreducibility or Kolmogorov reducibility). Two con- 
structivizations of a model IM are called A-equivalent if each is \-reduced to 
the other. The number of classes of \~equivalent constructivizations of IN 
is called the A-dimension of IN (A~dim(IM)). A model of A-dimension 1 is 
called A-stable. 


Proposition 3 [18] 


(1) For anyn > 1 there exists a model MN such that algebraic reducibility 
and n~algebraic reducibility are equivalent on Con(Mt) and such that, 
for anym <n, the following relation holds: 


m+l1 = Alg,-dim(M) < Alg,-dim(M) = Alg-dim(M) = n+l. 
(2) There exists a model A such that, for any n, we have 


Alg,-dim(2) < Alg-dim(2) = w. 


Proposition 4 Let v and pu be two constructivizations of the same algebraic 
structure. 


(1) If v ts recursively equivalent to u, then v is autoequivalent to p. 
(2) If v is autoequivalent to p, then v is uniformly equivalent to p. 


(3) If v is uniformly equivalent to py, then v is programmedly equivalent 
to p. 


(4) If v is programmedly equivalent to p, then v is algebraically equivalent 
to p. 
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In [16, 17], the concept of structures of A-reducibilities of a model IN 
was introduced as follows. Each A-reducibility relation defines a preorder on 
the set Con(2) of constructivizations of I. Similarly, each A-reducibility 
relation induces a partial order on the set of all classes of \-equivalent con- 
structivizations (or, in general, of numberings of a given class, e.g., positive 
numberings, constructive numberings, negative numberings, and so on). In 
[17], such a partially ordered set for a model IM was called the structure of 
A-reducibility of It. We note the following obvious properties. 


Proposition 5 


(1) The structure of autoreducibility of any model is an at most countable 
antichain. 


(2) The structure of A-reducibility of any rigid structure coincides with its 
structure of autoreducibility. 


Theorem 6 [17] For any at most countable cardinal a, there exists a model 
M whose structure of algebraic reducibility is a linear order of cardinality a. 


In [16, 19] it was shown that the following structures can be realized as 
structures of algebraic reducibility: 


(i) finite Boolean algebras, 
(ii) certain upper semi-lattices which are not lattices. 
Question 1 Describe all possible finite structures of algebraic reducibility. 
The following relations between algorithmic dimensions hold: 
Alg-dim(9t) < P-dim(IM) < U-dim(M) < A-dim(M) < A-dim(M) 


In 1979, Uspenskifand Semenov posed the following problems and sug- 
gested that they be studied both in the general case and in the case of classical 
classes of algebraic structures. 


(1) The problem of relations between algorithmic dimensions: 


(a) Are there constructivizable models for which one of the signs < 
above can be replaced by the sign < ? 


(b) In which cases can the sign < be replaced by the sign = ? 


Chapter 6 Autostable Models and Algorithmic Dimensions 265 


(2) The problem of possible spectra of algorithmic dimensions: “What 
sets of numbers can serve as sets of algorithmic dimensions of algebraic 
structures (for each kind of dimension defined above: algebraic, pro- 
grammed, and uniform dimensions, Kolmogorov dimension, and auto- 
dimension)?”. 


The first nontrivial example of relations between algorithmic dimensions 
and a proof that algebraic, programmed, and uniform dimension and au- 
todimension coincide for Abelian groups of a certain class were obtained in 
(39, 40]. In [51], the relations D,(V..) of linear dependence of n elements of 
an infinite-dimensional vector space V,. were studied. It was shown that 


Alg-dim(V.) = P-dim(Vs,) = U-dim(V,,) = A-dim(V) = w. 


In (39, 40], algebraic, programmed, and uniform dimension and autodi- 
mension were studied in the general case: for each pair 41, A2 of the above 
algorithmic dimensions, give a constructive algebraic structure 90 for which 


Ai-dim(M) # A2- dim(M). 
Theorem 7 [40] 
(1) There exists an algebra U such that 
U-dim(4) = 1 < A-dim(U) = w. 
(2) There exists an algebra B such that 
Alg-dim(B) = 1 < P-dim(8) = U-dim(B) = A-dim(B) = w. 


Problem 1 Construct a programmedly stable but not uniformly stable con- 
structive algebraic structure. 


In [16, 17], partially ordered sets were studied. It was shown that this 
class of structures is universal with respect to structure properties of all 
algorithmic reducibilities. 


Theorem 8 [19] Let  € {Alg, P,U,A, K}. The structure of -reduc- 
ibility of any model IM of finite signature is isomorphic to the structure of \- 
reducibility of a suitable partially ordered set U. Moreover, this isomorphism 
can be given by taking the quotient of a mapping F : H(IM) + H(A) by the 
corresponding equivalence relation. 
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From this theorem, and certain well-known facts, the solution of the 
problem of relations between algorithmic dimensions in the class of partially 
ordered sets follows. 

In [20], so-called independent families of algebraic relations were consid- 
ered. The Uspenskii-Semenov problem and structures of algebraic reduc- 
ibility were studied in the class of distributive lattices with relative comple- 
ments and in the class of linear orders. 

Let (D, F’) be a distributive lattice with relative complements in the lan- 
guage with the Frechét ideal. 


Theorem 9 [20] For a constructivizable lattice (D, F’), the following condi- 
tions are equivalent: 


(1) Alg-dim(D, F) #1, 
(2) Alg-dim(D, F) =, 


(3) the structure of algebraic reducibility of (D,F) has countable width, 
and 


(4) F is infinite. 


Corollary 10 For distributive lattices (D,F), the algebraic, programmed, 
and uniform dimensions and the autodimension coincide. The spectrum of 
the above dimensions consists of 0,1, and w, and the spectrum of the Kol- 
mogorov dimension consists of 0,1, and 2”. 


Let (UW, B) be a linear order in the language with block-relation. The 
following theorem describes algorithmically stable linear orders (U, B). 


Theorem 11 [20] For a constructivizable linear order (U,B), the following 
conditions are equivalent: 


(1) (U,B) is algebraically stable, 


(2) the linear order U has order type o7_,(m; x 7 + ki) + Magi X 1 for 
some mj, k; Ew, Mrz, Ew, k 0,n EN, and 


(3) (U,B) is autostable. 


The characterization thus obtained coincides with the Schwartz character- 
ization of autostable linear orders (U, B). Therefore, we obtain the following. 
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Corollary 12 For a linear order (U, B), algebraic, programmed, and uni- 
form stability and autostability are equivalent. 


Let D be the class of distributive lattices with relative complements. 
In [22] recursively inconsistent algebraic relations on U € D were studied, 
i.e., decidable algebraic relations on U € D (for suitable constructivizations) 
which cannot be decidable in the same constructivization simultaneously. 


An enumerated algebraic structure (,v) is called n—constructive and A 
is called n-constructivizable if there exists an algorithm that checks the truth 
of ©, formulas on elements with given numbers. 


Theorem 13 [22] For any 1-constructivizable lattice U € D with an infinite 
set of atoms, there exists an infinite family 2 of algebraic relations on U, each 
of which is decidable with respect to a suitable constructivization, but such 
that under any constructivization, no two relations from Q are simultaneously 


decidable. 


The existence of such relations is closely connected with many problems 
in the theory of constructive algebraic structures. First of all, we recall 
the problem of relations between algorithmic dimensions and the problem of 
possible spectra of algorithmic dimensions. 


Corollary 14 Let A € {Alg, P,U, A}. For an arbitrary 1-constructiv- 
izable lattice U € D, the following conditions are equivalent: 


(1) A-dim(U) £1 (respectively K-dim (YU) # 1), 
(2) A-dim(U) = w (resp. K-dim(U) = 2”), 


(3) U has infinitely many atoms (resp. U is infinite). 


From the above assertion the following consequences can be obtained: 
a criterion for the existence of a least element in the structure of algebraic 
reducibility of the lattice U € D (i.e., a best effective representation) as 
well as algebraic conditions under which the problem of effective choice of 
constructivizations of the lattice U4 with respect to specifications of algebraic 
relations on Y/ has a solution. (For any computable class Con = {y; | i > 0} 
of constructivizations of an algebraic structure &, and any computable class 
Q = {0; | i > 0} of algebraic relations on A, the problem &(Q,Con) of 
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effective choice of constructivizations in Con with respect to 2 is said to 
have a solution provided there exists a recursive function f such that for 
all 2, 2; is decidable with respect to the constructivization v4(i).) 

The latter result is connected with the following problem stated by 
Uspenskii: “Give an algebraic characterization of classes of constructive 
structures for which all the problems ©(Q, Con) of effective choice of con- 
structivizations are trivial”. 


Corollary 15 For a 1-constructivizable lattice U € D, the following condi- 
tions are equivalent: 


(1) the structure of algebraic reducibility of the lattice U has a least element, 


(2) for any computable family Q of algebraic relations on U which are de- 
cidable under suitable constructivizations of the lattice U, there exists a 
computable class Con of constructivizations of U such that the problem 
X(Q, Con) has a solution, and 


(3) U has a finite number of atoms. 


We note that the structure of algebraic reducibility, say, of an alge- 
braically closed field of countable transcendental degree has a least element. 
A linear order with linearly ordered 3-element structure of algebraic re- 
ducibility is defined in [20]; moreover, a method of constructing linear orders 
with finite structure of algebraic reducibility which have a least element is 
indicated there. 


The cases of recursive stability and autostability have been well-studied. 


A structure 2 is called 1~simple if, for any V-formula (zo, ... , 2n) and 
any do, ..., @, € A, there is an J-formula y(zo, ... , Zn) such that, if 


QE w(ao,..-, an), 
then AF y(ao,... , dn) and 
AE (Veo--- tn) (Y(z0, --- > Tn) > 0(2o, Hagia) 


An 4-formula (Z) is called 1-complete in 2 if, for any b of M and any 
d-formula f(z), if AE P(b) A y(b) then AE (Vr) (y(X) > ¥(Z)). 


A structure & is called 1-complete if, for any ao, ... , dn € A, there is a 
1-complete J-formula y such that AF y(ao, ..., an). 
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Theorem 16 [24] A 2-constructivizable structure A is autostable if and only 
if there exists a finite collection of elements a,,..., a, of M such that the 
expansion (QU, a1, ..., @n) is 1-complete and there exists a computable fam- 
ily of 1-complete 3-formulas {y;(Z,@) | i € N} such that for any tuple b 
from & there is i such that (X, a,,... , dn) F yi(b, a). 


Such a criterion fails in the case of 1-constructivizable models [41]. How- 
ever in that case, one can obtain a criterion for autostability in terms of 
orbits. Let It be a model and @ be a tuple from MN. By the orbit Orbz(b) of 
the n-tuple b, we mean the least subset of M” containing 6 which is algebraic 


with respect to the expanded model (Mt, a). 


Theorem 17 [41] Jf (M,v) is a 1-constructive model, then the following 
conditions are equivalent: 


(1) M is autostable; 
(2) there is a tuple @ from MN, such that the set 


S= U Orbz((v0,..., vn)) 


neN 


is intrinsically decidable, i.e., S is decidable for any constructivization. 


The question of the number of nonequivalent representations and their 
classification is of great importance in the study of constructive structures, 
and is connected with computable classes of constructive models [24, 31, 32, 
33, 34, 36, 60, 61, 62]. 

In [24, 26, 30, 36], sufficient criteria for an algebraic structure to have 
an infinite algorithmic dimension are considered. We now indicate their 
applications to some classes of algebras and models. These criteria allow 
us to show that for most classes of models and algebras the dimension is 
infinite. They are of a model-complete character and, in a number of natural 
classes of models and algebras, allow us to give a complete characterization of 
algebraic structures of infinite algorithmic dimension, while their negations 
characterize autostable structures. 

The first criterion arose in the study of algorithmic dimensions of torsion- 
free Abelian groups and vector spaces. Its informal idea is to find an infinite 
number of limit points in the structure with respect to the topology defined 
by quantifier-free formulas. 
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Let o be a signature, and 
7 Sm FC HS: ; 


o = Usen@n be a strongly computable chain of signatures. By a repre- 
sentation of a constructive model (A,v) of signature o we mean a pair 
Tl’ = ((ay | ¢ € N), f’), where (2 | t € N) is a strictly computable chain 
of finite models such that 2/ has signature o;, and f” is a general recursive 
function, satisfying 


(1) A’ = Uren A? is a recursive set, 


(2) for everyt EN, 2 C Ay, ,, and for some m, € N, Ay = {0,..., mi}, 


and 
(3) vf’(A”) =A and, for every t € N, vf’ | Ay : Uy — is an isomorphic 
embedding. 


Let © = {v;,; | 2,7 € N} be a computable set of quantifier-free formulas. 
A constructivizable model 2 is called unbounded with respect to the family 
of formulas WV, if there exists a constructivization v, a representation 


TI’ = ((a; |¢e N), f*) 


of (2,1), and a general recursive function h, such that, for any tp € N and 
any monotone increasing unbounded general recursive function g, there exist 
t > to and an isomorphic embedding y : AY > AY, such that yp [Ay = idg , 


and for some i < h(t) and n1,... , nk < g(t) we have 
t 
Wey F A wig(vnr, sate, 19) unk), 
j=0 
but 
tt1 
Ara Foo A vislevrr), +++ P(UNx))- 
j= 


In this case, we also say that the representation I” ts unbounded with respect 
to W. If © is a set of formulas, then a homomorphism » : A > B is called a 
homomorphism with respect to predicates from ® if for all those relations that 
occur in formulas from ® the homomorphism preserves not only the truth, 
but also the falsity of these relations. 

A constructive model (2, v) is homomorphically embedded into (B, p) if 
there exists a homomorphism ¢ : & — B and a general recursive function f 
such that yy = pf. 
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Theorem 18 [26] /f a model A is unbounded with respect to a family of 
formulas ®, then 


(1) From any computable class S of constructive models of the same sig- 
nature as A, it is possible to construct effectively a constructivization 
ue of the model X such that (2,4) is not isomorphically embedded with 
respect to ® into any model of the class S. 


(2) There exists a computable family of constructivizations {y; |i € N} of 
the model A such that for any i # j the model (A, p;) is not isomor- 
phically embedded with respect to ® into (Ql, y,;). 


We give one more criterion for nonautostability, which is based on the 
special manner of definition of the truth of V-formulas on constructive models 
and the impossibility of their definitions via 3-formulas. This criterion is a 
generalization of nonautostability conditions from [24, 32, 36, 52], and has 
wide application. We introduce the necessary notions and definitions. 


Let II’ = ((2Y | t € N), f’) be some representation of a constructive 
model (2,1). Let Un = Ajey vi", m € N, be a computable sequence of 
infinite conjunctions of V-formulas, i.e., there exists an effective procedure 
for constructing the formula 7%” from the indices 7 and m. (W,, may contain 
constants for elements of AY.) 


For each m, we define the set of branching elements By of the for- 
mula V,,, as the set of tuples (mo, ... , my) such that 


QF Win(vf’ (mo), tee vf’(m)), 


for any finite sequence of tuples 7%, ... , ™m, such that ™, = (mo, ... , mu), 
and for any 2 < s the following relation holds: 


AE W,,(vf’(ms),...,uf’(mi)), 


and such that there exists infinitely many ¢ for which there is an isomorphic 
embedding y : AY ~+ WY,, and an z < s such that 


(1) 2.) F Van! (p(mi), ..., lj), where Unit? = Ab dma, and 


j= 


(2) the mapping ¢ is the identity on A¥ and on elements of the tuples m; 
for j7 <1, where ™m; (mj, ..., mj). 
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The representation II” = ((Y | t € N), f”) is branching with respect to 
the sequence V,,, m EN, if for any m the set By is nonempty, and the 
set of elements {m | 2% F (vf’(mo),..., uvf’(mi))} \ BY, is finite. We 
say that a model 2 is branching if there exists a computable sequence Vy, 
m €N, of infinite conjunctions of V-formulas, and a constructivization v, 
such that some representation II” = ((Qy | t € N), f”) of (2,v) is branching 
with respect to the sequence V,,, m EN. 


Theorem 19 If 2 is a branching constructivizable model, then the class of 
its constructivizations is effectively infinite, t.e., given any computable class 
Con(Q) of constructivizations of A we can effectively find a constructivization 
of A which is not autoequivalent to any element of Con(Q). 


This criterion turns out to be effective for many classes of groups, rings, 
Boolean algebras, and their expansions. 


We give a recursion-theoretic criterion for an algorithmic dimension to 
be infinite. This criterion is of great interest due not only to its applications 
but also to the fact that it provides a new point of view on the question of 
the number of nonautoequivalent constructivizations. The above methods 
for proving that the algorithmic dimension of certain structures is infinite 
make it possible to construct nonautoequivalent constructivizations which 
are autoequivalent in limit. If there are no such constructivizations, none 
of these methods can be applied. Thus, we clarify the principal difficulty in 
studying models of finite algorithmic dimension. 

We define the notion of autoequivalence in limit, and apply it to the 
study of nonautostable models. Let y and v be two constructivizations of a 
model 2. We call them autoequivalent in limit if there exists an automor- 
phism y of the model &% and a A$ function f such that yy = wf. We recall 
that a function f is A$ if there exists a recursive function g such that for any 
n the equality f(n) = limps g(n,m) holds. Hence two constructivizations 
v and pu of a model & are autoequivalent in limit if there exists an automor- 
phism y of the model 2 and a recursive function g such that for any n the 
equality yu(n) = limmoo pg(n, m) holds. 


Theorem 20 [30] [f a model & has two nonautoequivalent but equivalent in 
limit constructivizations, then& has an infinite algorithmic dimension. 


By the Turing spectrum Spr(M,P) of the relation P with respect to 
constructivizations of the model M we mean the set of Turing degrees of sets 
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of numbers for P under different constructivizations of the model. It is easy 
to see that the problem of the existence of nonautostable relations with a 
finite Turing spectrum is closely connected with the problem of the existence 
of algebraic structures of finite algorithmic dimension. As was shown in 
[28], the latter problem can be reduced to that of classical algorithm theory, 
namely, to the problem of the number of computable Friedberg numberings of 
a family of recursively enumerable sets, but with some additional properties. 
Ash and Nerode [5] were the first to begin to study characterizations of 
decidable and enumerable relations for different constructivizations. The 
most significant results on the definability of relations of restricted complexity 
in the arithmetic or hyperarithmetic hierarchies were obtained by Ash [1]. 

We now describe the construction in [28]. Given a family S of recursively 
enumerable sets, we define a category Ung whose objects are single-valued 
computable numberings of S. If 7, and y2 are two single-valued computable 
numberings of S, then by a morphism from 7, into yz we mean a recursive 
function f such that y(n) = y2(f(n)) for all n € N. 

For any family S of subsets from N we will define a model 2s whose 
signature © contains one unary predicate A, and binary predicates L,,, P, and 
Qn, where n € N, and show that if the sets in S are recursively enumerable 
then the category Uns is equivalent to the category A*(2s) whose objects 
are all constructive models (2,v) of signature © such that 2 is isomorphic 
to 2%s and whose morphisms are all recursive isomorphisms between such 
constructive models. 

We first consider some family of functions F = {f, | s € S}, where 
f, : NN, and construct a model 2£ of signature ©. The universe |25| 
is independent of F’, and we set it equal to SU(S x N*). We first define 
predicates which are also independent of the choice of F’. 

Let Age = S and (Praja = {(s, (s,n,m)) | m € N, s € S}. The 
predicates L, and Q, for n € N, depend on the choice F’. We define them 
as follows: 


(1) (Qn)as = {(s, (8,7, fs(r))) | s € S, n € s}, 

(2) If f.(n) # mand f,(n) # m +1, then (s,n,m) Ln (s,n,m +1), 
(3) If f.(n) =m and m £0, then (s,n,m — 1) L, (s,n,m +1), 

(4) If f,(n) = 0, then s L, (s,n, 1), 

(5) If f,(n) #0, then s Ly (s,n,0). 
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Thus we have constructed the model 2%£. It depends on the choice of the 
family F. Let ga(z) = (Ay)Qn(z, y). 


Lemma 21 /f Mf A(a), then UEE pra) ona. 


Proof. Since A = S, we see that a is a subset of N. We now prove the 
equivalence. If n € a, then f,(n) is defined and f,(n) = m. Consequently, 
AL F Qr(a, (a,n,m)) and ALF y,(a). If WEF yr(a), then there exists 
b such that 22 & Q,(a,b). However, by definition, if Qn(a,) is true in UF 
then a € S, n €a, and b= (a,n, f,(n)). Qo 


Lemma 22 For any b € |24|, exactly one of the following conditions holds: 
(1) 25 F A(b), 
(2) there exista and n € N such that AEF Q,,(a,), 


(3) there exist a,,...,aK, where K >1 and n€N, such that 


K-1 
MEE Alay) A A (a: Lnaigi) A ax Ln. 
1=1 


Proof. If 4f F A(b), then condition (1) holds, and conditions (2) and (3) 
fail. This follows directly from the definition of the model 2£. If AEF A(b), 
then 6 = (a,n,m). In the case n € a, we consider f,(n). If fa(n) = m, 
then 24 F Q,(a, (a,n,m)) and condition (2) holds, while the rest of the 
conditions fail. If f.(n) # m or n ¢ a, then, taking 


aL, (a,n,0) Ly (a,n,1) Ly ++: 
Ly {a,n, f(n) — 1) Lp (an, fa(n) +1) Ly «++ En (a,n,m), 


we obtain condition 3. Oo 


Corollary 23 The model UE is rigid, i.e., it has no nontrivial automor- 
phisms. 


Lemma 24 For any families of functions F and G, the models AE and AG 
are isomorphic. 
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Proof. We construct the required isomorphism Vyg. Let a € [25]. We let 
WVrc(s) = s if s € S. Now consider an element a = (s,n,m). If n ¢ s or 
m <min{f,(r), gs(n)}, then we set 


Urc((s,n,m)) = (s,n,m). 


If m = f,(n), we set 


Vra((s,n,m)) = (8,7, 9s(n)). 
If f,(n) Lgs(n), then we set 


s,n,m—1) if f,(n m <q,(n), 
Wro(({s,n,m)) = , ) f,(n) < s(n) 


(s,n,m) ifm > g,(n). 


Finally, if f,(n) > gs(n), then we set 


(s,n, h’) (VA) (WK <gn(s) or W > f,(n)) 


Vrao((s,n, K)) = Y 2 
(s,n, A +1) if f.(n) > A > g.(n) 


It is easy to see that the mapping Vrg is single-valued and “onto”, and 
preserves the truth or falsity of all the predicates A, Ln, P, and Q, for 
n € N. Consequently, Af = Ag. Oo 


Thus, the model is independent of F' up to an isomorphism. We denote 
this model by ls. 


Proposition 25 For any family S of recursively enumerable sets, there ex- 
ists a functor Fs from the category Uns into the category K™(QMs) which 
realizes their equivalence. 


Proof. Let y be a single-valued computable numbering of the family S. 
There exists a strictly computable family y‘(m), m € N, of finite sets such 
that y'(m) C 7't!(m), Uiso ¥'(m) = y(m), and 7°(m) = @ for all m,t € N. 
For each s = y(m) € S we define the function 


G(m(n) = pt(n € 7'**(m) \ 7(m)). 


Informally, this function indicates the step at which n enters the set S for a 
given computable numbering y. Let s*, denote the set y‘(m), where s = y(m). 
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Let Gy S {gyn | 2 € N}. It is easy to note that this is a computable 
sequence of partially recursive functions. 

We introduce the model We", Let c¢31, ¢32, €33 and c® be the Cantor 
functions of the numbering of triples of natural numbers. We define the 
numbering v, of the model 25 as follows: 


(Qn) = y(n), %y(2n+1) = (y(es1(n)), es2(7), ¢3a(m)). 


It is clear that the predicates A and P,, n € N, are recursive with respect 
to this numbering. We note that 


Qn(y(k), wW(m)) 


& kiseven A c3,(m) = : A c39(m) sn A e33(n) = 9,(%)(7) 


@ kis even A c31(m) = : A c3(m)=n Ane esti) \ yd) 


However, all these conditions are recursive. Consequently, the predicates Qn, 
n €N, are recursive. The binary predicates L,,n € N, are also recursive, 
which can be verified as in the case of Q, directly from the definition. 


We set F(y) Ss (a7, v,). We now need a lemma. 
Lemma 26 I/f y, and 72 are nonequivalent single-valued computable num- 


berings of the family S, then the constructive models (42, v,,) and 


G ; ; 
(Ao, v,,.) are not isomorphic. 


Proof. Assume for a contradiction that there exists a recursive function g 
and an isomorphism W of the model men onto ae” such that Vv, = vg. 
We consider the function hk such that h(n) = [2e)]. For any n the value of 


g{2n) is even, since Dia F A(v,,(2n)) and consequently, ger F A(v»(g(2n))). 
By Lemma 21, the following equivalences hold: 


men(n) & A" FE yml(n(n)) & AG™ F ym(vy (2n)) 
& AS? EF Gm(Wry,(2n)) AG? F Yd (g(2n)) 
& m€ ry,(9(2n)) = [2], 


which means that 71(n) = y2(h(n)) and 71 < 72. However, 72 is a single- 
valued numbering. Hence 7 = y2. We arrive at a contradiction. Oo 
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We now resume the proof of Proposition 25. Let y, and y2 be objects 
of Uns, and let f be a morphism of the category Uns from 7 into 72. By 
definition, this is a recursive function f such that y(n) = y2(f(n)). We 
define the value of y = F(1,72)(f), by setting 

x iffeS 
or z = (s,n,m) A [(AZt n¢ St LA Am” € Sip) 
V (Vigne ‘Sh A Viton € Si)], 


P(t) =) (sn,m') if =(s,n,m) A(n€ Smt S™) A (n€ Smt Sm), 
(s,n,m-+1) ife=(s,n,m) A (AZE n ¢ Si) A (Vion € Si,), 
(s,m,m—1) if r= (s,n,m)A (Viton € Si.) A (Akon € S5,)- 

Now let 
2f (5) if k = 21, 


2c3(fesi (1), e3a(1), ¢3(1)) +1 if k = 2+1 
Al(Azt n¢€ ri(eai(D) 
A Nitin ¢ yi(ea1(1))) 
V (Viton é vi(eo() 
A Viton € v4(F(ea(1)))], 


3 (fai (1), eso(1), m’) +1 ifk =21+1 
N=: A (n€ vt (ea (0)) \ 77*(ca1(l))) 
A (n€ v3" *"(fesi(l)) \ 72" (fear (1); 
2c3(fear(1), c3a(1), e3a(1) +1) if k= 2141 


A (AG ” € vi(cai(!))) 
A (Vito € v3 (fear (I ))); 


2c3( fea (1), e32(l), €33() _ 1) if k = 21 + 1 
A (Vito € 7i(esi(2))) 
A (Aiton € ¥2(fea1(!))), 


where n = c39(1) and m = cg3(/). It is not hard to verify that yu, = v,h. 
Consequently, y is an isomorphism of the constructive model (207 , Vy, ) onto 


Gy, 
(A; ei Oe): 
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Let (2,1) be a constructive model which is an object of the category 
k® (Ms). Since any constructivization is recursively equivalent to a single- 
valued constructivization, we can regard v as a single-valued constructiviza- 
tion. We consider the recursive set A of v-numbers of those elements of 
the model 2 for which the predicate A(x) is true. These are exactly the 
v-numbers of elements of S. Since A is an infinite recursive set, by Theo- 
rem III in section 5.1 of [58], there exists a single-valued recursive function 
Fan , A. We introduce y(n) = {m | AE ym(vf(n))}. Since (2,v) is a 
constructive model and y,»,m € N, is an effective sequence of 3-formulas, 
y is a computable numbering. In view of Lemma 21, since v and f are 
single-valued, is also a single-valued numbering of the family S. 


We consider F's(7) = (uc, vy), and show that (227, v,) is isomorphic to 
(21, v). We define the function h as follows: h(2k) = f(2k), if 


AS” FE Qega ny(Yy(2car(k)) , Yy(2k + 1)) 


and 
P= pn(&@ F Qesaiay(vfear(k) , v(m) 
then h(2k +1) = J; and if 


AST F ~Qega ey (Yq(2eai(k)) » vy (2k + 1)) 


and there exist /,,..., Pee Pe ee ake such that 
Gy 
Mey F (War) Lesa(ey Yr(l2) Lesocky °° 
vcs (k) Vy(Iq) Lesa(k) v,(2k + 1)) A A(vy(l1)), 
and 


WF (v(i1) Lica (k) aa Lica (k) v(a) Lega (k) v(1)) A A(v(h)), 


and /; = f [4], then h(2k +1) =U. 


We show that fh is everywhere defined. If n = 2k, then h(n) is defined, 
and 


AS” F Ym(vy(n)) <> m € 7(k) 


e me {m|AF ym(vf(k))} @ AE pm(vsf(k)). (+) 
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If n = 2k +1 then, by Lemma 22, exactly one of the conditions (2) and (3) 
in that lemma holds for v,(n). If (2) holds, then 


WS” F Qesa(ey(Yy(Zeai(k)) , Y4(2)). 


But in this case we have Deal F Peso(k)(Yy(2e31(k))), and by condition (*), 
AE Yoo ky (vfcsi(k)). Consequently, there exists a unique / such that 


AQF Qeao(ky(v fear (k) , v(l)), 
and h(n) = 1. On the other hand, if 


WS F AQeso(y(Yy(2ear(k)) , %4(n)), 


then condition (3) holds, and there is a unique sequence J; , ... , /g such that 
d-1 
ASY F A(y(li)) A ( A Vy (1s) Leso(ey Va(lis)) A (Ya(la) Lesotey ¥x(”)) 


and a unique sequence (ere , iz, [ such that 


~ 


As F A(v(l)) A (VTL) Lega(ny U(la) Lese(ky °° Leaa(hy VUla) Leso(ey ¥()) 


and [, = f [4]. The uniqueness of the first sequence follows from the fact 


that the L.,.(.)-predecessor is uniquely defined, and that of the second from 


the facts that /; can be uniquely found and that the L,,.(4)-successor is 
uniquely defined. Thus, in this case also, there is a unique value for h(n). 


Let be an isomorphism of the model 2 onto Ae Since (A, v) € k* (As), 
such an isomorphism exists, and since the model Ag is rigid, it is unique. We 
show that 


Wr,(n) = vh(n) («x) 


for all n € N. If n is even, then the assertion is true by Lemma 21. If n is 
odd, then condition (**) holds provided that h(n) was defined in accordance 
with the first case, because Vv,(2c3:(k)) = vf(csi(k)), and for all a and k 
there exists at least one b such that As F Q,(a,6). But if h(n) was defined 
by the second case then, because for every element the L,-successor and the 
L,-predecessor are uniquely defined, and Wv,(1) = v(l;), condition (**) also 
holds. This completes the proof of Proposition 25. a 
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In view of the above proposition, the existence problem is reduced to the 
construction of families of recursively enumerable sets with a finite number 
of nonequivalent computable Friedberg numberings. 


Theorem 27 [27, 29] For any n €N, there exists a computable family of re- 
cursively enumerable sets that has exactly n nonequivalent computable Fried- 
berg numberings. 


The construction from the proof of this theorem was used by many math- 
ematicians. 

The following theorem was proved by Goncharov and Khoussainov on the 
basis of a modification of the same method as in [27]. 


Theorem 28 There exists a computable family of recursively enumerable 
sets S that possesses exactly 2 nonequivalent computable Friedberg number- 
ings v and yu. Moreover, it is possible to choose two subfamilies A and B 
of S so that v-'(A) and p~'(B) are recursive while v-1(B) and ~'(A) are 
recursively enumerable, but not recursive. 


From this theorem we directly obtain the solution of the Harizanov prob- 
lem on two-element Turing spectra. 


Theorem 29 There exists a constructive model M with exactly two con- 
structivizations, and an algebraic subset A of its domain such that the Turing 
spectrum Spr(M, A) consists of exactly two degrees, one of which is recursive 
and the other recursively enumerable. 


It can be seen that, for any finite number of elements a),..., @n of a 
model A, the dimension of A does not exceed the dimension of the expanded 
model (A, a;,..., an). It is not obvious what effect the expansion by a finite 
number of constants has on the number of recursive isomorphism types of a 
model. Kudinov has noted that if the J-diagram of a recursively categorical 
model is decidable, then the expansion of this model by a finite number of 
constants is also recursively categorical. But without the assumption of the 
decidability of the 4-diagram, the problem remained open. This question 
is formulated in Novosibirsk’s “Logic Notebook” as the Goncharov—Millar 
problem. The problem was solved by P. A. Cholak, S. S. Goncharov, R. A. 
Shore, and B. M. Khoussainov by considering Friedberg enumerations of 
symmetric families of pairs of recursively enumerated sets. 
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Theorem 30 There ezists a recursively categorical model A, such that for 
each element a € A, the expanded model (A,a) has dimension 2. 


Let S be a family of recursively enumerable sets, and let A and B be 
two subfamilies of S such that v~!(A) and ~!(B) are recursive, and v~'(B) 
and y~!(A) are recursively enumerable but not recursive, as in Theorem 28. 
Starting from a single-valued numbering y, we can define the model D be 
Now we can construct a new model with two equivalence classes by some 
predicate 7 and each equivalence class is exactly the model Dea Now we 
consider a signature ©* = © U {n?, F?}, where © is a signature of the model 
ger and 7 and F are new predicate symbols. Each of these classes is iso- 
morphic to mse and ye respectively, where v and yp two nonequivalent 
single-valued computable numberings of the family S. It is easy to prove 
that there exist partial recursive functions f from v~'(A) onto u~!(A) and 
g from p~!(B) onto v-!(B) such that for z,y from their domains, the equal- 
ities v(x) = u(f(x)) and u(y) = v(g(y)) hold. Adding the graphs of these 
functions to the model which are distinguished by the predicate symbol F’, 
we can conclude that the constructed model has only one constructivization 
up to autoequivalence. Indeed, it is impossible to distinguish equivalence 
classes and, in these classes, nonautoequivalent submodels are necessarily 
realized. By adding a constant, we thereby fix equivalence classes and two 
nonautoequivalent constructivizations of the model appear. 
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Introduction 


The languages to be considered here are recursive, and the structures have 
universe w. Theories, atomic and complete diagrams of structures, etc., are 
all identified with subsets of w through Gédel numbering. The Turing degree 
of a set X will be denoted by deg(X). We shall often identify a structure A 
with its atomic diagram, D(A). Thus, we may write deg(A) for deg(D(.A)), 
and we say that A is recursive if D(A) is recursive. 


It is natural to ask questions such as the following: 
(1) What are the degrees of isomorphic copies of a particular structure? 


(2) What are the degrees of models of a particular theory? 
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We consider the set of degrees of isomorphic copies of a given structure. 
Let 
DI(A) = {deg(B): B= A}. 


For most structures A, DI(A) is closed upwards. Thus, if T' is a consistent 
theory, and the models of T are like most structures, the set of degrees of 
models of T will be closed upwards. For a complete, consistent theory T, the 
Henkin construction yields a model A which is recursive in J’ — even the 
complete diagram, D°(A), is recursive in JT. However, for some theories T, 
there are models of degree well below deg(T). Constructing such models, 
and determining which degrees are possible, can be delicate. 


Some general facts about D/J(A) are stated in Section 1. In Section 2, 
there is a discussion of structures having “a-th jump degree”, where a is a 
recursive ordinal. Many of the results on jumps involve structures A which 
encode a set S in a special way, so that, for example, 


DI(A) 
DI(A) 


II 


{deg(X) : S is r.e. relative to X}, or 


{deg(X): S is ©° relative to X}. 


In Section 3 there are some results on degrees of models of arithmetic, 
including the result of Harrington for which he introduced the method of 
“workers”, and results of Solovay characterizing the degrees of models of 
various completions of PA. In Section 4, there are some results on existence 
of recursive models, including a result of Lerman and Schmerl on models of 
No-categorical theories. 


For some results, the proof is sketched, possibly in a special case, or there 
is a hint about the main ingredients of the proof. For other results, the proof 
is not described at all. 


1 Properties of the set D/(A) 


In this section, we consider the general behavior of the sets DI(A). For some 
structures A, DI(A) is a single degree. 


Proposition 1.1 For each degree d, there is a structure A such that 


DI(A) = {d}. 
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Proof. Let S be a set of degree d, and let A = (w, Un new), where for all n, 
U,=w ifne Sand U, =y¢ ifn ¢€ S. oO 


A structure A is trivial if there is a finite set a C w such that the auto- 
morphism group of A includes all permutations of w which fix the elements 
of a. The structures from Proposition 1.1 are trivial since all permutations 
of w are automorphisms. It was shown in [16] that D/(A) consists of a single 
degree iff A is trivial. 


The result below was proved by Solovay and by Marker [25] for models 
of arithmetic. The proof of the general case is in [16]. 


Theorem 1.2 /f A is a non-trivial structure, then DI(A) is closed upwards. 


We sketch the proof in the special case where A is a linear ordering. 
Suppose d > deg (A). We must produce B & A such that deg(B) = d. Let 
S be a set of degree d, and let 7 be a permutation of w with the following 
feature: for each n,7z either fixes 2n and 2n + 1 or else switches them, such 
that 

Ak nr \(2n) <m7(Q2n+1) iff nes. 
Let B be the structure such that A &, B. 
For some non-trivial structures A, DI(A) has a least element. Richter [27] 


gave conditions under which this is so, and other conditions under which it 
is not so. 


Theorem 1.3 (Richter). For any degree c, there is a group G with DI(G) = 
{d:d>c}. 


Sketch Proof. Let S Cw and let G(S) be the direct sum of Z,, for n € S, 
where p, is the n-th prime. Then 


DI(G(S)) = {deg(X): S is EY relative to X}. 
If S = C @(w—C), where deg(C) = c, then c is least in DI(G(S)). Here 
A@®B = {2n:neE ASU {2n+1:neE B}. Oo 


The next result characterizes the degrees b such that for all d € DI(A), 
b<d. 
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Theorem 1.4 For any structure A and any S Cw, the following are equiv- 
alent: 


(1) forall B= A, S <7 B, 


(2) there is a finite sequence @ in A such that S <7 f for all functions f 
enumerating the eristential type of a@ in A. 


It is easy to see that (2) implies (1). The fact that (1) implies (2) can be 
proved by a forcing argument (see [16] or [6]). 


Theorem 1.5 (Richter). If A is a linear ordering such that DI(A) has a 
least element d, then d = 0. 


Sketch Proof. Note that in a linear ordering, the existential types are all 
recursive. Then the result follows from Theorem 1.4. oO 


The orderings A such that D/(A) has no least element are those with no 
recursive copy. Such orderings can be produced either by diagonalizing or by 
coding. Here we describe one method for coding a set in an ordering. If F 
is a countable family of orderings, then the shuffle of fF’, denoted by o(F), 
consists of densely many copies of each ordering in F’. (To construct a copy 
of o(F), partition the rationals into dense subsets Q4, one for each ordering 
A in F, and replace each rational g in Q4 by a copy of A.) For each S Cw, 
let o*(S) = o(F), where F consists of w and n+1 for n € S. By the following 
result from [3], if S is not £3, then o*(S) has no recursive copy. 


Proposition 1.6 For all S Cw, 
DI(o*(S)) = {deg(X):S is 3 relative to X}. 


The next result generalizes Theorem 1.4, characterizing the sets S C w 
which are A® with respect to B for all B = A. The characterization involves 
“recursive” infinitary ©, formulas. Roughly speaking, the recursive infinitary 
formulas are the formulas of Lw,w in which the disjunctions and conjunctions 
are taken over r.e. sets. In a formal treatment, the recursive infinitary , 
and I, formulas are defined, together with their indices, in terms of ordinal 
notations (see [5]). 


Theorem 1.7 Let a > 1 be a recursive ordinal. For any structure A and 
any S Cw, the following are equivalent: 
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(1) for all B= A, S is A® relative to B, 


(2) there is a finite sequence @ in A such that S <r f for all functions f 
enumerating the recursive infinitary Si. type of @ in A. 


The proof of Theorem 1.4 also yields the following result. 


Theorem 1.8 Let C be a countable set of Turing degrees, and let A be a 
structure such that for all d € DI(A), there exists ¢ € C such that c <d. 
Then there is some c € C such that for all d € DI(A), c<d. 


We have seen that for all structures A, either DJ(A) has the form {c}, 
or else it is closed upwards. If DI(A) is closed upwards, then it may have 
the form {d :d > c} or it may not. Lempp posed the following. 


Problem 1 Is there a structure A for which DI(A) = {d:d > 0}? 


The author, believing that the answer to Problem 1 should be negative, 
posed some related problems on enumerations. If S is a countable family of 
subsets of w, then an enumeration of S is a relation R C w x w such that 
S={R,:n €w}, where R, = {k:(n,k) € R}. 


Problem 2 If for each non-recursive set X, S has an enumeration recursive 
in X, must S have a recursive enumeration? 


Problem 3 /f for each non-recursive set X, S has an enumeration r.e. rel- 
ative to X, must S have an r.e. enumeration? 


The author thought the answers to Problems 2 and 3 should be negative. 
However, Wehner [36] answered both Problems 2 and 3 affirmatively, showing 
that there is a family S such that for all non-recursive sets X, S has an enu- 
meration recursive in X, but S has no r.e. enumeration. A positive solution 
to Problem 2 yields a positive solution to Problem 1. We may take A to be 
a structure with an equivalence relation and a 1-1 function. The equivalence 
classes, all infinite, correspond to sets A € S. The function divides each 
equivalence class into finite cycles in such a way that the equivalence class 
corresponding to A has a cycle of size 2n for n € A and 2n+1 for n ¢ A (and 
these are the only sizes). Slaman [29] gave a different solution to Problem 1, 
not using Wehner’s results (this was after Wehner had solved Problems 2 
and 3 but before he was aware of Problem 1). 


Our picture of the possible sets DJ(A) is not complete. Some further 
patterns will be exhibited in the next section. 
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2 Jump degrees 


It would be pleasant to have a single degree to assign to the isomorphism 
type of a structure A. When D/(A) has a least element, this is the obvious 
choice. However, for many interesting structures A, D/(A) has no least 
element. Jockusch suggested a family of possible measures of complexity of 
isomorphism types, involving jumps. 


For any set X C w, the jump of X is the set X' = {e : y*(e) {}. 
It is possible to iterate the jump operation through the recursive ordinals 
and define X(°) for all recursive ordinals a. To be precise, we should de- 
fine X( for all ordinal notations a, but we shall identify the ordinal a with 
a notation @ and write X(°) while thinking of X(@. Let X(¢+) = (X(%)!, 
For @ a recursive limit ordinal, each notation for a picks out (notations 
for) an increasing sequence of ordinals (Qn)new with limit a. Let X() = 
{(n,k):k € X(™)}, An infinite recursive ordinal a has more than one nota- 
tion, so the set X‘*) is not unique. However, the Turing degree is independent 
of the notation. We write 0°) for yp) and 0°) for deg (0). 

Jockusch suggested the following. Let a be a recursive ordinal and let A 
be a structure. Consider the set {b'*) : b € DI(A)}. If this set has a least 
element, say d = b(°), then A is said to have a-th jump degree d. Note that 
A has 0-th jump degree d iff d is least in DJ(A). For a given structure A, 
if there is some a such that A has a-th jump degree, then there is at least 
such a. Suppose A has a-th jump degree d, and for 3 < a, A does not have 
(@-th jump degree. Then A is said to have a-th jump degree d sharply. It 
is easy to see that if A has a-th jump degree, then for all recursive ordinals 
8B > a, A has B-th jump degree. As we shall see, for each recursive ordinal 
a, there exist structures having a-th jump degree sharply. There also exist 
structures not having a-th jump degree for any recursive ordinal a. 

Below, we give some results on jumps for orderings, groups, and Boolean 
algebras. The first result resembles Theorem 1.5. 


Theorem 2.1 [f A is a linear ordering and A has 1-st jump degree d, then 
d=0’. 


See [16] for the proof. 


In view of Theorems 1.5 and 2.1, it is natural to ask whether a linear 
ordering can have 1-st jump degree sharply. Jockusch and Soare [13] showed 
that it can. 
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Theorem 2.2 (Jockusch-Soare) For any r.e. set S which ts non-recursive, 
there is an ordering A <7 S such that A has no recursive copy. 


The proof is a “permitting” construction. Recursive copies of A are 
avoided by diagonalizing, rather than by encoding S. 


A set S is low if S’ < 0’. If, in Theorem 2.2, S is taken to be low, the re- 
sulting structure A has 1-st jump degree 0’. By Theorem 1.5, since A has no 
recursive copy, it does not have 0-th jump degree. Seetapun (in unpublished 
work) extended Theorem 2.2 to A9 sets S which are non-recursive. 


Theorem 2.3 For each recursive ordinal a > 2, and each d > 0), there 
is an ordering A which has a-th jump degree d sharply. 


In [3], there are constructions of orderings having a-th jump degree d 
sharply for all recursive ordinals a > 2 and all d > 0°). For certain a, the 
same constructions serve for d = 0‘). In [8], the remaining cases are filled 
in, showing that for each a > 1, there is an ordering A which has a-th jump 
degree 0°) sharply. 

Most of the cases in the proof of Theorem 2.3 involve coding a set or 
family of sets in an ordering A, and characterizing D/J(A) in terms of the set 
or family of sets. These lemmas may be of interest apart from Theorem 2.3, 
as they illustrate some possible patterns for D/(A). The first lemma extends 
Proposition 1.6. 


Lemma 2.4 Let a be a recursive ordinal, at least 3, and not a limit ordinal. 
Then for each S Cw, there is an ordering A such that 


DI(A) = {deg(X):S is U8 relative to X}. 
Lemma 2.4 is a composite of results proved in [3] and [8]. 


If A and B are orderings, then A+ B is the result of putting a copy of 
B after a copy of A, and A- B is the result of replacing each element of B 
by a copy of A. Let Z be the usual ordering of the integers. We define 2° 
for countable ordinals @. For finite G, we may proceed by induction, letting 
Zt! — Z". Z. More generally, we obtain an ordering of type Z° as follows. 
Let F consist of the functions f : 6 — Z such that f(y) = 0 for all but 
finitely many y < @. For f and g distinct elements of F’, let y be greatest 
such that f(y) # g(7). Then f < g iff f(y) < g(7)- 


One ingredient in the proof of Lemma 2.4 is the result below. 
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Lemma 2.5 Let A be an ordering. 
(a) de DI(Z- A) iff d” € DI(A), 
(b) if B is a recursive limit ordinal, then d € DI(Z®-A) iff d+) € DI(A). 


Watnik [35] proved (a). The statement of (b) is in [3], with a sketch of 
a proof using workers. In [2] Ash gave another proof, using his “a-systems” 
(introduced in [1]). 

In Lemma 2.4, each ordering codes a single set. In the next two lemmas, 
the orderings code a family of sets. In the first, we code a fixed enumeration 
of the family. Say R C w x w, and let A be the sum of orderings of type 
n+2Z"-o*(R,), for n € w. For this A, we have 


DI(A) = {deg(X): Rn is 9,43 relative to X, uniformly in n}. 


Extending this idea, we obtain the following result, used in proving Theo- 
rem 2.3 for the case of limit ordinals. 


Lemma 2.6 Let a be a recursive limit ordinal. There is a recursive increas- 
ing sequence of ordinals (Qn)new, with limit a, such that for R Cw x vw, 
there is an ordering A for which 


DI(A) = {deg(X):R, is 22. relative to X, uniformly in n}. 


The next result involves coding a family S of sets, but not coding a 
specific enumeration of S as in Lemma 2.6. Moreover, each set in the family 
is coded slowly, through infinitely many levels. This result is used in proving 
Theorem 2.3 for the case of successors of limit ordinals. We let €(S) denote 
the set of all enumerations of the family S. 


Lemma 2.7 Let a be a recursive limit ordinal. For any notation for a, we 
can find another notation which picks out a sequence (Qn)new such that for 
any countable family S of subsets of w, there is an ordering A such that 


DI(A) = {deg(X): (AR € E(S)) (Ri Nn is U3, relative to X, 
uniformly in k and n)}. 


Here is a sketch of the proof of Theorem 2.3 for a = 3. Let d > 0°). 
First, choose a set S such that deg(S@)) = d, S®) =7 S$ @ 0), and 


{deg(X)” : S is E§ relative to X} 
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has no least element. Let A = o*(S), where A =r S. By Proposition 1.6, 
DI(A) = {deg(X) : S is E§ relative to X}. The choice of S guarantees that 
A does not have 2-nd jump degree. For B = A, 


A® =, SO =, OOS <zp B®. 
Therefore, A has 3-rd jump degree d. 


Question 2.1 Suppose a is a recursive limit ordinal. Is there a scheme 
for coding an arbitrary set S in an ordering A(S) such that DI(A(S)) = 
{deg(X): S is E° relative to X}? 


Lemmas 2.4, 2.6 and 2.7 provide the orderings needed for all but one case 
of Theorem 2.3. The case not covered by these coding lemmas is where a = 2 
and d = 0”. Here the proof combines Theorem 2.2 (or a relatization of it) 
with the following coding trick of Downey, which is related to Lemma 2.5 
(see [8]). 


Lemma 2.8 Let A be an ordering, and let p = n+2+n. Then d € DI(p-A) 
iff a’ € DI(A). 


The following result is stated in [3]. 


Theorem 2.9 The ordering wO® does not have a-th jump degree for any 
recursive ordinal a. 


Sketch Proof. Suppose that w°* has a-th jump degree d, say A is a copy 
such that A) has degree d. By Theorem 1.7, there is a finite sequence @ in 
A such that for all functions f enumerating the recursive infinitary ©, type 
of ain A, A <7 f. (Ordinal notation is being suppressed here.) There is 
a recursive ordinal 3 with a finite sequence 6 realizing this type. The type 
has a hyperarithmetical enumeration, so A is hyperarithmetical. Since wO* 
is known not to have a hyperarithmetical copy, this is a contradiction. O 


Before leaving linear orderings, we state the following curious fact. 


Theorem 2.10 For each d > 0, there is a linear ordering of degree d with 
no recursive copy. 


This is proved in several cases, using results mentioned above, Seetapun’s 
extension of Theorem 2.2, Lemma 2.8, and the results from [3]. 
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Oates [26] obtained results on jumps of groups, similar to those on jumps 
of orderings. 


Theorem 2.11 (Oates) For each recursive ordinal a > 1, and each d > 0, 
there is a group G which has a-th jump degree d sharply. 


Oates used coding lemmas like the ones for orderings. Below are two of 
these coding lemmas. The first was actually stated above, in the proof of 
Theorem 1.3. 


Lemma 2.12 Let S C w and let G be the direct sum of Z,, for n € S. 
Then DI(G) = {deg(X): S is r.e. relative to X}. 


Lemma 2.13 Let S C w, and let G be a reduced Abelian p-group of 
length w, with un(G) = 1, vengi(G) = 1 if n € S, and Ummyi(G) = 0 
ifn¢€S. Then DI(G) = {deg(X):S is NY relative to X}. 


Now, we turn to Boolean algebras. The results differ from those for 
orderings more than might be expected. The phenomenon in Theorem 2.1 
not only extends but holds at higher levels [14]. 


Theorem 2.14 (Jockusch-Soare) If a Boolean algebra has n-th jump 
degree d, then d= 0). 


Feiner [9] showed that there is a A} Boolean algebra with no recursive 
copy. This has w-th jump degree 0) sharply. Thurber [33] clarified and 
extended Feiner’s ideas, showing the following. 


Proposition 2.15 (Thurber) 
(a) For any set S, there is a Boolean algebra A for which 


DI(A) = {deg(X):S59(n +1) is U9, 44 relative to X, uniformly in n}. 


(b) For any recursive limit ordinal a, there is a recursive increasing se- 
quence of ordinals (Qn)ney with limit a, such that for any S, there is 
a Boolean algebra A for which 


DI(A) = {deg(X) : SA (n +1) is Ee. relative to X, uniformly in n}. 
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We end the discussion of Boolean algebras by mentioning results which 
contrast with Theorem 2.10. Recall that a set S is low if S’ <7 0’. More 
generally, S is low, if S(® <7 0!"). Downey and Jockush [7] showed that 
every low Boolean algebra has a recursive copy. Thurber [34] improved upon 
this, showing that every low2 Boolean algebra has a recursive copy. It is 
conjectured that for all finite n, every low,, Boolean algebra has a recursive 
copy. 


3 Models of Arithmetic 


For all structures A, Th(A) <7 D°(A) <p D(A)™. Turing equivalence 
is possible. For example, if VM = (w, +,-,5,0,<), then MW is recursive, 
while Th(M’) has degree 0). By “arithmetic”, we mean a theory including 
some part of Th(N). True arithmetic, or TA, is Th(NV’). First order Peano 
arithmetic, or PA, is the fragment with a recursive set of axioms consisting 
of those of Peano’s axioms which are first order, together with the induction 
axioms 


Vu [y(u, 0) & Ve (p(t, 2) > y(u, S(x))) + Ve y(u,2)). 


A model of arithmetic is called standard if it is isomorphic to NV and non- 
standard otherwise. Let DPA denote the set of degrees of non-standard models 
of PA. The following result, due to Tennenbaum [32], says that Zero ¢ DPA. 


Theorem 3.1 If A is a non-standard model of PA, then A is not recursive. 


Sketch Proof. Let A, B bea recursively inseparable pair of r.e. sets, A = W, 
and B = W,. There is a natural formula ~(u, rz) saying that for c,k < u, if 
is a computation for ya(k), then p, | z, and if c is a computation for y,(k), 
then py { x. For each n € w, A & Jry(S(0),z). Therefore, for some 
infinite a, A E dry(a,r). Let AE y(a,b), and let C = {k: AE px | db}. 
Then C separates A and B. We can determine whether A —- px | 6 by 
searching the atomic diagram for a sentence which says b = pyd +1, for 
some r < py. Therefore, C <r A, and A cannot be recursive. Oo 


A set X C w is said to be arithmetical if X is definable in N. Equiv- 
alently, X is arithmetical iff X <7 0 for some n € w. McAloon asked 
whether there was a non-standard model A of PA such that A is arithmetical 
while Th(A) is not. Harrington [10] produced such a model. 
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Theorem 3.2 (Harrington). There is a non-standard model A of PA such 
that A has degree 0' and Th(A) has degree 0). 


The proof requires some kind of infinitely nested priority construction. 
It was for this result that Harrington developed his method of “workers”. 
There is also a proof using the method Ash introduced in [1]. In order to 
code a set of degree 0) in Th(A), Harrington used the fact that there is a 
recursive sequence of sentences (Yn )new such that for all completions T of PA, 
Yn is independent over PA and the set of sentences of T which are either ©, 
or I], (i.e., the set is consistent with y, and also with 7y,). 


A Scott set is a family S of subsets of w such that 
(1) if AE Sand B<, A, then BE S, 
(2) ifA,BeS, thn ABBES, 


(3) if T € S is an infinite subtree of 2<“, then there exists p € S 
such that p is a path, or infinite branch, through 7; equivalently, 
if A € S is a consistent set of axioms, then there is a complete 


theory T € S such that T D A. 


The arithmetical sets form one Scott set. Scott [28] originally isolated 
these families of sets in studying “representability”. Let T be a theory in 
the language of arithmetic. A set X C w is said to be representable with 
respect to T if there is a formula y(z) such that for all n € w, ifn € X, then 
TF y(S*(0)) and ifn ¢ X, then T + -y(S"(0)). Let Rep(T) denote the 
family of sets representable with respect to T. If T = PA, then Rep(T) is the 
family of recursive sets. The same is true for any recursively axiomatizable 
extension of PA. Scott was interested in completions of PA, which are not 
recursively axiomatizable. 


Theorem 3.3 (Scott) For any countable family S of subsets of w, the fol- 
lowing are equivalent: 


(1) there is a completion T of PA such that S = Rep(T), 
(2) S is a Scott set. 
Let A be a non-standard model of PA. For any element a, let S$, = 


{ne€éw:AFEp, | a}. The Scott set of Ais SS(A) = {S,:a€ wh. The 


proof of Theorem 3.1 suggests the proofs of some other useful facts. 
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Remarks 3.1 
(1) If S is a Scott set, then {deg(A): A € S} has no maximum element. 
(2) If A is a non-standard model of PA and A€ SS(A), then A <7 A. 


(3) If Ais a non-standard model of PA and 4 is a tuple in A, then for all n, 
the finitary ©, type realized by a@ in A is an element of SS(A). 


Proposition 3.4 If A is a non-standard model of PA, then DI(A) has no 
least element. 


Proof. Suppose d is least in DI(A), and let S have degree d. By The- 
orem 1.4, there is a complete existential type [' realized in A such that S 
is recursive in all enumerations of [. Then S <7 I, and by (3) above, 
[e€ SS(A). By (1), there exists A € SS(A) such that A £7 I. Therefore, 
A £7 §, contradicting (2). a 


The following is due to Scott [28] (see also [21] and [15]). 


Theorem 3.5 If T is a completion of PA, and S is a countable family of 
subsets of w, then the following are equivalent: 


(1) there is a non-standard model A of T such that S = SS(A). 
(2) S is a Scott set including Rep(T). 


Remark 3.2. If A is a non-standard model of PA, and given R = 
{(a,n):AE pn | a}, then R is an enumeration of SS(A) such that R <7 A. 


Earlier, we defined DPA as the set of degrees of non-standard models of PA. 
It is also the set of degrees of enumerations of countable Scott sets, and of 
completions of PA (see [12] for further equivalences). The set DPA has no 
least element, and it contains low degrees. 


Now, we turn to true arithmetic. Let A be a non-standard model of TA. 
Since Rep(TA) consists of the arithmetical sets, the degree of A is an upper 
bound for the sequence (0'")),¢,. The converse is not true. 


Theorem 3.6 (Lachlan-Soare) There is a degree d such that for all n, 
d> 0) but d is not the degree of any non-standard model of TA. 
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Theorem 3.6 is proved by constructing a set X such that for all n, 
0) <p X, but if R <7 X, then R is not an enumeration of a family which 
includes all of the sets 0'"), see [20]. Much more is known, see [22]. 


Using workers, Marker [25] showed that ifd > 0) for all n, and d’ > 0), 
then there is a non-standard model of TA of degree d. Marker asked whether 
the condition d’ > 0) is necessary. The next result, from [20], implies that 
it is not. 


Theorem 3.7 There exists a non-standard model A of TA such that 
deg(A)” = ol). 


Solovay [30] characterized the degrees of non-standard models of TA in 
terms of “effective” enumerations of Scott sets. Suppose S is a countable 
Scott set. An effective enumeration of S is an enumeration R equipped with 
functions f,g,h which witness the fact that S is a Scott set: 


(1) if A= R, and ee = Xz, then B= Ryne), 
(2) if A= Rp and B = R,, then A® B = Rams 


(3) if 7 = R, where T is an infinite subtree of 2<”, and P = Ram), 
then Xp is a path through T. 


The degree of the effective enumeration R, f,g,h, is the join of the degrees 
of R, f,g and h, and the effective enumeration is said to be recursive in X 
if R, f,g and A are all recursive in X. If A is a non-standard model of PA, 
and F is the enumeration of SS(A) described above, then R can be equipped 
with functions f,g and h to form an effective enumeration which is recursive 
in D°(A). 

Here is Solovay’s characterization of the degrees of non-standard models 
of TA. 


Theorem 3.8 


(a) If S is a countable Scott set containing the arithmetical sets, then the 
degrees of non-standard models A of TA such that SS(A) =S are just 
the degrees of effective enumerations of S. 


(b) The degrees of non-standard models of TA are the degrees of effective 
enumerations of Scott sets which contain the arithmetical sets. 
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Macintyre and Marker [24] investigated the degrees of complete diagrams 
of recursively saturated models. Using this work, Marker obtained the fol- 
lowing. 

Theorem 3.9 Jf R is an enumeration of a Scott set S, then there is an 
effective enumeration of S recursive in R. 


The proof of Theorem 3.9 is not at all direct. Here is the outline. There 
is a completion T of PA such that T € S. By one of the main results in 
[24], T has a model A such that D°(A) <r R and SS(A) =S. Then D*°(A) 
yields the desired effective enumeration of SS(A). 


Using Theorem 3.9, Marker simplified Theorem 3.8 as follows. 


Corollary 3.10 The degrees of non-standard models of TA are precisely the 
degrees of enumerations of Scott sets which contain the arithmetical sets. 


Theorem 3.9 also yields information related to Scott’s original result. 


Corollary 3.11 For a given countable Scott set S, the degrees of comple- 
tions T of PA such that S = Rep(T) are precisely the degrees of enumerations 
of S. 


The characterization of the degrees of non-standard models of TA leaves 
certain questions unanswered. 


Problem 4 [s there a non-standard model A of TA whose degree is minimal 
over the degrees O'") ? 


Some time after characterizing the degrees of non-standard models of Ta, 
Solovay also characterized the degrees of models of completions of other com- 
pletions of PA [31]. 


Theorem 3.12 Let T be a completion of PA such that T # TA (so the 
models are all non-standard), and let T, = TO%,. For any set X, the 
following are equivalent: 


(1) T has a model A <r X, 
(2) there is a Scott set S such that T, € S for all n, and S has an enu- 


meration R <r X with a family of functions t,, A® relative to X, 
uniformly in n, such that lim t,(s) is an R-inder for T,, and for 


8-00 
all s, t,(s) is an R-index for a subset of T,. 


In the next section, we state a general result from which this follows. 
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4 Models for highly non-recursive theories 


There are a number of results on existence of recursive models for non- 
recursive theories. We mention only a few. We begin with a result on 
No-categorical theories, by Lerman and Schmer! [23]. 


Theorem 4.1 Let T be an arithmetical Xo-categorical theory such that the 
set of finitary Uj42 sentences of T is U9,,. Then T has a recursive model. 


The proof of this result is inductive, based on the lemma below. For 
a structure A, let D,(A) denote the set of sentences in D°(A) which are 
Boolean combinations of 1, sentences. 


Lemma 4.2 Suppose T is an No-categorical elementary first order theory, 
and let A be a model of T. If the set of finitary Un42 sentences of T is X°,,, 
and Dn4i(A) is A®,,, then T has a model B such that D,(B) is A®,,. 


It is possible to improve Theorem 4.1 somewhat, dropping the assumption 
that T is arithmetical (see [18]). 


Theorem 4.3 Let T be an Xo-categorical theory, and for each n, let T,, be 
the set of finitary ©, sentences of T. If Tn42 is E94, uniformly in n, then 
T has a recursive model. 


Hurlburt {11] constructed recursive models for certain complicated infini- 
tary theories by taking a limit of recursive models for various fragments of 
the theory. For a structure A, let ©,(A) be the set of all ©, sentences of Lu, 
which are true in A. Similarly, let I],(A) be the set of II, sentences of Lu, 
true in A. Hurlburt’s result involves the notion of an “a-friendly” family of 
structures, from [4]. Fix a language L, and let a be a recursive ordinal. Con- 
sider a family (Aj)ic. of L-structures, and form the relations <g such that 
(1,4) <p (3,6) iff Tg((Aj, @)) C Tg((.A;,5)). The family (A;)ieu is said to be 
a-friendly if the structures are uniformly recursive and the relations <,, for 
8 <a, are uniformly r.e.. (Ordinal notation is being suppressed again.) 

Let @ be a recursive limit ordinal, and let (Qn)neu be the increasing 
sequence picked out by a notation for a. We call f an (a,)-function if f(n) 
is A? , uniformly in n (i.e., there is a recursive function o such that for each 
n,o(n) is an index for a procedure for computing f(n) using a A?_ oracle). 
We also speak of relatively (a,)-functions, where f is (a,) relative to X if 
f(n) is AQ, relative to X, uniformly in n. 


Here is a version of Hurlburt’s theorem. 


Chapter 7 Degrees of Models 305 


Theorem 4.4 Let a be a recursive limit ordinal and let (Qn)ne. be a recur- 
sive increasing sequence of successor ordinals with limit a, say Gn = 8, +1. 
Suppose (Aj)icu is an a-friendly family of structures, and i is an (Qn-1)- 
function such that So,(Ainy) © Lan(Aingiy) for all n. Then there is a 
recursive structure B such that 


(a) Yan (Ai(n)) € Lon (B) for allne€ wW, 


(b) for each tuple b in B, there exists m such that for all n = m, there 
exists @ in Ay) such that Ig,(Ain),@) C Wg, (B, 6). 


Here is a companion result for successor ordinals. 


Theorem 4.5 Let a be a recursive successor ordinal, saya = 3+1. Sup- 
pose (Aj)iey is an a-friendly family, and i is a A®-function such that 
Ya(Ainy) © YalAingi)) for all n. Then there is a recursive structure B 
such that 


(a) Ya(Ainy) © Eq(B) for all n, and 


(b) for each tuple 6 in B, there exists m such that for all n > m, there 
exists @ in Ayn) such that Ig(Ainy,@) C Wa(B, 6). 


The proofs of Theorems 4.4 and 4.5 use Ash’s methods [1]. 


The next result yields both Theorem 3.8 and a slight strengthening of 
Theorem 3.2 as consequences. The statement involves Scott sets, but the 
result does not apply just to models of arithmetic. A structure A is said 
to represent a Scott set S if for all n and all complete finitary ©, types T 
consistent with Th(A), I is realized in A iff f € S. If A is a non-standard 
model of PA, then SS(A) is the unique Scott set represented by A. However, 
some structures do not represent any Scott set, and some represent all Scott 
sets. We give some examples below. 


Example 4.1 The structure NV does not represent any Scott set. 


To see why this is so, let S be a Scott set. If, for all n and all complete 
finitary b,, types [ realized in N, we have T € S, then S must contain all 
arithmetical sets. There are arithmetical complete finitary ©, types which 
are realized in non-standard models of TA but are omitted in NV. 
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Example 4.2 The structure (Q, <) represents all Scott sets. 


Let S be a Scott set. For any n and any complete ©, type [ which is 
consistent with Th(Q, <),I € S, and I is realized in (Q, <). (The same is 
true for any structure A such that A is saturated and for all n, the ©, types 
realized in A are all recursive.) 


Theorem 4.6 Let T be a complete theory, and for each n, let T,, be the set 
of finitary ©, sentences of T. Let S be a countable Scott set such that for 
all n, T, € S. Let R be an enumeration of S and let f be a function such 
that for all n, Ryn) = Tr. If R <7 X and f is (n) relative to X, then T 


has a model A recursive in X. Moreover, A can be taken to represent S. 
This is proved in [17] using workers. 


Here is the improved version of Theorem 3.2 which follows from Theo- 
rem 4.6. Recall that DPA is the set of degrees of non-standard models of PA. 


Corollary 4.7 If d € DPA, then there is a non-standard model A of PA of 
degree d such that Th(A) has degree d‘). 


The following is a strengthening of Theorem 4.6, which can be used in 
proving Theorem 3.12. In fact, the statement was suggested by Theorem 3.12. 


Theorem 4.8 Let T be a complete theory, and for each n, let T,, be the set 
of finitary S, sentences of T. Let S be a countable Scott set such that for 
alln, T, € S. Let R be an enumeration of S such that R <r X, and let 
(tn)new be a family of functions, such that t, is A® relative to X, uniformly 
in n, for all n, lim tn(s) 1s an R-indez for T,, and for all s, R;,(s) © Tn. 
Then T has a model A <7 X such that A represents S. 


Theorem 4.8 is proved in [19]. 
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Introduction 


The notion of algorithm has been extensively investigated from various points 
of view, such as, for instance, algebraic, topological, set-theoretic, etc.. Here 
we study symmetries related to the notion of algorithm; this, undoubtedly, 
will help us to understand this notion better. 

This paper is a survey of the results on computable automorphisms. 
The term “computable” is understood here in a broad sense (“recursive”, 
“computable with respect to an oracle”, “arithmetical”, “hyperarithmetical” , 
etc.). 

In this paper we do not consider automorphisms of the lattices of recur- 
sively enumerable sets and Turing degrees. This subject is rather advanced 
now and merits an individual survey. 

Generally, two related topics arise in the investigations of automorphisms. 
The first topic concerns investigations of properties of automorphisms for a 
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given class of objects. The second topic is about finding, or more specifically 
reconstructing some properties of the class of objects from the automor- 
phisms. We will discuss both topics in various situations. 


We follow commonly used notions and definitions from Recursion The- 
ory [54, 59, 69], Model Theory [5], Constructive Model Theory [11], and 
Admissible Sets [2]. 


A main definition of this paper is that of constructive models. We consider 
here only effective languages, i.e., languages whose symbols are naturally 
(may be, implicitly) coded by an initial segment of natural numbers; and 
given a code of a symbol one can effectively find its number of arguments. 
Consider a pair (M,v) where M is a model and v is an enumeration of |M|, 
that is, a mapping from w onto the domain |M| of the model M. Using 
effectiveness of our language and this enumeration v, we can build some 
Godel enumeration of the set of all quantifier-free sentences (as well as the 
set of all sentences) in the language extended by constants c,(n), n € w, 
whose interpretations in M are v(n). If the set of all quantifier-free sentences 
(respectively all sentences) which are true in M is recursive, then the pair 
(M, v) is called a constructive (resp. strongly constructive) model. A model M 
is called constructivizable (resp. strongly constructivizable) if there exists an 
enumeration v such that (M,v) is a constructive (resp. strongly constructive) 
model. The notion of recursive model is close to that of constructive model. 
A model M is said to be recursive (resp. decidable) if its universe is a recursive 
set and there exists a procedure which, given a quantifier—free formula (resp. 
any formula) ¢(Z) and an n-tuple ™ of elements, answers whether M — y(77) 
or not. In fact, these two notions of constructive model and recursive model 
(as well as decidable model and strongly constructive model) are, respectively, 
the eastern and western versions of the same intuitive concept. We use both 
of them; in each case we select a variant which can show discussed results 
more clearly; sometimes we even reformulate original results or definitions in 
the other form. 

The central notion of this paper is the definition of recursive automor- 
phism. Below we give two definitions of this notion, for recursive and con- 
structive models. 


Definition 0.1 


(1) Let M be a recursive model. An automorphism ¢ of M is called recur- 
sive if ~ is a partial recursive function. All such automorphisms form 
a group Aut,M. 
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(2) Let (M,v) be a constructive model. An automorphism ¢ of the model 
M is called recursive if there exists a recursive function f such that 
yy =vf. All such automorphisms form a group Aut,(M,v). 


1 General results on permutations 


It is natural to ask the question of which classes of recursive functions are 
closed under composition and inversion, i.e., form a group. Clearly, the set 
of all permutations recursive in an oracle is a group. The following result 
shows that the primitive recursive functions fail to form a group. 


Theorem 1.1 (A. V. Kuznetsov, [27]) There exists a primitive recursive 
permutation f whose inverse f~! is not a primitive recursive function. 


A sharper version of this and other results which take into account the 
Grzegorczyk hierarchy are in [4]. 


It would be interesting to know algorithmic reducibilities with the prop- 
erty that all permutations whose degrees are less than or equal to some degree 
with respect to one of those reducibilities form a group (a list of most known 
reducibilities are in [54, 59, 69], for instance.) 

Let Sym(w) be the group of all permutations of the set of natural numbers 
w and let d be a Turing degree. We denote the Turing degree of a set or a 
function f by deg(f). Define 


Ga = {f € Sym(w) | deg(f) < a}. 


As noted above, this is a group. Our main question here is the following: 
What is the relationship between the group Gq and the Turing degree d? 


A basic tool which we use in investigations of this question is an interpre- 
tation of the action of the group Sym(w) or its subgroups on natural numbers. 
We first distinguish the so-called transpositions, that is, those permutations 
which permute exactly two elements. The following result by R. McKenzie 
(29] plays a key role here. 


Theorem 1.2 Let G be a group of permutations of natural numbers which 
contains all finite permutations. Then a permutation z € G is a transposition 


if and only if 
G  A(e=1) & (2? =1) & Vy ((e"yzy)® = 1). 
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This result allows us to associate with each pair (z,y) of transpositions 
such that xy # yx a unique number a which is moved by both of them; in 
this case we say that the pair (z,y) holds the unique number a. Now we can 
distinguish the pairs (xo, 21) and (yo, y1) which hold the same element. If we 
denote this property by E(z0,21, yo, yi), it can be defined as follows: 


E(x0, 1, Yo, ¥1) = ( A (zai =1) 


1,j=0, 


eA (ti =y; & a1 # y1-j) 9 1-4 #27! M-; 41). 
t,7,=9, 
Thus, each natural number can be identified with the class of such equivalent 
pairs of transpositions. 

Note that if a pair of transpositions (z,y) holds a natural number n and 
g € G, then the pair of transpositions (gz g~', gyg ') holds g(n). Therefore 
the action of G on w is also interpretable in the group G. 

Further steps consist of interpretation of the structure of natural num- 
bers — addition, multiplication, Turing reducibility, etc.. Therefore we can 
translate arithmetical statements into statements of the first order language 
of groups and vice versa. 

It turns out that every group Gy contains all the information about the 
Turing degree d. 


Theorem 1.3 [49] For any Turing degrees s and d, the group G, is embed- 
dable into Gg if and only if s < d. In particular, G, = Ga if and only if 
s=d. 


A family A of sets of natural numbers is arithmetical if there exists a 
formula y(P) of the standard language of arithmetics extended by the unary 
predicate symbol P such that, for each set X of natural numbers, 


(w,+,-,0,8,<,X)K¢(P) & X EA holds. 


The following two theorems show the relationship between the defina- 
bility of families of sets, and the first order definability in the class 
{G, | s is a Turing degree}. 


Theorem 1.4 [39] Let A be an arithmetical family of sets. Then there exists 
a formula — of the first order group-theoretic language, such that for all 
Turing degrees d 

GaEy & ANdF¢@ holds. 
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Theorem 1.5 (39] Let y be a first order group-theoretic formula. Then the 
set {X | Gdegix) F y} is arithmetical. 


Corollary 1.6 [39] [f A is an arithmetical family of sets, then 
{X Cw | deg(X)NAF @} 
is arithmetical. 


We can also describe all Turing degrees d whose group Gy can be charac- 
terized within the class {G, | s is a Turing degree} by a single sentence. 


Corollary 1.7 [39] A Turing degree d is an arithmetical class of sets if and 
only if there exists a formula 4 of the group-theoretic language such that for 
all Turing degrees s 


G,E va @& d=s holds, 
i.e., Gq can be characterized within the class 
{G, | s is a Turing degree} 
by a single sentence. 
Corollary 1.8 [39] The following statements are valid: 
(1) Any arithmetical degree is an arithmetical class of sets. 


(2) For any degree d which contains an arithmetical set, there exists a 
group-theoretic sentence ‘pq such that for each Turing degree s 


G;F ya @& d=s holds. 


(3) Any degree 0'°), where a is a constructive ordinal, is an arithmetical 
family. 


(4) For any constructive ordinal a, there exists a group-theoretic sentence 
Ya such that for each degree d 


GaE va & d=0 holds. 


Each degree d can be distinguished by the theory of its group Gz only up 
to some level. Indeed, using the result on determinacy of Borel sets [50] and 
its consequence concerning degrees [68], as well as using the technique of [39] 
and [68], we can establish the following result: 


316 A. S. Morozov 


Corollary 1.9 There exists a Turing degree d such that G, is elementarily 
equivalent to G, for all degrees a,b > d. 


This is not surprising since the higher a Turing degree is, the fewer in- 
dividual features it possesses. The highest degrees become more and more 
similar and starting from some level they cannot be distinguished by elemen- 
tary first order tools. Thus, there exists a “most typical” theory of the group 
of permutations which are computable with an oracle. This is Th(G,z), where 
d satisfies Corollary 1.9. It would be interesting to investigate the properties 
of this theory. 

Here we have considered only the first order properties of the groups Gy. 
It would be very interesting to answer similar questions for some other lan- 
guages, for instance, fragments of L,,. The whole language L,,,., is too 
strong for this purpose, since it is possible to construct for each Gy a formula 
64 which defines the group Gg up to isomorphism [2]. 


C. F. Kent [20] studied the normal structure of the groups Gq; in fact, 
he investigated a more general problem setting. He proved that the normal 
series 

1aA a Fin a Gy 


is a unique normal series for each group Gq, where Fin is the group of all per- 
mutations of natural numbers which move only a finite number of elements, 
and A is the group of all even permutations of natural numbers, i.e., finite 
permutations which can be decomposed into a product of an even number 
of two-element cycles. This is also valid for the group of all arithmetical 
permutations, which is defined as follows: 


Ar = {f € S(w) | dn deg(f) < 9}. 


C. F. Kent [20] also investigated automorphisms of such groups of permuta- 
tions. In order to formulate the next two results we need the notion of an 
effectively closed group: 


Definition 1.10 A subgroup G in the group of all permutations of natural 
numbers Sym(w) is effectively closed if, for all n and fi, ..., fn € G, each 
permutation recursive in f,,..., f, belongs to G. 


Theorem 1.11 (C. F. Kent, [20]) Let G be an effectively closed group. Sup- 
pose also that G D Fin, G # Fin, and each normal subgroup G' < G which 
contains an infinite permutation satisfies G' = G. Then all automorphisms 
of the group G are inner, i.e., of the form z+ a7! za, fora€eG. 
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Corollary 1.12 (C. F. Kent, [20]) Each automorphism of a group Ga, or of 
the group of all arithmetical permutations, is inner. 


This shows that in these groups the situation is just the same as in the 
group Sym(w) [63, 64]. 

C. F. Kent also studied in [20] conjugacy classes in the groups Gg and Ar. 
He proved that in the group Ar, the conjugacy class of an element is com- 
pletely defined by its cyclic structure, just as in the group Sym(w), but this 
fails to be true in the groups G4, i.e., there exist two permutations which are 
conjugate in the group Sym(w), but not in Gz. 


Now we will discuss complexity questions for the recursive automorphism 
groups of recursive models. 
We say that a model M has Turing degree d if d is the least element in 
the set 
{deg(H) | M is isomorphic to a model recursive in H}. 


We denote this fact by deg M = d. If there is no such minimal degree, then 
we say that the model M is has no degree. 


It turns out that each group Gy has a degree. 
Theorem 1.13 [39] For each Turing degree d, deg Gy = d". 


Other questions concerning computable permutations, their decomposi- 
tion and related problems are in [4, 20, 27]. 

Hereafter we denote the group Go, i.e., the group of all recursive permu- 
tations of the set of natural numbers, by Aut,w. 


2 Some general results on recursive 
automorphism groups 


In this section we will discuss some general results about recursive automor- 
phism groups of recursive models. The following results demonstrate how 
properties of usual automorphisms can be far from properties of recursive 
automorphisms. V. D. Dzgoev, A. B. Manaster and J. B. Remmel indepen- 
dently proved the first result of this kind 


Theorem 2.1 (V. D. Dzgoev [9, 15], A. B. Manaster and J. B. Remmel [28]) 
There exists a recursive model M such that |AutM| = 2”, but |Aut,M| = 1. 


318 A. §. Morozov 


It is often the case in the theory of recursive automorphisms that when 
the whole automorphism group is sufficiently large but the recursive auto- 
morphism group is almost trivial, as we will see later. 

In order to formulate the next result we need two definitions. The first 
one is a classical definition of homogeneity for countable models. A countable 
model M is called homogeneous provided that, for all n < w, and for all 
pairs of n-tuples of elements @,b € M, (M,a@) = (M,}) implies that they 
are isomorphic, i.e., there exists f € AutM such that f(@) = b. The next 
definition is an effective version of the preceding one: a constructive model 
(M,v) is called effectively homogeneous provided that, for all pairs of n- 
tuples of elements @,6 € M, (M,@) = (M,b) implies that there exists an 


f € Aut,M such that f(@) = 6. 


Theorem 2.2 (K. Z. Kudaibergenov, [22]) There exists a homogeneous 
strongly constructivizable model whose automorphism group ts of the cardinal- 
ity of the continuum, but in any constructivization its recursive automorphism 
group is trivial. In particular, this model is not effectively homogeneous with 
respect to all constructivizations. 


This theorem implies that two isomorphic elements, i.e., elements which 
can be transformed into each other by an automorphism, cannot be trans- 
formed into each other by a recursive automorphism in all constructivizations. 


The theorems cited may be strengthened up to hyperarithmetics. A 
model M is called hyperarithmetical if its universe is hyperarithmetical, and 
the set of all quantifier-free sentences of its signature, extended by constants 
c;,t € M (so that the value of c; is 7) which are true on M, is hyperarith- 
metical. 


We will prove the following theorem later in this paper. 
Theorem 2.3 [46] There exists a recursive model M such that each hy- 
perarithmetical model isomorphic to M has no nontrivial hyperarithmetical 
automorphisms, and |AutM| = 2%. 

This theorem follows from the construction for trees below. 


It should be noted that a further extension of this result is impossible, 
since, obviously, each model possessing a nontrivial automorphism also pos- 
sesses an automorphism which is recursive in a II}-complete set. 
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In the course of the proof of this theorem, the following statement will be 
used, which amplifies a well-known result of Kueker [23] on the equivalence 
between the property |AutM| < 2” and the existence of an n-tuple with 
Aut(M,p) = 1. 


Theorem 2.4 Let M be a countable model. The following three statements 
are equivalent: 


(1) |AutM| < 2%, 
(2) AutM CHYPy, and 
(3) AutM € HYPy. 


Here HYPy is the least admissible set over M containing the model M 
[2]. From here we deduce that if a recursive model M has at most w auto- 
morphisms, then all these automorphisms are hyperarithmetical. 


The following result, due to Goncharov, is a direct consequence of cat- 
egorical considerations from [13]. This theorem is proved with the use of a 
standard interpretation technique. 


Theorem 2.5 (S. S. Goncharov, [13]) For each recursive model M, there 
exist a recursive binary predicate R and a recursive partial order L such that 


Aut,.M = Aut,L & Aut, (w, R). 


Now we consider a natural correspondence between functional trees and 
automorphisms of models. Consider a recursive model M and an effective 
enumeration of its signature {=} = 09 C 9 © ++: Use, oi = ¢- Without 
lost of generality we may assume that the signature of M doesn’t contain 
operation symbols. 

Let the recursive functions f(z) and r(z) give us the left and right coor- 
dinates of the pair coded by a number z, and let In(s) be the length of s. 
We may define the recursive tree Ty, as follows: 


Tum = {sew | és(0) # rs(0), and elements of tuples (€s(0),... , €s(k ~ 1)) 
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The definition of this tree reflects an informal attempt to construct all 
possible automorphisms of the model as follows: at each step we have fi- 
nite parts of potential automorphisms which correspond to elements of the 
tree. Trying to extend a finite part of a potential automorphism, we add 
some elements to its domain and to its range so that they satisfy the same 
quantifier-free formulas. Since each automorphism is onto, we should also 
take care that each element with number n must be added to the domain 
and to the range at some step. 

It is not difficult to verify that Ty, possesses an infinite branch iff M 
has a nontrivial automorphism. Moreover, one can ascertain that, for any 
infinite branch t of 7’, there is an automorphism of M of the same Turing 
degree, and for any automorphism y of M, there is an infinite branch of Ty 
of the same Turing degree. 


Now we consider a converse construction, which given an arbitrary tree 
builds a model that possesses a nontrivial automorphism iff this tree possesses 
an infinite branch. 

Assume T C w<” is a tree. Let 


T, = {t€T|In(t) =n}. 


Consider for each n < w the Abelian group G,, of order 2 with the basis 
Tn, i.e., G & Vr (a +z = 0) and each element a € G,, possesses a unique 
representation as asum a = t, +...+t, of pairwise distinct t;,..., t, € Th 
up to the order of summands. 

We call this representation canonical. Let 0, be the zero element of Gy. 
Denote by ¢ \ m the initial m-element segment of t € T. An immediate check 
shows that for each m,n < w,m > n the mapping h™ : G,, + G,, defined as 


A(t) + --> +t) = tbat. +ihn 


is a homomorphism. Clearly, hth” = hf’, for allk cn <m. 
Now we impose the structure of commutative semi-group on the set S = 
Unew Gn: If a,b € S,a € Gn, 6 € Ga, k = min(m,n), we let 
a+b = hf(a) + hy(d). 


One can easily ascertain that this operation is commutative and associative. 
Note also that On + On = Omin(mn) and h™(x) = 4+ 0,(z) if In(z) = m, 


men. 
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Consider a polygon P(S) over S defined as follows: P(S) = (S, fs) es 


and 
f(z) =s+2, forall s,ceS. 


Now we define a natural ordering on S: 
rey @& c=h"(y), ifm=In(y), n=In(z), men. 


To prove that the ordering < on S is preserved under automorphisms of 
P(S), take an arbitrary automorphism y. Note that x < y is equivalent to 
xr=0n+y, for some n < w. We have 


rey & In<w(t=0.+y) & In <w(r= fo,(y)) 
# In <w(y(z) = fon(y(y))) @ In <w(y(z) = 0, + v(y)) 
(zx) < yly). 


Assume y € Aut P(S). We have 


fale(z)) = vlfa(z)), for all a,x € S. 


For ¢ = 0,, n > In(a), we obtain 


pla) = a+ ¥(0n). 


Since elements (0,),,<,, form an infinite increasing chain 09 < 0; < 02 <-:-, 
so do the elements ( (0n)),¢,5 1-e-, 9 (00) < 9 (01) < p(02) < ---. There- 
fore, there is a one-to-one correspondence between all automorphisms y of 
P(S) and the chains y (09) < 9 (01) < 9 (02) < ---, where In(y(0,)) = 7, for 
alln <w. 

Assume ¢ is a nontrivial automorphism of P(S). Then for some n < w 
p(On) # On, pn(On) € Tr. There is t € T, such that y(0,) = t+---, 
where the right hand sum is canonical. This ¢ occurs only once in this sum. 
Since 9(0n41) > y(0,) and p(On41) € Tn41, 9(On41) contains some t’ > t 
in its canonical representation. We can take the lexicographically minimal 
element t’ with this property. By definition, t’ extends t as an element of the 
tree. Repeating this process, we obtain an infinite branch in T. 


On the other hand, if (t;);<u, ti € Ti, t; < ti4, is an infinite branch in T, 
the automorphism y defined by ¢(0,) = t; is nontrivial, since y(0,) 4 On. 
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Thus, T’ possesses an infinite branch iff P(S) possesses a nontrivial auto- 
morphism. 

Let T be a recursive tree. Consider an arbitrary constructivization v of 
P(S) for which, given an element v(n) in P(S), we can effectively write down 
its canonical representation. Since T is a recursive tree, this constructiviza- 
tion can be easily constructed. 

Based on the considerations above, we may see that if an automorphism y 
is nontrivial and H-recursive (that is, recursive in H for some oracle H € w), 
then T possesses an H-recursive infinite branch. On the other hand, if T 
possesses an H-recursive infinite branch (t;);<u, ti) € Ti, then this branch 
defines a nontrivial automorphism y(xr) = z + tx, where k = In(x). We have 
proved the following: 


Lemma 2.6 


{deg(f) | f is a nontrivial automorphism of P(S)} 
= {deg(t) | t is an infinite branch in T}. 


Thus, we reduce the study of nontrivial automorphisms of models to the 
study of infinite branches of trees. 

Let R, be {(éz,rz)|z€ W,}, and let M, be the model (w, Rn). Us- 
ing the usual uniform interpretation of our polygons in binary relations, we 
obtain the following result: 


Theorem 2.7 The set {n | AutM, # 1} ts a Il}-complete set. 


Now we can transfer some results for trees to nontrivial automorphisms. 
For instance, consider the following result 


Proposition 2.8 [59] There exists a recursive tree having 2” infinite bran- 
ches, but having no infinite hyperarithmetical branches. 


This result, together with some properties of P(S), proves Theorem 2.3. 
As a result of this correspondence between trees and automorphisms, we 


can also prove 


Theorem 2.9 A family of Turing degrees is the family of Turing degrees of 
all infinite branches of some recursive tree if and only if it is the family of 
all Turing degrees of automorphisms of an appropriate recursive model. 
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Without loss of generality we may consider only the trees whose branches 
all contain some fixed initial segment a = {(0,0)}. In this case the resulting 
polygon 0; is isomorphic to a if and only if the polygon possesses a nontrivial 
automorphism, since all nontrivial automorphisms are multiplications by an 
infinite branch, which always contains a, hence each nontrivial automorphism 
takes a to 0; and vice versa. Consider two models, which are obtained from 
the polygon by adding some new predicate which is true only on a in the first 
model, and only on 0; in the second one. These two models are isomorphic if 
and only if the original polygon possesses a nontrivial automorphism. This 
yields, as above 


Theorem 2.10 The set {(m,n) | M, = M,} is a U}-complete set. 


With slight modification of this construction, we could demonstrate that 
isomorphic embeddability is also a I}-complete property. 

The following results deal with the notion of computability for recursive 
automorphism groups. Informally, one may say that a computable automor- 
phism group is one which has a good system of coordinates. 


Definition 2.11 A group G < Aut,w is said to be computable if it possesses 
a computable enumeration v as a set of recursive functions [10], i.e., if there 
exists a binary recursive function f(z, x) such that 


G = fra fie) | 4 <a}. 
We say that the number of a function Axf(i,z) is 7, v(t) = Az f(i,z). 
It turns out that the class of all computable recursive automorphism 
groups possesses a rather simple characterization. To formulate the result, 
we need one more definition. Two n-tuples @ and 6 are called recursively 


isomorphic if f(@) = b for some recursive automorphism f. We denote this 
by a &, 6. 

Theorem 2.12 (Computability criterion, [38]) Suppose M is a recursive 
model. Then the following statements are equivalent: 


(1) Aut,M is computable. 


(2) There exists an n-tuple p € M such that Aut,(M,p) = 1, and the set 
{(m,n) | m,n €|M| and m =, TN} is recursively enumerable. 


(3) There exists an n-tuple p € M such that Aut,(M,p) =1, and the set 
{(9,2,y)|%2,y € |M| and Gr =, py} is recursively enumerable. 
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The proof uses a diagonalization-like argument. This theorem implies 
the following corollaries. 


Corollary 2.13 Let Aut,M be computable. Then Aut,M possesses exactly 
one computable enumeration up to recursive equivalence; in other words, for 
any two computable enumerations v9 and 1, of Aut,M there exists a recur- 
stve function f such that fu) = 14. Moreover, any computable enumeration 


of Aut,M is decidable. 


Corollary 2.14 If a group Aut,M is computable then it is constructiviz- 
able; moreover, each computable enumeration of Aut,M is, in fact, a con- 
structivization of this group. Conversely, for each constructive group (G,v), 
there exists a recursive model M whose group of all recursive automor- 
phisms is computable and, for each computable enumeration yu of this group, 


(G,v) =, (Aut, M, p). 


Corollary 2.15 Any finitely generated group is isomorphic to a group of 
all recursive automorphisms of some recursive model if and only if this is a 
constructivizable group (i.e., the word problem for this group is decidable). 


Corollary 2.16 The group Aut,B is not computable for all infinite recursive 
Boolean algebras B. 


Corollary 2.17 Let M be a decidable infinite model of an w-categorical 
theory T with a recursive set of atomic formulas. Then the group Aut,M is 
not computable. 


If we do not state that the set of atomic formulas is decidable, then the 
result may be the opposite. 


Theorem 2.18 [40, 48] There exists a countably-categorical decidable model 
without nontrivial recursive automorphisms. 


The problem of existence of a decidable countably—categorical theory T 
such that all its decidable models have no nontrivial recursive automorphisms 
is still unsolved. 

It would be very desirable to have a general and sufficiently clear descrip- 
tion of all recursive automorphism groups which would give us a tool for 
recognizing groups which are isomorphic to recursive automorphism groups. 
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It is a pity, but the results so far obtained make us regard this as hopeless. 
However, there are certain characterizations of this class of groups. The only 
case for which we currently have a satisfactory characterization is the finitely 
generated case (see Corollary 2.15). 

One might suppose that it is possible to characterize the class of all re- 
cursive automorphism groups as the class of all H-constructivizable groups 
for a suitable oracle H. The results below demonstrate this to be impossible. 
In addition, we obtain a complete description of Turing degrees that can be 
realized as degrees of recursive automorphism groups, and of which groups 
may be contained in various Turing degrees. First, with the use of universal 
partial recursive functions, one can easily prove that each group of recursive 
automorphisms is isomorphic to a 0’-recursive group. The rest of the cases 
are given by the following theorem. 


Theorem 2.19 [47] The following statements are true: 


(1) For each Turing degree d # 0, there is a group whose degree is d, and 
which is not isomorphic to any group of all recursive automorphisms of 
a recursive model. 


(2) For each Turing degree d, d < 0", there exists a recursive model M 
such that deg Aut, M = d. 


(3) There exists a recursive model whose group of recursive automorphisms 
has no degree. 


One might hope for a simple description of finitely generated subgroups of 
the group Aut,w; this would be a description of finitely generated subgroups 
in groups of recursive automorphisms. It is not difficult to see that each 
group G < Aut,w finitely generated by go, ..., gx satisfies the following 
property: 

“the set {t | t is a group term from go, ... , gg and t # 1} is 
recursively enumerable”. 


In other words, the equality problem for G is co-enumerable. 


A natural question arises about the truth of the converse statement, that 
is, if any finitely generated group with a co-r.e. equality relation is isomorphic 
to a group generated by finitely many recursive permutations. Higman stated 
this question in a conversation with Ershov and Belegradek in 1989. The 
answer turned out to be negative: 
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Theorem 2.20 [44] There exists a 4-generated group G whose equality prob- 
lem is co-enumerable such that G is not embeddable into the group of all 
recursive permutations Aut,w. 


The question about the minimal possible number of generators for such 
groups remains open. 


One of the main objects of our study is the group of all recursive per- 
mutations of the natural numbers. This group is a group of all recursive 
automorphisms of the infinite recursive model with the empty signature; on 
the other hand, this group contains all recursive automorphism groups. 


Nurtazin was the first to prove non-constructivizability of this group [53]. 
Nowadays, due to Theorem 1.13, we have the exact complexity level of this 
group: 

deg Aut,w = 0”. 


This group possesses two characterizations. The first one asserts cate- 
goricity and the finite axiomatizability of the group Aut,w in the class of all 
recursive permutation groups: 


Theorem 2.21 [45] There exists a sentence y of the group-theoretic lan- 
guage such that, for all groups G < Aut,w, 


GE¢y © G=Aut,w. 
This group can be also characterized in the class of all groups: 


Theorem 2.22 [45] There exists a sentence y of the group-theoretic lan- 
guage such that the group Aut,w is the only model of y, up to isomorphism, 
which contains exactly two nontrivial normal subgroups. All other models of 
y contain at least three distinct nontrivial normal subgroups. In other words, 
Aut,w is the only model of y with the minimal possible number of normal 
subgroups. 


Using methods developed in the proofs of the above theorems, one can 
prove similar results for other groups, for example, for the group of all almost 
periodic permutations. 


A permutation is called an almost periodic provided that there exists 
t > 0 such that for all sufficiently large m, B(m +t) = B(m) +t holds. 


Chapter 8 Groups of Computable Automorphisms 327 


Corollary 2.23 [45] There ezists a sentence vy, of the group-theoretic lan- 
guage such that, for allG < Aut,w, 


GE yp. © G is isomorphic to the group of all 
almost periodic permutations of w. 


It would be interesting to investigate the question of categoricity and finite 
axiomatizability for some other recursive automorphism groups, for instance, 
for the group Aut, (Q,<) of all recursive order-preserving permutations of 
the rational numbers. 


Having obtained the characterization of the group Aut,w we may pass to 
the characterization of the class of all groups of recursive automorphisms: 


Theorem 2.24 [45] There exists a sentence (Rh) of the group-theoretic 
language extended by a unary predicate R, such that the set of all subsets 
X © Aut,w which can be realized as a group of all recursive automorphisms 
for a suitable recursive model, coincides with the set 


{X C Aut,w | (Aut,w, X) & y(R)}. 
Here, X is the interpretation of R in Aut,w. 


In other words one can say that the class of all recursive automorphism 
groups of recursive models is definable in the monadic second order language 
of Aut,. 


The following results are concerned with complexities of elementary the- 
ories of classes of groups of recursive permutations. 


Let K, be the class of all groups isomorphic to groups of all recursive 
automorphisms of suitable recursive models, let Ko be the class of all groups 
isomorphic to recursive groups, and let K be the class of all groups isomorphic 
to subgroups of Aut,w. The following results are about theories of these 
classes. In particular, the results below give exact levels of the undecidability 
degrees for the theories of K,, Ko, and K. 


Theorem 2.25 [45] The theories of the classes Ky, K,, and K are pairwise 
distinct. 


Theorem 2.26 [45] The theory of the class K is a I{-complete set. 
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Theorem 2.27 [45] The theories of the classes Ko and K, are recursively 
isomorphic to the theory of the standard model of arithmetic. 


In what follows, we denote by S(G) the class of all groups which are 
isomorphic to subgroups of a group G. We also call two subsets A, B C w 
arithmetically inseparable if there is no an arithmetical subset R C w with 
AC Rand BCR. 


Theorem 2.28 [45] There exists a sentence y of the group-theoretic lan- 
guage such that 


(1) ¢~ is consistent with the theory of constructivizable groups. 


(2) for each class C C S(Aut,w), if Th(C) U {y} is consistent, then o) 
ts 1-reducible to the set Th(C). Moreover, the set Th(C), and the set 
of sentences refutable in the class C, are arithmetically inseparable. 


Corollary 2.29 The theories of the following classes of groups: 
(1) groups of recursive permutations; 
(2) groups of recursive automorphisms of recursive models; 
(3) recursive groups (constructivizable groups) 


are distinct, and differ from the theory of all groups. The first cannot be 
aziomatized by a hyperarithmetical set of axioms, the others cannot be az- 
iomatized by an arithmetical set of arioms. 


Corollary 2.30 There exists a sentence which is consistent with the theory 
of groups, and is not true in all groups of recursive permutations, in particu- 
lar, in all groups of recursive automorphisms and recursive (constructivizable) 
groups. 


This strengthens the results by Kreisel, Mostowski, and Vaught. Kreisel 
[21] and Mostowski {51, 52] constructed consistent sentences which are not 
true in all constructive and recursively enumerable models. Vaught [73, 74, 
75] studied complexities of theories of some classes of models. Corollaries 
2.29 and 2.30 show similar statements to be true even in the class of groups. 

Note that the class Ko is not closed under subgroups, since the class is 
countable and the group Aut,w has 2” many nonisomorphic subgroups. Also, 
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this class is not closed under homomorphisms, since the free group of infinite 
rank is in Ky and the free group has all countable groups as its homomorphic 
images. In addition, we have the opportunity to see that even the class 
of finitely generated subgroups of Aut,w is not as simple as it might seem. 
However, one can easily prove the class Kp to be closed under finite direct 
products. 

The following question, formulated by Goncharov, seems to be rather 
interesting: under which algebraic constructions is the class of recursive au- 
tomorphism groups closed? (In particular, it would be interesting to find the 
answer for free products.) 

The problem of how to distinguish recursive and decidable models by 
their automorphism groups was studied in [48]. The first result shows it to 
be impossible if we consider these groups as abstract groups. 


Theorem 2.31 For each recursive model M, there exists a decidable model 
M’, and an isomorphism y : AutM —+ AutM’, such that p(Aut,M) = 
Aut,M’. 


However, if we take into account the action of the automorphism group, 
the situation changes. 


Theorem 2.32 There exists a recursive model M with the universe w such 
that, for any decidable model N (of any language), AutMAFin 4 AutN Fin 
holds. In particular, AutM 4 AutN and Aut,M ¢ Aut,N. 


The following theorem contains an exact level for the algorithmic com- 
plexity of orbits. 


Theorem 2.33 [38] For each recursive model M, the set 
{ (m,n) | m,ne|M| & m=,n} 
is in D3. This set is Ug-complete for some model M. 


The next area of investigation is the study of automorphisms which are 
recursive under all constructivizations. It seems to be natural to study 
computability of such automorphisms in connection with its definability 
in HFy [2]. In fact, Ventsov [76] proved that there exists a recursive model 
M and a recursive automorphism thereof which is recursive with respect to 
all constructivizations of M, but not -definable in HF yy. 
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3 Recursive automorphisms of 
Boolean algebras 


The investigation of usual automorphisms of Boolean algebras has been 
rather successful (see, for example, (3, 14, 17, 19, 30, 31, 32, 33, 58, 60, 
61, 62, 67, 72, 7, 71]). The reader also can find a lot of information about 
recursive Boolean algebras in [57]. 

A basic method in investigations of recursive automorphisms of atomic 
Boolean algebras is based on an interpretation of the action of these groups on 
the sets of atoms. This can be done as in Section 1 for the groups of permu- 
tations of natural numbers. As in Section], we first can define transpositions 
as those automorphisms of a Boolean algebra which permute exactly two 
atoms and don’t move atomless elements. The transpositions are definable 
by the same formula: 


Theorem 3.1 (McKenzie, [30]) An automorphism of a Boolean algebra B 
is a transposition if and only if it satisfies the formula 


A(z =1) & (2? =1) & Vy((e7 yey) = 1) 
in the group of all (recursive) automorphisms of B. 


Hence, we again can consider the pairs (x,y) such that ry ¢ yz, define in 
the same way the equivalence relation between the pairs, etc.. Thus, we can 
interpret the action of the (recursive) automorphism group on atoms, and so 
on. 


A natural question which arises here is about constructivizability of the 
groups of recursive automorphisms of Boolean algebras. The following theo- 
rems answer this question for many cases. 


Theorem 3.2 [42] If the set of atoms of an infinite recursive Boolean alge- 
bra is not immune, i.e., contains a nontrivial r.e. set, then the group Aut, B 
is not constructivizable. 


Theorem 3.3 [42] Suppose that a Boolean algebra B possesses a finite 


family {pi,..., ee} of recursive automorphisms such that the set of atoms 
of B contains an infinite (~,,..., px)-orbit, i.e., the orbit of the group 
generated by y,,..., Ye. Then the group Aut,B cannot be embedded into a 


constructivizable group. 
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Using some automorphisms which we can construct under the assumption 
that the set of atoms is recursive, we can prove the following result: 


Corollary 3.4 [42] Let B be an infinite recursive Boolean algebra with a 
recursive set of atoms. Then the group Aut,B cannot be embedded into 
a constructive group. In particular, this is so for the group of all recur- 
sive automorphisms of any infinite decidable (strongly constructive) Boolean 
algebra. 


In addition, using the fact that the group of all recursive permutations 
cannot be embedded into a recursive group [53], we can also construct an 
embedding of this group into the group of all recursive automorphisms of an 
atomless recursive Boolean algebra and prove the following result: 


Theorem 3.5 Suppose that a recursive Boolean algebra contains a nonzero 
atomless element. Then the recursive automorphism group of this Boolean 
algebra cannot be embedded into a recursive group. 


The next area of inquiry concerns the problem of how properties of 
Boolean algebras interact with properties of their recursive automorphism 
groups. One could also say that we are interested in the reconstruction of re- 
cursive Boolean algebras from their recursive automorphism groups. There 
are many ways to investigate this problem. Here we will discuss a few of 
them. 

We begin with results which show a relationship between the isomor- 
phism types of recursive Boolean Algebras and the isomorphism types of 
their recursive automorphism groups. When we do not impose recursiveness 
considerations on Boolean algebras and their automorphisms, the following 
result of McKenzie is exemplary. 


Theorem 3.6 (Mckenzie, [30]) Let Bo be a countable Boolean algebra with 
a mazimal atomic element, and let B, be an arbitrary countable Boolean 
algebra. Also, let the numbers of atoms in Bo and in B, be different from 1. 
Then Aut Bo = AutB, implies Bo = B,. 


It is the analogous situation in the theory of recursive Boolean algebras 
we wish to consider. It turns out that for atomic decidable Boolean algebras 
a (classical) isomorphism of recursive automorphism groups implies that the 
original algebras are isomorphic, in fact, recursively isomorphic: 
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Theorem 3.7 [34] Let Bo be an atomic decidable Boolean algebra, and let 
B, be an arbitrary recursive Boolean algebra. Then Aut,Bo = Aut, B, im- 
plies Bo =, By. 


In addition, the proof of this theorem gives us 


Corollary 3.8 Let B be an infinite recursive atomic Boolean algebra with a 
recursive set of atoms. Then the group Aut,B is a complete group, 1.e., it 
has trivial center, and each automorphism of the group is a conjugation. 


However, the following results serve as counterexamples to the preced- 
ing ones, which show that the restrictions in Theorem 3.7 above cannot be 
completely omitted. 


Theorem 3.9 (Remmel, [56]) For each recursive Boolean algebra there ex- 
ists a Boolean algebra isomorphic to it such that each recursive automorphism 
of it moves only finite number of atoms. 


For atomic Boolean algebras, this result was independently obtained by 
the author in [37]. 

This theorem implies that for atomic Boolean algebras the group Aut, B 
can be isomorphic to the group of all finite permutations of the natural num- 
bers. Therefore without additional restrictions, the group of all recursive 
automorphisms of an atomic Boolean algebra may be constructivizable. One 
even can select a constructivization with respect to which this group is iso- 
morphic to some fixed group, namely Fin. 

We also can prove that each recursive Boolean algebra whose automor- 
phism group is isomorphic to Fin is atomic and has an immune set of atoms. 
The converse is not true. That is, immunity of the set of atoms of an atomic 
Boolean algebra does not imply that its recursive automorphism group is 
isomorphic to Fin [36]. 


Corollary 3.10 For each pair of infinite recursive atomic Boolean algebras 
Bo and By, there exist recursive Boolean algebras Bj and By such that 


Bo= Bi, B, = By, and Aut,Bt ~ Aut, BF 


This (in some sense) negative effect is caused by the possibility of choos- 
ing “bad” enough constructivizations (recursive presentations). However, 
sometimes even the isomorphism types of recursive Boolean algebras cannot 
be recognized from the isomorphism types of their recursive automorphism 
groups. More exactly: 
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Theorem 3.11 [34] There exist two nonisomorphic strongly constructive 
Boolean algebras Cy and C, whose recursive automorphism groups are iso- 
morphic. 


We should also note that the constructivizability of a Boolean algebra 
cannot be determined by its automorphism group [34]. That is, there exists 
a constructive Boolean algebra whose automorphism group is isomorphic to 
the automorphism group of a Boolean algebra without constructivizations. 


Remmel proved one more result in this direction: 


Theorem 3.12 (Remmel, [56]) There exist atomic recursive Boolean alge- 
bras By and B, such that Aut,Bo = Aut,B,, where B, is isomorphic to a 
decidable Boolean algebra, but Bz is not isomorphic to any decidable Boolean 
algebra. 


Informally this result says that recursive automorphism groups of Boolean 
algebras cannot distinguish the isomorphism types of recursive Boolean al- 
gebras from the isomorphism types of decidable ones. 


Now we will briefly be interested in the reconstruction of recursive Bool- 
ean algebras from the elementary types of their recursive automorphism 
groups. It turns out that the case of atomic and decidable Boolean alge- 
bras is especially interesting. Indeed, we can prove that the group of all 
recursive automorphisms of any such algebra is finitely axiomatizable, and 
categorical in the class of all recursive permutation groups: 


Theorem 3.13 [42] For each atomic decidable Boolean algebra B, there ez- 
ists a sentence of the first order group-theoretic language such that, for 
each group of recursive permutations, 


GEy © G=Aut,B. 


For comparison with this and the result below, we cite a well-known result 
of Rubin on usual automorphisms of Boolean algebras. 


Theorem 3.14 (Rubin, [61]) For every complete theory T of Boolean alge- 
bras, there is a sentence pr in the language of groups such that, for every 
countable or finite Boolean algebra whose number of atoms is not one, 


BET ifand onlyif AutB FE ¢r. 
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Thus, taking into account Theorem 3.7, we immediately obtain that for 
a complete reconstruction of an atomic decidable Boolean algebra from its 
recursive automorphism group a single sentence is enough. More exactly, 


Corollary 3.15 [42] Let Bo be an atomic decidable Boolean algebra, and 
let B, be an arbitrary recursive Boolean algebra. Then Aut,Bo = Aut, BP, 
implies Bo =, By. 


This result has a nonrecursive counterpart. Rubin in [61] proved that 
under some natural conditions, a Boolean algebra can be reconstructed from 
the elementary type of its automorphism group. 


Using the proof of Theorem 3.13 we now can prove: 


Corollary 3.16 The theory of the class of all recursive automorphism groups 
of Boolean algebras, and the theory of each recursive automorphism group 


of an infinite decidable atomic Boolean algebra, are recursively isomorphic 
to ol), 


Let us now turn to another formulation of the problem of the reconstruc- 
tion of recursive Boolean algebras from their recursive automorphism groups. 
We will now show how to reconstruct a Boolean algebra from the action of 
its recursive automorphism group on the domain of the Boolean algebra. 


Recall that two enumerations vp and 1 are called recursively equivalent if 
there exists a partial recursive function f such that vp = vf {10]. We denote 
this by vp &, 4. 


The following theorem was proved in [36]: 


Theorem 3.17 If the sets of atoms, atomic elements, and atomless ele- 
ments of a constructive Boolean algebra (B,vo) are decidable, and for some 
constructivization 1, of B 


Aut,(B,v) = Aut,(B,™4) holds, 
then vg %, 4. 


Corollary 3.18 If vo is a strong constructivization of a Boolean algebra B, 
and for some other constructivization 11, Aut,(B,vp) = Aut,(B,™), then 
Yo, WY. 


It would be interesting to know whether it is it possible to prove the result 
of Theorem 3.17 under weaker conditions. 
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Consider another setting for this problem. Let Bo and By, be recursive 
Boolean algebras whose universe is w and let the group Aut, Bp = Aut, By, < 
Sym(w) be given. What can we say about Bo and By? Dauletbaev investi- 
gated this question. 

Let B be a Boolean algebra. A one-to-one mapping y : B > B is called 
two-valued if the following two statements are true: 


(1) Va € B(y(z) € {z,2}); 
(2) Vey € B(Ap € Aut, By(z) =y & y(z)=2) > vy) =y. 


Suppose that B = (|B| ;M,U, — ) is a Boolean algebra, and y is a two- 
valued mapping of B. One can easily see that, if we define operations U®, 
AN’, and ~%, and a Boolean algebra BY as follows: 


amy = y(p(z)Ne"(y)), ze = p(y (z)), 
zU*y = (yp '(z) Ug "(y)), BP ee UBL Oe) 


then AutB = AutBY’. Dauletbaev proved that this is the only case when 
Aut, Bo = Aut, B, holds. 


Theorem 3.19 (Dauletbaev, [6]) 


(1) Let Bo be an infinite Boolean algebra, and B, be an arbitrary Boolean 
algebra with |Bo| = |B,| and AutBo = AutB,. Then there is a two- 
valued isomorphism y : Bo > B, such that Bo = BY. 


(2) Let Bo be an infinite Boolean recursive algebra, and B, be an arbitrary 
recursive Boolean algebra with |Bo| = |B,| and Aut,Bo = Aut,B,. 
Then there is a recursive two-valued isomorphism p : Bo > By, such 
that Bo = Br. 


Using the method of Anderson [1], Dulatova proved the simplicity of 
the group of all recursive automorphisms of a recursive atomless Boolean 
algebra (8). 

The structure of normal subgroups of the (recursive) automorphism 
groups of superatomic Boolean algebras is unknown. It would be interesting 
to know whether all normal subgroups of a such group form a chain. 

We also would like to mention a result of Guichard about the automor- 
phisms of the lattice £(B) of recursively enumerable subalgebras of a Boolean 
algebra B. 
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Theorem 3.20 (Guichard, [16]) Let B be a free Boolean algebra on a count- 
able set of generators. Then each automorphism of the lattice £(B) is induced 
by some recursive automorphism of the algebra B. 


4 Recursive automorphisms of 
modules and vector spaces 


Let P be a recursive ring. A module M over P is recursive if M is a recursive 
subset of w and, given m,n € M and a € P, one can effectively find an, 
and the sum of elements m and n in M. 


Recursive endomorphisms of modules are not well understood yet. We 
mention some papers by Puninskaya [25, 26, 24, 55]. 


In all reasonable cases one can find a recursive presentation of a free 
module of infinite rank whose recursive automorphisms are only those which 
cannot be avoided, i.e., the multiplications by scalars: 


Theorem 4.1 [43] Let A be a recursive division ring. There exists a recur- 
sive module M over K such that 


(1) M2 KY = K@K@K@-- 


(2) each recursive automorphism vy of the module M is a multiplication by 
a scalar, i.e., p(x) = az, for some fized invertible element a of K. 


Corollary 4.2 Let P be an infinite recursive field. There exists an infi- 
nite dimensional recursive vector space V over P such that each recursive 
automorphism of V is exactly multiplication by a nonzero scalar. 


Of course, the vector space in this corollary has infinite dimension. More- 
over, this result is not valid for a finite P, since the dependency problem over 
a finite field is always decidable. Indeed, the linear dependency condition of 
vectors U1, ..., Un can be written as 


Fay +a, €P( Va; #0 & S > aiv; = 0), 
i=1 


#=0 


where the quantifier J is taken over the finite field. 
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Corollary 4.3 There exists a recursive Abelian group isomorphic to 
whose only nontrivial automorphism is x > —2. 


Corollary 4.4 For each recursively enumerable sub-ring W with unity in the 
field of rational numbers Q, there exists a recursive abelian group whose group 


of recursive automorphisms is isomorphic to A* (the group of all invertible 
elements of K). 


Karp obtained some results in this direction. He studied properties of 
constructivizations of an infinite dimensional vector space which can be re- 
constructed from their automorphism groups. 


Theorem 4.5 (Karp, (18]) 


(1) Suppose 1 and v2 are constructivizations of a space V, and linear 
dependency over V is decidable with respect to ,. If 


Aut,(V,4,) = Aut,(V,v2), 
then linear dependency over V with respect to v2 is also decidable. 


(2) Let (V,v) be a recursive vector space with a decidable linear dependency 
problem. Then there exists a countable family of elements in Aut,(V,v) 
which are conjugate in Aut(V,v) but not in Aut,(V,v). 


The problem of reconstruction of properties of vector spaces from their 
recursive automorphism groups has not been deeply studied yet. It would be 
interesting to answer the following questions: 


(1) Let Vo and Vj be recursive vector spaces over an infinite recursive field 
and 
Aut,Vo = Aut,Vy. 


Is it true that Vo =, Yj? 


(2) Let Vo and V, be recursive vector spaces over an infinite recursive field, 
let the linear dependency problem for Vo be decidable, and let 


Aut,Vo = Aut,V. 


Is it true that Vo =. Vj? 
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5 Other settings 


Recursive automorphisms of linear orders have also been studied. Here we 
mention only two results: 


Theorem 5.1 (Schwartz, [65]) Let L = (w, <z) be a recursive linear order- 
ing. Then the following conditions are equivalent: 


(1) L contains a dense interval, and 


(2) every recursive linear ordering R= (w,<pr) which is (classically) iso- 
morphic to L has a non-identity recursive automorphism. 


If a recursive ordering contains an interval isomorphic to the rational 
numbers, then its recursive automorphism group is rather complicated, more 
exactly: 


Theorem 5.2 Let (L,v) be a recursive order which is isomorphic to the 
natural ordering of the rational numbers. Then the group Aut,(L,v) is not 
positively presentable, that is, it can not be isomorphic to a group whose 
positive atomic diagram is r.e.. Moreover, Aut,(L,v) cannot be embedded 
into a recursive group. 


We can prove this result in the framework of methods developed in the 
book of Glass [12], or with a technique from [35]. 


Selivanov studied automorphisms of enumerated sets. Let (S,v) be an 


enumerated set [10], i.e., the set S together with an enumeration v : w “ S, 


The map y : S + Sis called a morphism from (S,v) to (S,v) if there exists a 
recursive function f such that py = vf. A morphism y from (S,v) to (S,v) 
is called an automorphism of (S,v) if there exists a morphism ~ from (5, v) 
onto (S,v) such that y. v=. y = ids. This is just the same as the usual 
notion of automorphism in a category. Selivanov obtained an unexpected 
result: 


Theorem 5.3 (Selivanov, [66]) Each at most countable group is tsomorphic 
to the group of all automorphisms of a suitable enumerated set. 


Selivanov in [66] also asks what are the classes of automorphism groups 
for known classes: positive, negative enumerations, sub-objects of the Post 
enumeration, etc.. Interested readers can find these notions in [10]. 
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In this survey we should also mention the paper by Soloviev [70]. This 


paper considers the notion of computational theory and studies their auto- 
morphisms. 


I wish to thank Bakhadyr Khoussainov who read the manuscript and 


made suggestions on improvements of this paper. 
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ON ATR WN So 


Introduction 


Finitely axiomatizable theories form a subclass of the class of recursively 
axiomatizable theories. The latter can be defined as the class of recursively 
enumerable theories, and also as the class of recursively enumerably axiom- 
atizable theories. As usual, we use the term aziomatizable theory instead 
of recursively aziomatizable theory. In fact, such theories are defined by 
recursively enumerable systems of axioms. The key idea is to study the ex- 
pressiveness of finitely axiomatizable theories by comparing them with the 


*The research described in this publication was made possible in part by Grant RUQO00 
from the International Science Foundation. 


HANDBOOK OF RECURSIVE MATHEMATICS 347 
Edited by Yu. L. Ershov, S. S. Goncharov, 

A. Nerode, and J. B. Remmel 

© 1998 Elsevier Science B.V. All rights reserved. 


348 M. G. Peretyat’kin 


well known class of recursively axiomatizable theories. Recently, significant 
progress has been made in this direction, establishing a theorem on the sim- 
ilarity of expressiveness of these two classes of theories for a large list of 
model-theoretic properties [29, 32, 33]. (This allows a wide variety of appli- 
cations of finitely axiomatizable theories to the study of various algorithmic 
aspects of logic.) 

In this work, we give a review of the applications of finitely axiomatizable 
theories to constructive models and related objects. We consider the algo- 
rithmic complexity of models, the complexity of Lindenbaum algebras and 
the complexity of semantic classes of sentences connected with constructive 
models and decidability. Our focus lies on a detailed account of the basic 
concepts, as well as an exposition of all available constructions of finitely 
axiomatizable theories. This enables us to exhibit various aspects of appli- 
cations of finitely axiomatizable theories to constructive models. 


Preliminaries 


We consider theories in first order predicate logic with equality. In the basic 
concepts of model theory, algorithm theory, Boolean algebras and construc- 
tive models, we follow the monographs of Chang and Keisler [2], Rogers 
[36], Goncharov [11] and Ershov [7]. A detailed account of results on finitely 
axiomatizable theories is contained in [33]. 

The superscripts of a signature specify the arities of the appropriate sym- 
bols. A finite signature is called rich if it contains an n~ary predicate or 
function symbol for n > 1, or two unary function symbols. We consider only 
signatures that allow a Godel numbering of their formulae. Such signatures 
are called enumerable. The set of all sentences of a signature o is denoted by 
SL(c). A set E C SL(o) is closed under deducibility if for any ®, V € SL(o), 
F (@ + WV) implies @e€ Eo Ve EF. For A,BCN, Aw B denotes a 
recursive isomorphism between the sets A and B, i.e., there exists a bijection 
a: N -— N that is a generally recursive function and satisfies (A) = B. 
For A C N we introduce the following notation: 


ro <m A @& (WX €5°)(X <,, A), 


Amd? & AEXP A (WX € LE)(X <n A). 


Similar notations exist for other hierarchy classes. 
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The algorithmic dimension of a model M is the number d,.(Mt) of strong 
constructivizations of this model up to autoequivalence. The dimension 
d.(IN) of the model under (ordinary) constructivizations is similarly defined. 
It is known that d,.(§t) can be only one of the three values 0,1 and w, 
see [25]. 


Based on a standard Post numbering of recursively enumerable sets W,,, 
n € N, we construct an effective numbering for the class of all axiomatizable 
theories as follows. Let o be an enumerable signature. We fix a Godel 
numbering ®;, 7 € N, for all sentences in the signature o. Ifa theory T in 
the signature o is defined by the set of axioms {®; | i € W,,}, then m is called 
the recursively enumerable index of the theory T. There is an alternative 
definition: Using the same set of axioms {®; | 7 € W,, } we construct a theory 
T' in the signature o’ C a, where o’ contains only those symbols from o that 
occur in formulae of the sequence ®;, 2 € W,,. The number m is called a 
weak recursively enumerable indez of the theory T’. 


1 Similarity of theories 


Whenever we describe an axiomatizable theory T having a certain set of 
properties, we naturally ask whether there is a finitely axiomatizable theory 
with the same set of properties. In these situations we try to use a notion 
of “similarity” or “likeness” of the two theories in terms of the properties 
in question. It appears that for axiomatizable theories this notion can be 
formalized precisely. 


Our definition of similarity for two theories is based on a division of the 
properties of a theory T into two classes. The first class contains proper- 
ties related to the structure of the Lindenbaum algebra £(T) (without free 
variables), including some properties of a more algorithmic nature. This 
class includes, for example, such properties as consistency, completeness, the 
existence of decidable extensions, etc.. All these properties are uniquely 
determined by the recursive isomorphism type of the Lindenbaum algebra. 
The second class contains model-theoretic properties related to any complete 
extension T’ of the theory T (including some properties of an algorithmic 
nature), such as stability, existence of a prime model, its strong construc- 
tivizability, etc.. 


We will specify the concept of a model-theoretic property. 
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Two theories To and T; in the signatures oo and o; are called isomorphic 
(written as To = T,) if T; can be obtained from Tp by a finite number of 
the following operations: renaming some signature symbols and adding or 
eliminating those symbols that are first order definable under other signature 
symbols. 

If two theories are isomorphic, the signature symbols of one can be repre- 
sented by formulae in the other. Thus, the two theories share any properties 
that are determined by the structure of first order definable relations. For 
model-theoretic applications, two isomorphic theories are regarded as two 
copies of the same theory. 

A model-theoretic or semantic property is a class p of complete theories 
in enumerable signatures such that 


To = T, > (To Cp & T; € p) 


for all complete theories Ty and T; in enumerable signatures. Let ML denote 
the set of all possible model-theoretic properties. Any subset L C ML is 
called a list of model-theoretic properties, or simply a list. 

Now let 7, and JT) be axiomatizable theories, and L a list of model- 
theoretic properties. The theories T; and T2 are semantically similar with 
respect to the list Z (written as T; =, T) if there exists a recursive isomor- 
phism p : £(T1) + L(T2) between their Lindenbaum algebras, such that for 
any completion TY of 7, and the corresponding completion T; = (TY) of To, 
T; and T; have the same properties from the list Z. In this case, we say that 
the isomorphism p preserves the properties of L. 


2 Predicate Expressiveness Theorem 


The expressiveness of finitely axiomatizable theories is described in the fol- 
lowing general theorem [33]. 


Theorem 2.1 (Main Theorem). Let T be a recursively axiomatizable the- 
ory without finite models, and o a finite rich signature. Then effectively in 
a recursively enumerable index of T one can construct a finitely axiomatiz- 
able model complete theory F = F,(T) in the signature o, and a recursive 
isomorphism wp: L(T) — L(F) between their Lindenbaum algebras, such 
that any completion T’' of the theory T and the corresponding completion 
F' = p(T’) of the theory F have the same model-theoretic properties from 
the following list. 
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(a) Stability, superstability, w—stability, stability in cardinality a. 


(b) The existence of a prime model and its algorithmic dimension (with 
respect to strong constructivizations); the number of atomic models of 
cardinality a > w. 


— 
a 
— 


The number of countable minimal models (Jonsson models) and their 
algorithmic dimensions; the number of minimal models of cardinality 
a>w., 


(d) The existence of countable strongly constructivizable homogeneous mod- 
els; the existence of a countable strongly constructivizable wt -homo- 
geneous model; the existence of an at -homogeneous model of cardinal- 
ity atw. 


(e) The existence and strong constructivizability of a countable saturated 
model; the existence of a saturated model of cardinality a > w. 


(f) The existence of a model with only first order definable elements and 
its strong constructivizability; the existence of a model whose elements 
are almost all first order definable (algebraic), and its algorithmic di- 
mension. 


(g) The number of countable rigid models (those with only the trivial au- 
tomorphism) and their algorithmic dimensions; the number of rigid 
models of cardinality a > w. 


(h) The non-mazimality of the spectrum function. 


We use the notation F(T) whenever the signature is either not important 
or clear from the context. The list of model-theoretic properties in Theo- 
rem 2.1 is called universal and denoted by MQL. 


Note 2.1 Theorem 2.1 is also applicable if T has finite models. Starting 
from T’, we can construct a finitely axiomatizable theory F = F,(T) and a 
recursive isomorphism p. The MQL-properties of every complete extension 
T’ > T with infinite models (as in the statement of the theorem) are then 
transferred to the corresponding completion F’ > F. If T' is a theory of a 
finite model then the corresponding theory F’ has only infinite models and 
has exactly the same properties from the list MQL as the theory T’ @ SI, 
where SI is the axiomatizable theory in the signature o = {<*,c} whose 
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axioms state that < is the successor relation, c has no <-predecessor, all 
other elements have <—predecessors, and there are no cycles (this theory is 
w —categorical and complete). 


Note 2.2 Theorem 2.1 also holds for weak recursively enumerable indexes 
of the theory T. This allows a complete effectivization of the construction 
of the main theorem. By taking a very large enumerable signature (with in- 
finitely many predicates of each arity) and using weak recursively enumerable 
indexes, we can determine a uniform numbering of all possible axiomatizable 
theories in any enumerable signature. The main construction T + F,(T) 
becomes an effective operator from the class of all axiomatizable theories 
into the class of finitely axiomatizable theories in a given finite rich signa- 
ture a. 


Note 2.3 With respect to the model completeness of the theory F' = F,(T), 
the concepts “constructive model” and “strongly constructive model” are 
equivalent. In particular, if some model of this theory is not strongly con- 
structivizable, it is not constructivizable at all. 


The following general statement follows from the main theorem. 


Theorem 2.2 Let T be an aziomatizable theory without finite models and 
with some given properties from the list MQL. Then there is a finitely az- 
tomatizable theory with the same properties. 


Yet another variation of Theorem 2.1 is the following. 


Theorem 2.3 Let T be a complete decidable theory without finite models. 
Then there is a complete and model complete finitely axiomatizable theory F 
in a given finite rich signature o, such that the theories T and F have exactly 
the same properties from the list MQL. 


3 Constructions 


In this section we introduce a series of constructions for finitely axiomatiz- 
able theories, and one construction for axiomatizable theories. Each of them 
represents a general method of constructing theories of a given class. It pro- 
duces a series of theories depending on one or more parameters. By choosing 
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suitable parameters one can control the properties of the resulting theory. 
Typical parameters are natural numbers, recursively enumerable trees, and 
axiomatizable theories. The ‘strength’ of a construction is determined by the 
number of properties involved, as well as the simplicity of the relationship 
between these properties and the parameters that are necessary to obtain 
them. 

Figure 1 represents the general relation between the constructions. The 
arrows are supposed to indicate the historical development that led to the 
ideas behind the constructions, as well as their relative ‘strength’, pointing 
from ‘weaker’ to ‘stronger’ constructions. 


1950 ; : ; : 
——- direct result intensification 


----- >» small details waste intensification 


@ 
si ae settee » inheritance and idea evolution 
1937 ,” 1961 4 


axiomatizable construction 
A ‘ 
<< 1952,” *\. 1965 1975 1982 1993 


1973 1982 va 


Figure 1: Constructions of finitely axiomatizable theories 


Let FU denote the universal construction from Theorem 2.1, but in con- 
crete applications we often write F(T) instead of FU(T). Note that each con- 
struction allows us to build a finitely axiomatizable theory in any given finite 
rich signature o. If it is necessary to indicate the signature, we write VT,(n), 
F,(T), etc.. For the sake of completeness we include the construction T(D), 
which produces axiomatizable theories in a signature with countably many 
unary predicates (13, 33]. This construction precedes the construction CM, 
see [26, 27]. 
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We start with the Church construction [3]. In the following, let A’ denote 
the set {n |n € W,}. 


Theorem 3.1 On a natural number n, one can effectively construct a fin- 
itely ariomatizable theory F = CH(n), such that: 


(a) For n € K, the theory F is inconsistent. 
(b) For n ¢ K, the theory F is consistent. 


The Trakhtenbrot construction [38] gives a similar statement for finite 
models. 


Theorem 3.2 On a natural number n, one can effectively construct a fin- 
itely axiomatizable theory F = TR(n), such that: 


(a) For n € K, the theory F has a finite model. 
(b) For n ¢ K, the theory F has no finite models. 


The Vaught construction [39] generalizes the constructions of Church and 
Trakhtenbrot. 


Theorem 3.3 On a natural number n, one can effectively construct a fin- 
itely axiomatizable theory F = VT(n), and a ‘halting sentence’ ® (not de- 
pending on n), such that: 


(a) If n € K, then + (F — ®), and the theory F has a unique (up to 
isomorphism) model IN, which is finite. 


(b) If n ¢ K, then F (F -+ ®), and the theory F is essentially and 


hereditary undecidable, and has no recursively enumerable models. 


It is possible to regard K as the halting problem for the universal Turing 
machine, where the halting sentence causes the machine to stop. It seems 
useful to specify the properties of the halting sentence in the statement of 
Theorem 3.3. In this form, Theorem 3.3 immediately implies Theorem 3.1 
and Theorem 3.2. To see this, one simply defines 


CH(n) = VT(n) A -~® and TR(n)=VT(n) A 9. 


The most important among the early results is Kleene’s construction [19], 
which demonstrates the expressiveness of finitely axiomatizable theories. 
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Theorem 3.4 Let T be an aziomatizable theory in a finite signature o with- 
out finite models. Then effectively on a recursively enumerable index for T, 
one can construct a finitely ariomatizable theory F = KL(T) in the signa- 
ture o’ = 0 U{R?}, such that T= F [ o. 


Note that KL is the first construction which uses an axiomatizable theory 
as a parameter. 

Next we consider the Hanf construction [15]. We fix a decidable theory H 
whose Lindenbaum algebra £(H) is atomless. We could for example choose 
the finitely axiomatizable theory of the successor relation with one initial 
element in the signature {<?,c}, where cycles of length > 1 are permitted. 


Theorem 3.5 For any recursively atiomatizable theory T there is a finitely 
axiomatizable theory F = H(T) such that the Lindenbaum algebras of F and 
T @H are recursively isomorphic. 


This completes our characterization of the early constructions. 


Before we can describe the intermediate construction FM, and its ana- 
logue CM for complete theories [26, 27, 28], we need to introduce some 
preliminary concepts. Although the constructions seem to be quite compli- 
cated, they are very convenient in concrete applications. They make use of 
the fact that the algorithmic construction of a binary recursively enumer- 
able tree yields as an intermediate step a finitely axiomatizable theory whose 
properties depend on the properties of the tree in a well known way. 

We give the basic definitions. 

The full binary tree is the partially ordered set Do = (N, <), where ~ is 
generated by the rules n < 2n+1 and n <~2n+2,n EN. 


Ue ee 
WZ Ne NF YZ 
ee er 
wa, ae 


Figure 2: Total binary tree 
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We define two natural operations: 


L(n) = 2n + 1 is the left successor of the element 7, 


R(n) = 2n + 2 is the right successor of the element n. 
A tree is an arbitrary set D C N such that: 
(a) (mxn)A(n € D) — meED, for all mn EN, 
(b) L(n) ED Rin) € D, for alln EN. 


An element n € D with L(n) ¢ D is called a terminal node of the tree. 
The set of all terminal nodes of D is denoted by Term(D). A tree is atomic 
if above each of its element there is at least one terminal node. 

A chain is a set 7 C N such that: 


(a) mn € m+ (mxn)V(n Xm), for all mneEN. 
(b) (nXn)A(n€7) 3 mer, for all mn EN. 


Let II(D) be the set of all maximal chains of the tree D, and II®"(D) the 
set of all finite maximal chains of D. 

Consider the family of all maximal chains of D, and let G be a subset of 
II(D). A chain x € G is isolated in G if there is an element t € 7 such that 
m is the unique chain in G that contains t. Let G’ be the set of all chains 
a € G that are not isolated in G. By transfinite induction we define the 
following subsets IT,(D) € II(D): 


(a) Mo(D) = H(D), 
(b) Moti(D) = (Ha(D))’, 
(c) IL,(D) = (){le(D) | B < 4}, if 7 is a limit ordinal. 


The least ordinal a such that H.41(D) = II,(D) is called the rank of D, 
and denoted by Rank(D). The rank of a chain 7 € II(D), Rank(z), is an 
ordinal a such that 7 € T4(D)\Tla4i(D). It is clear that in general the rank 
function is only partially defined on the set II(D). We call D superatomic if 
the rank function is totally defined on II(D). 

Let [W]p be the naturally defined closure of a set W C N with respect 
to the tree D. Define 


Dri=[Wrlo, nEN, and D4A=[WA]p, nEN, ACN, 
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where W,, is the r.e. set with Post index n, and wa is the n-th r.e. set in 
some standard numbering of the sets that are enumerable with oracle A C N. 

For k € N, let ce, be the condition ‘the set contains the element k’. 
A truth-table condition, or briefly tt-condition, is a propositional formula Tr 
constructed from the elementary expressions ¢,,k € N. For ACN, AET 
means that the tt-condition 7 is true of A. 

We fix a Gédel numbering 7, k € N, of all tt-conditions, and define for 
m € N the following class of sets: 


Rin = {ACN | (Vk EWr)A E Te}. 


Now we can state the theorem on the version of the intermediate construc- 
tion that deals with the completeness condition. Here we use the notation 


F(D) instead of CM(D). 


Theorem 3.6 (C-version of the intermediate construction). Let a be a finite 
rich signature. Effectively on o and on a recursively enumerable index of 
a tree D, one can construct a finitely ariomatizable model complete theory 
F = F(D) in the signature o with the following properties: 


(a) The theory F(D) has a prime model if and only tf the tree D ts atomic. 


(b) If a prime model of F(D) exists, then it is strongly constructivizable if 
and only the family of chains Il*"(D) is computable. 


(c) If a prime model of F(D) exists and is strongly constructivizable, then 
it is autostable with respect to strong constructivizations if and only if 
D is a recursive tree. 


(d) F(D) has a countable saturated model if and only if D is superatomic. 


(e) The countable saturated model of F(D) is strongly constructivizable if 
and only if the family of chains II(D) is computable. 


(f) F(D) ts w-stable if and only if D is superatomic. 
(g) The Morley rank of F(D) is equal to 
max{12, 1+ Rank(D) + 7}, 


where y = 2 if D is superatomic and y = 0 otherwise. 
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Next we state a general version of the intermediate construction, where 
we use the notation F(m,s) instead of FM(m, s). 


Theorem 3.7 (The intermediate construction). Let o be a finite rich sig- 
nature. Effectively on o and on a pair of natural numbers (m,s), one can 
construct a finitely axiomatizable model complete theory F = F(m,s) in the 
signature o, and a recursive sequence of sentences V,, n € N, in this signa- 
ture, such that: 


(1) The sentences W,, n € N, generate the Lindenbaum algebra of the 
theory F(m,s). 


(2) The theory 
E(m, s)[A] = F(m, s) U{W; |i € A}U {>, | j © NX A}, 
for ACN, is consistent if and only if A € Rm. 
(3) For any set AE Rm the following statements are true: 


(a) F(m,s)[A] has a prime model if and only if DA is atomic. 

(b) Ifa prime model of F(m,s)[A] exists, then it is strongly construc- 
tivizable if and only if the set A is recursive and the family of 
chains Il*"(D4) is computable. 


(c) Ifa prime model of F(m,s){A] exists and is strongly constructiviz- 
able, then it ts autostable with respect to strong constructivizations 
if and only if DA is recursive. 

(d) F(m,s)[A] has a countable saturated model if and only if Dé is 
superatomic. 

(e) A countable saturated model of F(m,s)[A] is strongly construc- 
tivizable if and only if A is recursive and II(D4) is computable. 

(f) F(m, s)[A] is w-stable if and only if DA is superatomic. 

(g) The Morley rank of F(m,s)[A] is equal to 


max{12, 1+ Rank(D4) + 7}, 


where y = 2 if DA is superatomic and y = 0 otherwise. 


We will use the notations F(T), F(m,s) and F(D) for the constructions 
FU, FM and CM, respectively, provided this simplification does not lead to 
any confusion. 
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4 Existence theorems 


We start with a characterization of the Lindenbaum algebras of finitely ax- 
iomatizable theories. 


Theorem 4.1 Let o be a finite rich signature. A numerated Boolean algebra 
(B,v) is equivalent to the Lindenbaum algebra of a finitely axiomatizable 
theory F in the signature o if and only if (B,v) is a positively numerated 
Boolean algebra. 


Proof. If (B,v) is equivalent to the Lindenbaum algebra of some finitely 
axiomatizable theory, then (B, v) is obviously a positively numerated algebra. 


Now suppose that (B,v) is a positively numerated Boolean algebra. We 
will construct a finitely axiomatizable theory F’ such that (B, v) is equivalent 
to the Lindenbaum algebra of F. Let B* be the Boolean algebra whose 
elements are the classes of equivalent tt-conditions and whose operations are 
induced by the appropriate propositional operations. It is obvious that B* 
is a countable atomless Boolean algebra, freely generated by the elementary 
tt-conditions e,,k € N. The algebra B* has a natural constructivization py, 
determined by a Godel numbering of the tt-conditions. By Theorem 3.7, (1) 
and (2), the Lindenbaum algebra of the theory F(m, s) is isomorphic to the 
numerated quotient algebra 


(B/e. Hu), (4.1) 


where f,, is the filter generated by the set {7 | k € Wm}, and yu™ is the 
numeration of the quotient algebra induced by the numeration p. 


It is easy to see that each recursively enumerable filter of the algebra 
B* coincides with F,, for some m € N. Any positively numerated Boolean 
algebra is (up to isomorphism) representable as a quotient of the form (4.1), 
and this concludes our proof. oO 


As an immediate consequence, we obtain the following statement for the 
construction L, see [16, 26]: 


Theorem 4.2 For any recursively aziomatizable theory T there is a finitely 
aziomatizable theory F = L,(T) in a given finite rich signature o, such that 
the Lindenbaum algebras of the theories T and F are recursively isomorphic. 
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Another consequence of Theorem 4.1 is the following important result. 


Theorem 4.3 


(a) The theory PC(c) in a rich finite signature o that is defined by the 
empty set of atioms has a non-constructivizable Lindenbaum algebra. 


(b) There is a decidable finitely aziomatizable theory whose Lindenbaum 
algebra is constructivizable but not strongly constructivizable. 


Proof. 


(a) Feiner [8] constructed a positively numerated Boolean algebra that 
is not constructivizable. Thus, by Theorem 4.1, there is a finitely 
axiomatizable theory F in a finite rich signature o that has a non- 
constructivizable Lindenbaum algebra. F is finitely axiomatizable, and 
hence the algebra L(F’) is isomorphic to a quotient algebra 


L(PC(0))/¢ 


over a principal filter F. It follows that the algebra £(PC(c)) is not 
constructivizable. 


—~ 
Lom 
—S 


Goncharov [9] constructed a constructivizable but not strongly constru- 
ctivizable Boolean algebra for each elementary type, except those cat- 
egorical in a cardinality a < w. An easy application of Theorem 4.1 
completes the proof. 

Oo 


Combining Theorem 3.6 and Theorem 3.7, we find a method of construct- 
ing finitely axiomatizable theories whose prime models, countable saturated 
models and homogeneous models have certain prescribed properties. 


Theorem 4.4 


(a) There is a complete finitely aziomatizable w-stable theory whose prime 
model and countable saturated model are not constructivizable. 


(b) There is a complete finitely axiomatizable w—stable theory whose prime 
model is strongly constructivizable but not autostable with respect to 
strong constructivizations. 
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Proof. 


(a) Consider a recursively enumerable superatomic tree D such that the 
families of chains II(D) and II*"(D) are not computable; a construction 
of such a tree can be found in [13]. Let o be a finite rich signature. 
Then the theory F,(D) has the required properties. 


(b) Let D be a recursively enumerable non-recursive superatomic tree such 
that II(D) is computable; the construction of such a tree is obvious. 
Then the theory F,(D) has the desired properties. 

O 


Theorem 4.4 solves two problems posed by Harrington [17]. 


Theorem 4.5 There is a complete finitely ariomatizable w-stable theory T 
that does not have constructive homogeneous models. 


Proof. A construction of an axiomatizable theory with the desired properties 
can be found in [10]. We simply have to apply the universal construction to 
this theory. | 


The following three theorems characterize the Morley rank of a finitely 
axiomatizable theory. 


Theorem 4.6 For any constructive ordinal 8 > 0 there is a complete finitely 
ariomatizable w-stable theory T with Morley rank ar = 643. 


Proof. If 8 < w, we choose T to be w,-categorical. Note that T can 
easily be constructed from the w,—categorical quasi-succession theory QS 
with Morley rank 3, which can be found in [31, 33]. 

If 8 > w, let T be the theory F(D), where D is a recursive superatomic 
tree of rank # + 1, as constructed in [33]. Oo 


Let A be the first non-constructive ordinal. 


Theorem 4.7 There is a complete finitely axiomatizable theory T with 
Morley rank ar = x. 


Proof. Let D be an r.e. tree with Rank(D) = A; a construction of D can be 
found in [33]. Then we can choose the theory T as T(D). Qo 
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Theorem 4.8 There is a complete finitely axiomatizable theory F with 
Morley rank ar = w. 


Proof. In [20], Lachlan gave a construction of a decidable theory T with 
Morley rank w,;. (Note that decidability is not mentioned in [20].) We 
apply the universal construction to T to get the finitely axiomatizable theory 
F =F(T). There is an interpretation of the theory T in the theory F’, hence 
the Morley rank of F is at least w,. But, as shown by Lachlan, the Morley 
rank of a countable theory is at most w,, and therefore ar = w. im 


Note that the Morley rank of an w-stable theory cannot be a limit ordinal. 
Therefore, the theories from Theorem 4.7 and Theorem 4.8 are not w-stable. 
As Sacks has shown [37], the Morley rank of an w-stable decidable theory is 
a constructive ordinal. The above theorems thus describe complete finitely 
axiomatizable theories for most possible values of the Morley rank. 


5 Complexity of models 


Let AD(IM,v) be the atomic diagram of a numerated model (It, v), and 
FD(M, v) its full first order formula diagram. 


We first mention a few results on estimates of the algorithmic complexity 
of a model for a consistent formula. 


Theorem 5.1 There is a consistent finitely axiomatizable theory without 
constructive models. 


This result first appeared in {20], but the proof was based on the consis- 
tency of axiomatic set theory. The direct proof of a slightly stronger result 
is due to Mostowski [23]. 


Theorem 5.2 There is a consistent finitely ariomatizable theory without a 
recursively enumerable model. 


Mostowski asked, in [22], how to characterize the complexity of the models 
for a consistent finitely axiomatizable theory. In particular, he asked the 
following question: Is it true that an arbitrary consistent formula of predicate 
logic has a model of complexity D{, where /j is the smallest class of sets that 
contains all r.e. sets and is closed under Boolean operations? 
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In [34] and [18], Putnam and Hensel give a positive answer to this ques- 
tion. 


Theorem 5.3 For any consistent formula of predicate logic there is a numer- 
ated model (M,v) of complexity AD(M,v) € LUT, and this model is normal, 
i.e., equality is recursive in the numeration v. 


As noted in [18], the same statement holds for any axiomatizable theory 
in a finite signature. 

As described by Ershov [6], there is a natural difference hierarchy D7! for 
the class L}. Following his ideas, we see that a set A C N belongs to the 
class b>? if and only if it can be represented in the form 


A= (Bo ~ B,) U (Bo ~ B3)U Pet's 
where By, B,, B2,... are r.e. sets with 
By 2> By D-:: DBa-1 DB, =O. 


The proof in [18] actually gives a model (3, v) whose atomic diagram is 
of complexity AD(M,v) € Uz', provided that the signature of the formula 
® contains only predicates that are at most n-ary. 

In [4], Denisov established a lower bound for the complexity of a model 
for a consistent formula in Ershov’s hierarchy. 


Theorem 5.4 For any n > 1 there is a consistent formula ® in a signature 
with 2n-ary predicates that does not have a model of complexity Uz". 


Next we state a few results on the algorithmic complexity of certain mod- 
els for a complete finitely axiomatizable theory. 
We begin with prime models. 


Theorem 5.5 


(a) Let IM be the prime model of a complete decidable theory T. Then 
there is a numeration v of MN such that F D(M,v) € AS. 


(b) For any set A € A$ there is a complete finitely aziomatizable w-stable 
theory F such that, for any numeration v of its prime model IN, the 
set FD(M,v) is not m-reducible to A. 
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Proof. 


(a) The standard construction of a prime model for a complete decidable 


(b 


) 


theory is recursive in the set of the halting problem. Therefore, it gives 
a model (IM, v) with FD(M,v) € AS. 


Fix A € A$, and consider a superatomic recursively enumerable tree 
D such that the family of chains II*"(D) is not recursively enumerable 
with oracle A, see [5] for a construction of D. We want to show that 
we can choose F' = F(D), where F(D) is the construction from The- 
orem 3.6. Assume that the diagram F D(IN,v) is m-reducible to the 
set A. Then this diagram is obviously recursive in A. Enumerating the 
components of the model MN starting with U, see [33], we can compute 
the corresponding finite chains of the tree D. Hence we can enumerate 
the family II*"(D) by a function recursive in A, in contradiction to the 
properties of D. 

O 


The next result deals with countable saturated models. 


Theorem 5.6 


(a) Let MN be a countable saturated model of a countable decidable theory T. 


Then there exists a numeration v of IN such that FD(M,v) € A}. 


(b) For any A € A} there is a complete finitely ariomatizable w—stable the- 


ory F such that A <,, FD(M,v) for any numeration v of its countable 
saturated model MN. 


Proof. 


(a) The standard construction of a saturated model for a complete decid- 


— 


able theory has the complexity of a hyperarithmetical set, which proves 
our statement. 


As in [12], we construct a recursively enumerable superatomic tree D on 
a given set A € A}, such that A <., 7” for some chain x* of D. Then 
we can define F = F(D). In fact, let c € U(M) be an element of the 
model IN that generates the component corresponding to the chain 7”, 
see [33]. If we enumerate this component in a numerated model (IM, v), 
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then we can enumerate both the chain 7* and its complement with 
oracle FD(M,v). Thus x* is recursive in FD(t,v) and we have 
A Xm FD(IM,v). Oo 


The last result in this section is about homogeneous models. 


Theorem 5.7 


(a) Let T be a complete decidable theory. Then there is a homogeneous 
model IN of this theory, together with a numeration v, such that 


FD(M,v) € AS. 


(b) For any A € AS there a complete finitely aziomatizable w-stable theory 
F such that for any numeration v of a homogeneous model IN of F 
the diagram FD(IM,v) is not m-reducible to A. 


Proof. 


(a) The statement follows immediately from the standard construction of 
a homogeneous model for a decidable theory. 


(b) Apply the universal construction FU to the main construction in [10]. 


Oo 


6 Complexity of semantic classes 


Many important applications of the constructions of finitely axiomatizable 
theories are based on their effectiveness. We give estimates for the algo- 
rithmic complexity of concrete semantic classes of sentences that play an 
important role in Logic. For the following, we assume that o is a finite 
rich signature, and we fix a Godel numbering ®;, 7 € N, of all sentences in 
this signature. For E C SL(c) let Nom(£) be the set of Godel numbers 
{i | ®; € E}. 

On the family of all sets E C SL(c) that are closed under deducibility, 
we define two natural operations in the following way: 


C(E) = Compl( FE) = SL(a)  E, 
N(E) = Neg(E) = {W € SL(a) | (36 € E)F -6 VY}. 
Also, we denote [(£) = E, and CN(E) = C(N(£)). These operations 


have order 2 and commute with each other. 
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Lemma 6.1 Let Eo C SL(c) be a set that is closed under deducibility, and 
define FE, = N(Eo), Ex =C(Eo), and E3 = CN(Eo). Then 


(a) Nom(E;)  Nom(E;41), 7 € {0,2}, 
(b) Nom(E;) + N \ Nom(E;), 7 € {0,1}, 7 € {2,3}. 
We list some of the basic results. 
Theorem 6.2 {n | ®, is true in all models} = X9. 


Proof. The upper estimate follows from the existence of a recursive axiom- 
atization for classical predicate logic, while the lower estimate follows from 
the Church construction. QO 


Theorem 6.3 {n| ©, is true in all finite models } ~ II?. 


Proof. The upper estimate is obvious, and the lower estimate follows from 
the Trakhtenbrot construction. Oo 


Let Mgn(o) be the class of all finite models, M,..(7) the class of all 
primitive recursive models, M.(o) the class of all constructivizable models, 
Maec(o) the class of all models with a decidable theory, M;...(o) the class 
of all models with a finitely axiomatizable theory, M,...(o0) the class of all 
strongly constructivizable models, and M,...(a) the class of all r.e. models. 


The following two results are due to Mostowski [34]. 
Theorem 6.4 Let K be a class of models of signature o such that 
Mpx.(o) CK C M.(a). 
Then 9) <,, Th(K). 


Proof. It suffices to consider the signature 0 = {+,—,0,1}, since all other 
cases can be obtained by the standard signature reduction [33]. In [34], 
Mostowski constructed a formula W in the signature o with a unique con- 
structive model Nt that is isomorphic to the standard model of arithmetic. 
Therefore 

NEO; & Kc) EV G;. 


This gives the necessary lower estimate for Th( K.(c)). oO 
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Theorem 6.5 Th(M.(c)) = @), ie, the first order theory of the class 
M.(c) ts recursively isomorphic to the elementary theory of the standard 
model of arithmetic. 


Proof. The upper estimate is obtained by standard methods of arithmeti- 
cal representation of constructive models. The lower estimate follows from 
Theorem 6.4. oO 


Theorem 6.6 Let KW be a class of models of signature o such that 
Min(e) € K c M,.e.(c). 
Then TI? <m Th(K). 


Proof. The result follows immediately from the Vaught construction. 


The last result is of fundamental significance. It shows that a logic based 
on the traditional principles of axiomatization, whose semantics is based on 
some variation of the concept of constructive models, cannot exist. 


Theorem 6.7 Th(Maec(o)) = Th(M...(o)) and Th(Maec(o)) & TI3, so 
that Th(M,...(o)) & TIS as well. 


Proof. The equality of the theories follows from the fact that each decidable 
theory has a strongly constructive model. Therefore, it is enough to prove 
the estimate for the complexity of Th(Maec(o)). By virtue of Lemma 6.1, it 
suffices to show that 


{n | ®, has a decidable completion } = ¥3. 


The upper estimate is obvious. For the lower estimate, we consider the 
standard set 


A= {n | Wyn) and W,,,) are recursively separable } 


for D3 from [36]. Using this set, it is possible to construct effectively in the 
parameter n € N an axiomatizable theory T,, such that 


né€ A= T, has a decidable extension, 


n ¢ A= T, has no decidable extensions. 
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Using the construction H (or any stronger construction), one can define a 
general recursive function f(n) such that: 


n€ A= yy) has a decidable extension, 


n ¢ A= %4,) has no decidable extensions. 


The function f realizes the necessary reduction. oO 


The following result is due to Boone and Rogers [1]. 
Theorem 6.8 {n | ©, determines a decidable theory } ~ XS. 


Proof. The upper estimate can be established immediately. For the lower 
estimate, consider the standard set 


A= {n| W,, is recursive } 


for U8, as described in [36]. Using this set, one can, effectively in a parameter 
n, construct an axiomatizable theory T,, such that: 


né€A=T, is decidable, 
n¢ A=T, is not decidable. 


Using the construction H, we define a general recursive function f(n) such 
that: 
n€A & Fn) is decidable. 


The function f realizes the necessary reduction. 0D 


Theorem 6.9 {n | ®,, determines a complete theory } ~ IIS. 


Proof. The upper estimate can be proved easily. 


For the lower estimate we consider the standard II$-set defined in [36]: 
I ={n| W, is infinite }. 


Let o’ be the signature consisting only of the equality predicate. Let A, 
denote a sentence stating that there exist at least k different elements. Con- 
sider the theory T,, in the signature o’ determined by the set of axioms 
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{Ay | k € W,}. It is easy to see that this theory is complete if and only 
ifn € I. Applying Theorem 2.1, we effectively in n construct a finitely 
axiomatizable theory F,, in the signature o such that £(f,,) = L(T,,). Then 


nél + T, iscomplete © F, is complete. 


The theory F,, is defined effectively in T;,,, and therefore there exists a general 
recursive function f(r) such that the sentence ®,(,) is the axiom of this 
theory. Finally we have 


né€I ¢ 4,) determines a complete theory, 


and this is the necessary reduction. Oo 


The set defined in Theorem 6.9 is not recursively enumerable. This fact 
gives the answer to a problem posed in [14]. 


Theorem 6.10 Nom(Th(Mra(c))) & IIS. 
Proof. In view of Lemma 6.1, it suffices to show the estimate 
{n | ®,, has a finitely axiomatizable extension } ~ 3. 


The upper estimate is obvious. For the lower estimate we use the standard 
L$-set, as defined in [36]: 


J= {n | the set N ~ W,, is finite iT: 


Consider the signature o’ and the sentences A,, n € N, as defined in the 
proof of Theorem 6.8. Let T,, be the theory in the signature o’ defined by 
the set of axioms 
{Ax — Agar | ke W, }. 
Apply the intermediate construction to T, to obtain a finitely axiomatizable 
theory F,. Then £(F,) = £(T,). Let f(n) be a general recursive function 
such that ®,(,) is an axiom of the theory F,. From our construction we 
have 
néJ © F, has a finitely axiomatizable extension. 


This proves the necessary lower estimate. oO 
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The following table summarizes the results on the complexity estimates 
of semantic classes of sentences [26, 27]. Here o is a fixed finite rich signature. 
The following notations for classes of models of this signature are used: 


SC = M,.(¢), 
D= Maec(o), 
F = Mgn(o), 


P is the class of prime models, 
is the class of countable saturated models, 


S 
T is the class of models with w-stable theories. 


Class of sentences 
{n | ®, determines a complete stable theory } 
{n | ®, has a finite number of completions } 
{n | ®, is complete and has a prime model } 
{n | ®, is complete and has no prime model } 
{n | ®, is complete and has an s.c. prime model } 


{n | ®, is complete and has a prime model that is not s.c. } 


{n | ®, is complete and has a countable saturated model } 


{n | ®, is complete and w-stable } 


Th(S ND), Th(S.A F), Th(SN SC), Th(SN SCN F) 
Th(T AD), Th(T'0 F), Th(T'A SC), Th(T 0 SC 2 F) 


Table 1: Complexity estimates 
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7 Analogues of Rice’s Theorem 


The concept of semantic similarity that we used in Theorem 2.1 gives rise 
to the important concept of semantic classes of sentences. They are in some 
sense analogous to the index sets of the Post numbering. In this section we 
give lower estimates for the complexity of semantic classes of sentences. 

We fix a finite rich signature o and a Godel numbering ®,, i € N, for 
the set of all sentences of o. For E C SL(c) let Nom(£) be the set of 
Gédel numbers {i | ®; € E}. Let [®], denote the theory in the signature o 
that is generated by the axiom ©. Consider a list of properties L C MQL. 
The formulae ® and W in the signature o are similar with respect to L if 
the theories [®], @ SJ and [WV], ® SI are similar over L, where SJ is the 
w -categorical theory of the successor relation, as defined in Note 2.1. For 
theories without finite models, this ‘generalized’ similarity coincides with the 
ordinary similarity; for arbitrary theories it is more appropriate than the 
ordinary similarity. In this section we only talk about generalized semantic 
similarity. 

A set E£ C SL(a) is called semantically closed with respect to L if for all 
sentences ®, UV € SL(c), 


[Oo] =, (¥] > (®EESVWEE). 


Let A € {1,C,N,CN}. The set E C SL(c) is semantically A-closed 
with respect to L if there exists a set E’ C SL(c) that is semantically closed 
with respect to L such that F = A(E’). The set E C SL(c) is semantic 
with respect to L if it is semantically A-closed with respect to Z for some 
Aé{I,C,N, CN}. It is easy to show that if a set E is semantic with 
respect to L, then it is also semantic with respect to any bigger list L’ D L. 
A set E C SL(c) that is semantic with respect to the empty list L = @ is 
called absolutely semantic. 

The following statement can be regarded as the analogue of the first level 
of Rice’s Theorem for semantic classes. 


Theorem 7.1 Let L be a list such that L C MQL, and let E C SL(c) be 
semantic with respect to L. 


(a) Nom(F) is recursive @ E = or E =SL(c). 
(b) If E#@ and E # SL(o), then 0° <,, Nom(E) or II? <,, Nom(£). 
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Proof. It is enough to prove Part (b), and in view of Lemma 6.1, it will 
suffice to consider a semantically closed set E. We consider the following 
two cases. 


CasE1: The set F contains an inconsistent formula. Then all inconsistent 
formulae from SL(c) belong to E, since E is semantically closed. Let VU be 
a (consistent) formula from SL(o) x E. 


For a natural number n, consider the axiomatizable theory T,, that is 
determined by the following system of axioms: 


7. {Me nek, 
Ue, 0}],, ifne K, 


where K is the set of the halting problem. It is obvious that the set of axioms 
of T,, can be enumerated effectively in n. 


Applying the s~-m-n Theorem [36], we define a general recursive function 
e(x) such that for any n the number e(n) is a recursively enumerable index of 
the theory T,. We apply Theorem 2.1 to the theory T, to obtain a general 
recursive function h(x) such that T,, =p [®an)]. Then we have: 


n€ K = [Onn] =r [¥], 
n€ K => Op) is contradictory. 
This implies K <,, Nom(£). 


CASE 2: The set E does not contain an inconsistent formula. Then we 
apply similar arguments as in Case 1 to the complement of FE to obtain 


K <m NX Nom(E). Oo 


We now consider an analogue of the second level of Rice’s Theorem, but 
only for a smaller list of properties. Let MQL’ be the part of the list MQL 
that includes the following properties: 


(a) The existence of a prime model and its algorithmic dimension; 


(b) the existence and strong constructivizability of a countable satu- 
rated model. 
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Theorem 7.2 Let L be a sublist of MQL’, and let 
Eo = {® € SL(c) | + +6}. 
Let E C SL(o) be semantic with respect to L. 
(a) Nom(E) is recursive if and only if E=@ or E = SL(o). 
(b) Nom(E) = 9 if and only if E = Ey or E = N(Eo). 
(c) Nom(E£) = II® if and only if E = C(Eo) or E = CN(Ep). 
(d) In all other cases we have ©} <,, Nom(E) or II? <m_ Nom(F). 


Next we present possible analogues for the remaining levels of Rice’s The- 
orem. We will use the thin hierarchy of sets above D9, similar to the hierarchy 


in [1]. For A C N we define 
= {® € SL(o) | (ak € A) L([®]) = 2*} 


where 2* is a finite Boolean algebra with k atoms. 


Theorem 7.3 There is a family A* of sets A C N~ {0} which ts of the 
cardinality of the continuum, such that for all A € A”*: 


(a) Both A and N~ A are infinite. 
(b) (V arithmetical X) X <, Nom(D(A)) @ X € 2}, 


Statement 7.4 There is no effectively formulated analogue of the third level 
of Rice’s Theorem for semantic classes of sentences with respect to any list 
of model-theoretic properties. 


Substantiation. In view of Theorem 7.3, any analogue of the third level 
of Rice’s Theorem with respect to L has to include the special cases D(A), 
A € A*, that represent the sets that are semantic with respect to ¢, and 
therefore with respect to L. In particular, such an analogue should include 
the following statement: Jn the remaining cases, we have ©3 <m Nom(£) or 
II§ <m Nom(£). But this continuum of special cases is nonconstructive and 
therefore not suitable for an effective formulation of an analogue of Rice’s 
Theorem. oO 
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There is an analogue for the ‘level two plus’ of Rice’s Theorem [30], but 
we won’t include it since it is a technically very complicated statement. 

Nevertheless we can look for ‘restricted’ analogues of Rice’s theorem, 
bypassing the difficulties mentioned in Statement 7.4. 


Theorem 7.5 (Zaurbekov [40]). Let E C SL(ca) be a set that is semantic 
with respect to the empty list L = @, such that E # D(A) forall AE A". 


(a) Nom(E) is recursive if and only if E=@ or E =SL(o). 
(b) Nom(E) = E° if and only if E = Ey or E = N(E). 

(c) Nom(E£) = II? if and only if E = C(Eo) or E = CN(Ep). 
( 


d) In the remaining cases we have ©$ <m Nom(E) or II <m Nom(£). 


8 Open questions 


Question 8.1 Is there a complete finitely axiomatizable w-stable theory T 
with Morley rank ay = w+ 1? 


Question 8.2 Is there a complete finitely axiomatizable theory T whose 
Morley rank ar satisfies the inequalities A < ar < w;, where A is the first 
nonconstructive ordinal? (Conjecture: no). 


Question 8.3 Describe the class of all finitely axiomatizable theories whose 
constructive models are precisely their strongly constructive models. 


Question 8.4 


(a) Describe all finitely axiomatizable theories T such that the class of all 
strongly constructive models of T is computable, and the theory of this 
class coincides with T. 


(b) Describe all finitely axiomatizable theories T such that the class of all 
strongly constructive models of T is computable and has a principal 
numbering, and the theory of this class coincides with T. 


Question 8.5 Find an exact estimate for the algorithmic complexity of the 
realization of a consistent formula in a given signature (see Theorem 5.3 and 
Theorem 5.4 for upper and lower bounds). 
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Question 8.6 Find exact estimates for the algorithmic complexity of the 
elementary theories of the following classes of countable models: 


(a) {MN | d....(IM) = 1}, 
(b) {IM | ds.c.(M) = wv}, 
c) {M | d(M) = 1}, 


) 
) 
(c) 
(d) {M|d(M) =n, 1<n<v}, 
(ec) {M | d.(M) = w}, 

(f) {Mt | dsc.(IM) = 1, d(M) > 1}, 
(g) {MN | d...(M) = 1, d.(M) = w}. 


Question 8.7 Find exact estimates for the algorithmic complexity of the 
following classes of sentences: 


(a) {n | £(®,) is strongly constructivizable }, 
(b) {n | L(®,,) is constructivizable }, 


(c) {n | £L(®,) is not constructivizable }. 
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CON ATR WN 


Introduction 


In this paper, we will survey some recent results on complexity theoretic 
model theory and algebra. Essentially there are two major themes in this 
work. The first, which we call complexity theoretic model theory, deals with 
model existence questions. For example, given a recursive model A, is there 
there a polynomial time (exponential time, polynomial space, etc.) model B 
which is isomorphic to A. The second theme, which we call complexity 
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theoretic algebra, fixes a given polynomial time structure and explores the 
properties of that structure. For example, we can ask whether every polyno- 
mial time ideal of a given polynomial time representation of the free Boolean 
algebra can be extended to a maximal polynomial time ideal. In both cases, 
one uses the rich theory of recursive model theory and algebra as a refer- 
ence but looks at resource bounded versions of the results in those areas. It 
turns out that not only are there a number of contrasts between results in 
recursive model theory and algebra and complexity theoretic model theory 
and algebra, but some new and interesting phenomena occur in the study of 
complexity theoretic model theory and algebra. That is, there are results in 
recursive model theory and algebra for which the natural complexity theo- 
retic analogue is true but requires a more delicate proof which incorporates 
the resource bounds. There are also results in recursive model theory and al- 
gebra for which the natural complexity theoretic analogue is false because the 
proof of the recursive result uses the unbounded resources allowed in recursive 
constructions in a crucial way. However, there are a number of interesting 
new phenomena which arise due to the fact that not all infinite polynomial 
time sets are polynomial time isomorphic or due to the fact that complexity 
theoretic results do not relativize as is the case for most recursion theoretic 
results. For example, in recursive model theory any two infinite recursive 
sets are recursively isomorphic, so that one can restrict one’s attention to 
models whose universe is the set of natural numbers. It is not the case that 
any two infinite polynomial time sets are polynomial time isomorphic so that 
the choice of a particular universe, say the tally representation of the natural 
numbers versus the binary representation of the natural numbers, makes a 
difference. Also, it is well known that the question of whether P = NP is 
oracle dependent. That is, Baker, Gill and Solovay [3] proved that there 
are recursive oracles X and Y such that PX = NP* and Pp? # NP’. We 
shall see that some of the natural complexity theoretic analogues of results 
in recursive algebra are oracle dependent as well. 

There are several other areas of complexity theoretic model theory and al- 
gebra which will not be covered in this survey. There is the work of Friedman 
and Ko (see for example, [27], [42], and [43]) on polynomial time analysis, 
where complexity theoretic versions of various theorems of analysis are stud- 
ied. Some of these results are oracle dependent and some are shown to be 
equivalent to P = NP. There is the work of Crossley, Nerode and Remmel 
on p-time equivalence types and p-time isols, as developed in [56], [57], [22] 
and [23]. We will present some results from [56] on p-time equivalence types 
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in Section 3. There is the work of Khoussainov and Nerode [41] on auto- 
matic, or automata presentable structures, which is a further restriction of 
polynomial time structures. 

We will start with a survey of complexity theoretic model theory. In 
Section 1, we will provide a general introduction to complexity theoretic 
model theory. In Section 2, we shall give our basic complexity theoretic 
definitions and establish notation. In Section 3, we will give a series of 
lemmas which are useful for building models with standard universes such 
as the binary representation of the natural numbers, Bin (w), and the tally 
representation of the natural numbers, Tal(w). In Section 4 we provide 
a survey of the main existence theorems for feasible models. In Section 
5, we survey various feasible categoricity results. In Section 6, we give an 
introduction to complexity theoretic algebra. Then in Section 7, we focus on 
the structure of the binary and tally representation of an infinite dimensional 
vector space over a polynomial time field. In Section 8, we look at the 
semilattice of NP ideals of the binary and tally representation of the free 
Boolean algebra. Finally in Section 9, we give conclusions as well as some 
directions for further work. 


1 Complexity Theoretic Model Theory 


Complexity theoretic or feasible model theory is the study of resource- 
bounded structures and isomorphisms and their relation to computable struc- 
tures and computable isomorphisms. The focus of complexity theoretic model 
theory in this paper is very different from classical complexity theory. A pri- 
mary focus in classical complexity theory has been to determine the complex- 
ity of certain classes of finite models encoded as a decision problem. That is, 
one is interested in classifying decision problems as being in P, NP, PSPACE, 
etc.. A typical example is the graph-coloring problem, where it is known that 
the family of finite graphs which can be 3-colored is NP-complete. Complex- 
ity theoretic model theory is more concerned with infinite models whose 
universe, functions, and relations are in some well known complexity class 
such as polynomial time, exponential time, polynomial space, etc.. Thus if 
one studies graph colorings from this point of view, one would study the com- 
plexity of graph colorings in an infinite polynomial time graph as was done 
by Cenzer and Remmel in [12]. However complexity theoretic model theory 
has been more concerned with the complexity of the model itself. Thus one 


384 D. Cenzer and J. B. Remmel 


can pick any complexity class and ask questions about what structures can 
be represented by models in that complexity class. By far, the complexity 
class that has received the most attention is polynomial time. The basic 
questions that have been consider are to classify which recursive models are 
isomorphic or recursively isomorphic to a polynomial time model. 

To establish some notation, let w = {0, 1, ... } denote the set of natural 
numbers. Let [ , ] denote the usual quadratic-time pairing function [m,n] = 
m+ i(m+n)(m +n +1), which maps w x w onto w. Let Yen denote the 
n-ary partial function on ({0,1}*)" computed by the e-th Turing machine. 
Then we say that a structure 


A= (A, RS as ja ee fe Liew) 


(where the universe A of A is a subset of {0,1}*) is recursive if A is a recursive 
subset of {0,1}*, S, T, and U are initial segments of w, the set of relations 
{RA}.cs is uniformly recursive in the sense that there is a recursive function 
G such that for all 1 € S, G(z) = [ni,e;] where RA is an n;-ary relation and 
Pe,,n; computes the characteristic function of RA, the set of functions {fA} ier 
is uniformly recursive in the sense that there is a recursive function F’ such 
that for alli € T, F(z) = [n;,e;] where fA is an n;-ary function and Ye, n, 
restricted to A® computes f4, and there is a recursive function interpreting 
the constant symbols in the sense that there is a recursive function H such 
that for alli € U, H(i) = cA. Note that if A is a recursive structure, then 
the atomic diagram of A is recursive. We say that a recursive structure 
A= (A, {RA hes, (fA}ier, {cA}ieuv), is polynomial time if A is a polynomial 
time subset of {0, 1}* and the set of relations { RA};i¢s and the set of functions 
{fA}ier are uniformly polynomial time in the sense that, in addition to the 
functions G and F defined above, there are recursive functions G’ and F’ such 
that forz € S, G’(i) = m; where for all (21, ... , Zn,) in ({0, 1}*)™, it takes at 


most (max{2, |z1],..., |an,|})* steps to compute Ye, .n,;(Z1,--. ; Pn,) and 
for all: € T, F’(1) = q; where for all (1, ... , &n,) in ({0,1}*)”, it takes at 
most (max{2, |r1|,... , |2n,|})* steps to compute Ye, n;(Z1, --- , Ln;). Note 


that if A is a polynomial time structure with infinitely many relation symbols 
or with infinitely many function symbols, then our definition of a polynomial 
time structure does not ensure that the atomic diagram of A is polynomial 
time. Thus we say A is uniformly polynomial time if the atomic diagram of A 
is polynomial time. Note that the fact that A is uniformly polynomial time 
implies, among other things, that the sequence of run times {z™ : i € S} 
and {x : 7 € T} are bounded by some fixed polynomial. Of course, if A is 
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a structure over a finite language, then A is a polynomial time structure if 
and only if A is a uniformly polynomial time structure. Similar definitions 
may be given for other resource-bounded classes. 

There are two basic types of questions which have been studied in poly- 
nomial time model theory. First, as discussed above, there is the basic ex- 
istence problem, i.e., whether a given infinite recursive structure A isomor- 
phic or recursively isomorphic to a polynomial time model. For example, 
the authors showed in [10, p. 24] that every recursive relational structure 
is recursively isomorphic to a polynomial time model and that the stan- 
dard model of arithmetic (w,+,—,-,<, 2%) with addition, subtraction, 
multiplication,order and the 1—place exponential function is isomorphic to 
a polynomial time model. The fundamental effective completeness theorem 
says that any decidable theory has a decidable model. It follows that any 
decidable relational theory has a polynomial time model. However, one is 
naturally led to ask more refined existence questions in complexity theoretic 
algebra than one asks in recursive algebra. That is, since all infinite recursive 
sets are recursively isomorphic, it is easy to see that any infinite recursive 
structure is recursively isomorphic to a recursive structure whose universe 
is w. It is certainly not the case that any two infinite polynomial-time sets 
are polynomial-time isomorphic. For example, the tally representation of the 
natural numbers is not polynomial time isomorphic to the binary represen- 
tation of the natural numbers. Hence it no longer the case that any infinite 
polynomial-time structure can be identified with a polynomial-time structure 
whose universe is {0,1}*. Thus a more refined existence questions is to take a 
fixed universe, such as the tally representation of the natural numbers or the 
binary representation of the natural numbers, and ask if a recursive model is 
isomorphic or recursively isomorphic to a polynomial time model with that 
given universe. 


Here are two examples which illustrate both the negative and positive out- 
comes to the simplest existence type question, i.e., whether a given recursive 
model is isomorphic to a polynomial time model. 


Example 1.1 Let A=(A,0, 5, R) where A = {1}* (that is, the set of nat- 
ural numbers in unary representation), S is the successor function, (that is, 
S(1") = 1"t"), and R is a unary relation, (that is, a subset of {1}*). Now if A 
is isomorphic to a polynomial-time structure B = (B, 0? , S?, R®), then we 
can test for membership in R as follows. Given 1", compute ($8)"(08) = yn 
and then test whether yp is in R?. Now if we assume that we can compute 
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S?(x) in |z|* steps for |x| > 2, then it takes at most 77, |07|* < |o3 |’! 
steps to compute y,. Next we may assume that testing whether z € R? takes 
|z|" steps if |z| > 2, so that it takes at most |08|"(*"+)) steps to test whether 
0" is in R. This means that R is a doubly-exponential-time set. Thus if we 
start with any recursive structure A = (A, 0, S, R) where R is a recursive 
set but is not doubly exponential-time, then A is not even isomorphic, much 
less recursively isomorphic, to a polynomial-time structure. 


Despite this example, there are lots of recursive structures which are 
recursively isomorphic to polynomial-time structures. 


Example 1.2 Let A = (A, f), where A = {1}* and f is a unary function. 
We say that 1” and 1” are in the same f-orbit if, for some k > 0, either 
fF(1™) = 1" or f*(1") = 1™. If f is length-increasing, then it is clear that 
each f-orbit is isomorphic to (A,S). Now let f and g be any two recursive 
length- increasing functions from {1}* into {1}*. Then the structures (A, f) 
and (A, g) are recursively isomorphic if and only if they have the same number 
of orbits. Thus, for example, we can let f(1") = 1°” where a is Ackermann’s 
function and still be guaranteed that (A, f) is recursively isomorphic to a 
polynomial-time structure. 


Next consider the more restricted kind of existence question, i.e., whether 
a given recursive model is isomorphic or recursively isomorphic to a polyno- 
mial time model which has a standard universe such as the binary repre- 
sentation of the natural numbers, Bin (w), or the tally representation of the 
natural numbers, Tal (w) = {1" : n € w}. Grigorieff [32] proved that every 
recursive linear ordering is isomorphic to a linear time linear ordering which 
has universe Bin(w). However Grigorieff’s result can not be improved to 
the result that every recursive linear ordering is recursively isomorphic to a 
linear time linear ordering over Bin (w). That is, Cenzer and Remmel [10, 
p. 25] showed that for any infinite polynomial time set A C {0,1}*, there 
exists a recursive copy of the linear ordering w + w* which is not recursively 
isomorphic to any polynomial time linear ordering which has universe A. 
Here w + w* is the ordering obtained by taking a copy of w = {0,1,2,...} 
under the usual ordering followed by a copy of the negative integers under 
the usual ordering. 


The general problem of determining which recursive models are isomor- 
phic or recursively isomorphic to feasible models has been studied by the 
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authors in [10], [13], and [11]. For example, it was shown in [13, pp. 343-348] 
that any recursive torsion Abelian group G is isomorphic to a polynomial 
time group A and that if the orders of the elements of G are bounded, then 
A may be taken to have a standard universe, i.e., either Bin (w) or Tal (w). 
It was also shown in [13, p. 357] that there exists a recursive torsion Abelian 
group which is not even isomorphic to any polynomial time (or any prim- 
itive recursive) group with a standard universe. Feasible linear orderings 
were studied by Grigorieff [32], by Cenzer and Remmel [10], and by Remmel 
(68, 69]. Feasible vector spaces were studied by Nerode and Remmel in [53] 
and [55]. Feasible Boolean algebras were studied by Cenzer and Remmel in 
[10] and by Nerode and Remmel in [54]. Feasible permutation structures and 
feasible Abelian groups were studied by Cenzer and Remmel in [13] and [11]. 
By a permutation structure A = (A, f), we mean a set A together with a 
unary function f which maps A one-to-one and onto A. Similarly an equiva- 
lence structure A = (A, RA) consists of a set A together with an equivalence 
relation. 


The second basic type of problem studied in polynomial time model the- 
ory is the problem of feasible categoricity. Here we say that a recursive model 
A is recursively categorical if any other recursive model isomorphic to A is 
in fact recursively isomorphic to A. The notion of recursive categoricity was 
first defined by Mal’cev [46] and is referred to in the Russian literature as 
autostability. Recursively categorical structures have been widely studied in 
the literature of recursive algebra and recursive model theory. 


The recursively categorical structures for various theories have been classi- 
fied, including Boolean algebras independently by Goncharov [30] and 
LaRoche [44], Abelian groups by Smith [74] and linear orderings indepen- 
dently by Dzgoev [31] and Remmel [66]. For example, Remmel showed in 
[66] that a recursive linear ordering L = (D, <) is recursively categorical if 
and only if L has only finitely many successivities, where a pair a < bisa 
successivity if there is no c witha <c< b. 


Defining a natural analogue of feasible categoricity is complicated by the 
fact that unlike the case of infinite recursive models, where any two infinite 
recursive universes are recursively isomorphic, it is not the case that any 
two polynomial time universes are polynomial time isomorphic. It turns out 
to be more natural to define polynomial categorical structures with respect 
to a fixed universe. Thus we say that a p-time structure A with universe 
D C {0,1}* is p-time categorical with respect to D if every p-time structure 
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B with universe D which is isomorphic to A is necessarily p-time isomorphic 
to A, i.e., there exist polynomial time functions f,g such that f restricted to 
D is an isomorphism from A onto B and g restricted to D is an isomorphism 
from B onto A. 

Remmel showed in [66] that there are no p-time categorical linear order- 
ings with respect to the standard universes Bin (w) and Tal (w). There are 
two parts to this strongly negative statement. For any p-time linear order- 
ing L with universe B (either Bin(w) or Tal(w)), there is a p-time linear 
ordering L’ with universe B which is not primitive recursively isomorphic 
to L. Furthermore, if ZL is not recursively categorical, then L’ is not even re- 
cursively isomorphic to L. Similar results will be shown for other structures. 
The problem of feasible categoricity for permutation structures and torsion 
Abelian groups was studied by Cenzer and Remmel in [11]. Here there are 
some limited positive results. In particular, a permutation structure (A, f) 
such that all orbits of f have the same finite size is p-time categorical over 
Tal (w). There are also structures A which are not p-time categorical over B, 
but such that any p-time structure D with universe B which is isomorphic to 
A must be exponential time isomorphic or double exponential time isomor- 
phic to A. More generally, we can define a larger notion of feasibility, q-time 
or iterated exponential time computability, and show that there are many 
natural structures which are q-time categorical over Bin (w) and Tal (w). 

General semantic conditions for when a decidable model is recursively cat- 
egorical were given by Nurtazin [60] and Goncharov [29] and similar results 
were found by Ash and Nerode [2] for models in which one can effectively de- 
cide all ©, formulas. These methods are based on the existence of a so-called 
Scott family of formulas. We discuss in Section 5 various notions from [15] of 
a feasible Scott family of formulas for a feasible model and show that any two 
families which possess a common Scott family and have the same universe B 
are feasibly isomorphic. Structures considered in {15} include linear orderings, 
permutation structures, Abelian groups and equivalence structures. 


2 Preliminaries 


In this section, we will give the basic definitions from complexity theory 
which will be needed for the rest of the paper. 

Let & be a finite alphabet. Then %* denotes the set of finite strings 
of letters from © and ©” denotes the set of infinite strings of letters 
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from © where w = {0,1,2,...} is the set of natural numbers. For any 
natural number n # 0, tal(n) = 1” is the tally representation of n and 
bin(n) = ipt; ... te € {0,1}* is the (reverse) binary representation of n if 


m= ig t 2-14 4+--++2°-2%, and 1. # 0. In general, the k-ary represen- 
tation b(n) = tot... 2% ifn = ig +i,-k+---t--k* and i, #0. We let 
tal(0) = bin (0) = 5,(0) = 0. Then we let Tal(w) = {tal(n) : n € wh, 
Bin (w) = {bin (n) : n € w} and, for each k > 3, By(w) = {bk (n) in € w}. 
Occasionally, we will want to say that Bo(w) = Bin(w) and that By(w) = 
Tal (w). 

For a string o = (o(0), o(1),..., o(n — 1)), |o| denotes the length n 
of a. The empty string has length 0 and will be denoted by @. A constant 
string o of length n will be denoted by k”. For m < |o|, o[m is the string 
(o(0),... , a(m—1)); 0 is an initial segment of r (written a <~ rT) ifo =7T[m 
for some m. The concatenation o~r (or sometimes just a7) is defined by 


or = (0(0), o(1),..., o(m—1), 7(0), r(1),..., 7(n — 1), 


where |o| = m and |r| = n; in particular we write o~a for 0~(a) and a~o 


for (a)~o. 


Our basic computation model is the standard multitape Turing machine 
of Hopcroft and Ullman [5]. Note that there are different heads on each tape 
and that the heads are allowed to move independently. This implies that 
a string o can be copied in linear time. An oracle machine is a multitape 
Turing machine M with a distinguished work tape, a query tape, and three 
distinguished states QUERY, YES, and NO. At some step of a computation 
on an input string 0, M may transfer into the state QUERY. In state QUERY, 
M transfers into the state YES if the string currently appearing on the query 
tape is in an oracle set A. Otherwise, M transfers into the state NO. In 
either case, the query tape is instantly erased. The set of strings accepted 
by M relative to the oracle set A is 


L(M, A) = {a | there is an accepting computation 
of M on input o when the oracle set is A}. 


If A = @, we write L(M) instead of £(M, 9). 


Let ¢(n) be a function on natural numbers. A Turing machine M is said to 
be t(n)-time bounded if each computation of M on inputs of length n where 
n > 2 requires at most t(n) steps. A function f(x) on strings is said to be 
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in DTIME(t) if there is a t(n)-time bounded deterministic Turing machine M 
which computes f(x). For a function f of several variables, we let the length 
of (41, ..., 2) be |z,|+---4+|z,|. A set of strings or a relation on strings 
is in DTIME(t) if its characteristic function is in DTIME(t). We let 


R = U{DTIME(n +c): ¢ > Of, 

LIN = L).{DTIME(cn) : c > 0}, 

P = U{DTIME(n') : 2 > 0}, 

DEXT = U,,,{DTIME(2°")}, and 

DOUBEXT = U),,,{DTIME(2”"")}, 

EXPTIME = U).5.{DTIME(2™ )}, and in general, 


DEX(S) = Unnyes{DTIME(2™))}. 


A function f(x) on strings is said to be in NTIME(t) if there is a t(n)-time 
bounded nondeterministic Turing machine M which computes f(z). A set 
of strings or a relation on strings is in NTIME(t) if its characteristic function 
is in NTIME(t). We let 


NP = L,{NTIME(n‘) : i > Of, 

NEXT = a 

NEXPTIME = U...{NTIME(2”*)}, 

DOUBNEXT = L.59{NTIME(2”"")}, and in general, 


NEX(S) = Unnyes{NTIME(24”)}. 


We fix enumerations {P;}:ce, and {N;}ie, of the polynomial time bounded 
deterministic oracle Turing machines and the polynomial time bounded non- 
deterministic oracle Turing machines respectively. We may assume that 
pi(n) = max(2,n)' is a strict upper bound on the length of any compu- 
tation by P; or N; with any oracle X on inputs of length n. P* and N* 
denote the oracle Turing machine using oracle X and in an abuse of notation 
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we shall denote L(P;,.X) by simply P* and L(N;,X) by NX. This given, 
PX = {PX :4 €w} and Np* = {N¥ :i Ew}. 

For A, B C &*, we shall write A <? B if there is a polynomial-time 
function f such that for all z € &*, ¢ € A iff f(z) € B. We shall write 
A <f B if A is polynomial time Turing reducible to B. For r equal to m 
or T, we write A=? B if A <? Band B <? A and we write A |? B if not 
A <f Band not B =F A. 


We define the standard notions of feasibility as follows. We say that a 
function f(z) is quasi-real-time if f(x) € R. (This is slightly more general 
than the usual notion of real-time as computable by a Turing machine which 
simply reads the input one symbol at a time from left to right (or right to left) 
and simultaneously leaves the output in its place on the tape. In particular, 
a real-time function is always in DTIME(n).) The function f(z) is linear time 
if f(x) € L, polynomial time if f(x) € P, nondeterministic polynomial time 
if f(x) € NP, exponential time if f(x) € DEXT, nondeterministic exponential 
time if f(x) € NEXT, and is double exponential time if f(x) € DOUBEXT. We 
say that f(a) is exponentially feasible if f(z) € DEX(T) for a notion T' of 
feasibility. In particular, if f(z) € DEX(DOUBEXT), then f(z) is said to be 
triple exponential time. 


The smallest class including P and closed under DEX can be defined by 
iterating DEX. That is, let 


0 


pP°=p, pt! =pex(P) foreachn, and Q= UL P”. 


n<w 


A function f(x) € Q is said to be iterated exponential time or q-time. The 
iterated exponential functions E,,(x) can be defined recursively by Eo(x) = x 
and En4i(r) = 2") for all n and z. It is easy to see that x” < E,(zx) for 
all r > 0, from which it follows that Q = U,,,¢,, DEX™(DTIME(n)). 

We observe that the classes R, LIN, P, NP, and Q are all closed under 
composition, whereas the other classes defined above are not. In addition, 
Tal (w) and Bin (w) are q-time isomorphic. 

Observe that for a function f(21,...,2,%) of several variables, the above 
definitions are equivalent, if we declare the size of the input (z1,... ,2%) to 
be the maximum of the sizes |z,|,... ,|x,| since we allow multiple tapes. 
This occasionally simplifies the computation of the complexity of various 
functions. 
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We refer the reader to Odifreddi [61] for the basic definitions of recursion 
theory. Let y;, be the partial recursive function of n variables computed by 
the 7~th Turing machine M;. If n = 1, we will write y; instead of y;1. Given 
a string o € {0,1}*, we write yi(c) | if M; gives an output in s or fewer steps 
when started on input string o. Thus the function ¢y? is uniformly polynomial 
time. We write y.(c) | if (4s) (ps(c) |) and ¢.(c) fF if not y.(c) J. 


The notion of a p-time structure was defined in Section 1. We need a 
few refinements of that definition. 


Definition 2.1 


(i) A p-time function f is honest p-time if there is a polynomial function 
q such that for all 21,... ,2n, 


y = f(t1, +++ 5 tn) > (We < n)(lei] < a(lyl)). 


(ii) A p-time structure A is honest p-time if all of its functions are honest 
p-time. 


(iii) A structure A has honest witnesses if for any quantifier-free formula 
p(y, @1,-..,%n), there is a polynomial q such that for any a1,... dn € 
A, if A E (Ay) ¢(y,a,...,an), then there is a z € A with 
\z| < q(fai] +--+ + Jan|) such that AE ¢y(z,a1,...,@n). 


Note that for an honest p-time function mapping Tal (w) into Tal (w), 
Nerode and Remmel showed in [56] that f—! is also honest p-time. 

For a group, we will distinguish two types of computability. The structure 
of a group G is determined by the binary operation which we will denote by 
the addition sign +°, since we are interested in Abelian groups. We let e° 
denote the additive identity of G. However, the inverse operation, denoted 
by inv°, may also be included as an inherent part of the group. Thus we 
have the following distinction. 


Definition 2.2 A group G is [-computable if (G, +© , e®) is [-computable, 
and is fully [-computable if (G, +° , inv? , e®) is [-computable. 


It is easy to see that any recursive group is also fully recursive, since 
inv@(a) can be computed as the least member 6 of G such that a+%b = e®, 
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where the elements of G are ordered first by length and then lexicographically 
for elements of the same length. 

On the other hand, the fully p-time groups make up a proper subclass of 
the p-time groups, as shown by Proposition 1.1 of [13]. 


Definition 2.3 For any complexity class f and any structures 


A = (A, (RP sa {i bees {ee cy.) 
and 
B= (B, CBP hoes the eee {ci}ey )s 
we say that A and B are ['-isomorphic if there is an isomorphism f from 


A onto B and [-computable functions F and G such that f = F[A (the 
restriction of F to A) and f-! = G[B. 


3  Polynomial-Time Sets and Isomorphisms 


In this section we shall give a number of useful lemmas about the relations 
between the various standard universes that we will consider in our study of 
feasible structures. The most basic standard universe is the set L* where 
is a finite alphabet and in particular where © = {0,1}, {1}, or {0}. Other 
standard universes include the set Tal (w) of tally representations of natural 
numbers, the set Bin (w) of binary representations of natural numbers, and, 
for any k, the set B,(w) of k-ary representations of natural numbers. In 
recursion theory, all of these sets are recursively isomorphic and therefore 
interchangeable. For our purposes, we must consider carefully which of these 
isomorphisms are polynomial time or even polynomial time in one direction. 


First we need to explicitly define a polynomial time pairing function. For 
any finite alphabet ©, there is a natural embedding p of &* into Bin (w) 
given as follows. We may suppose that © Cc {0,1,2,...,n} for some n. 
Let p(@) = 0 and, for 0 = (%),... , ix), let 


p(o) = 08 71702717 TORT. 


The function p is actually an isomorphism from w* onto Bin (w) and has 
an inverse p~'. It is also clear that, for each n, the set p({0,1,... , n}*) is 
linear time (uniformly in n). Thus we can normally assume that an arbitrary 
structure has universe a subset of Bin (w). 
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The coding function (0), 02,..., 0%)% for o1,..., on € {0,1}* is now 
defined by 
(oO; 592, +02, On)k = p(o, 27 027 27 Raunt Gia 2. ca 
Let Qe = {(o1, 02, .-., oR: 0; € {0,1}* for each i}. For i =1,... ,k, 


the projection functions 7* from Q; onto {0,1}* are implicitly defined by the 
equation 


o = (my(o), 73(0), --., TE(7))e- 
The subscript k will normally be omitted. It is easy to see that the sets Q; 
and B,(w) are all linear time and that the functions 7¥, and ( ,... , )x 


are all computable in linear time. 


Given two subsets A and B of {0,1}*, define 
A®B={(a,b):a€ A,beE B} 


and 


A® B= {(0,a):a € A}U {(1,6) : bE Bh. 


It is clear that if A and B are p-time, then both A@ B and A® B will also 
be p-time. 

Now, for each k > 2, a natural number in (reverse) k-ary form is simply 
a string o € {0,1,... ,k —1}* which is either 0 or else ends with an element 
of {1,...,4—1}. Thus the set B,(w) of k-ary representations of natural 
numbers is a linear time subset of {0,1,...,4—1}*. Tal(w) = {0}U{1}*1 is 
of course a linear time subset of {0, 1}*, but is not polynomial time isomorphic 
to the whole set. (This will follow immediately from Lemma 3.6 below.) For 
a string o = b(n) € By(w) with n > 0, let x4(o) be the unary representation, 
1”, of n and let 4.(0) = 0. We now state a sequence of lemmas which will be 
useful for our main results. Most of these lemmas are proved in [13] or [11]. 


Lemma 3.1 


(a) Suppose that A is a polynomial time structure and that ¢ is a poly- 
nomial time set isomorphism from A onto a set B. Then B is a 
polynomial time structure, where the functions and relations on B are 
defined to make y an isomorphism of the structures. 


(b 


— 


Suppose that A is an EXPTIME structure and that — is a polynomial 
lime set isomorphism from A onto a set B. Then B is an EXPTIME 
structure, where the functions and relations on B are defined to make 
y an isomorphism of the structures. 
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(c) Suppose that A is a q-time structure and that yp is a q-time set iso- 
morphism from A onto a set B. Then B is a q-time structure, where 
the functions and relations on B are defined to make —~ an isomorphism 
of the structures. 

Proof. We sketch the proof for the p-time case. The other cases are sim- 
ilar. To simplify the proof, let us suppose that A has one function f4 
and one relation R4. Observe first that B is a polynomial time set, since 
be B <> og '(b) € A. The function f? is polynomial time, since 
fP (bi... 5bn) = p(F4A(~7"(b1),-.. ,e7(bn))). The relation R® is polyno- 
mial time, since R?(b,,...,bn) <=> R4A(y71(b1),... , 7! (bn). a) 


Next we state two lemmas which relate tally representation of a structure 
to its binary representation and, more generally, to its k~ary representation. 
Part (b) of the first lemma is an improvement of Lemma 2.2 of [13] where 
the computation was bounded in polynomial time. 


Lemma 3.2 For each k > 1, 
(a) Bin (w) is linear time isomorphic to {0,1}"*. 


(b) There is a linear time function p such that, for all n, both the computa- 
tion of px(bg(n)) = 1” and the inverse computation of ,'(1") = by (n) 
can be computed in time p(n); 


(c) For each n >0 and o = b(n), ki? cnt+1< kl? 


Proof. We sketch the proof of (b) for k = 2. The basic computation in 
either direction consists of enumerating the binary numbers from 1 to n 
on one tape while either writing or reading n 1’s on the other tape. The 
enumeration of the binary numbers is done by repeatedly adding 1 by the 
usual algorithm, which consists of replacing 1’s with 0’s while looking for 
the first 0, and then replacing the first 0 with a 1. If we define h(n) to be 
the total number of symbols written by this procedure for the numbers from 
k= 1 up to k = 2" — 1, then we observe that h(1) = 1 and that, in general, 
h(n+1) =n+14+42h(n). This is because the numbers from 2” up to 2+! —1 
are obtained by writing 2", which takes n + 1 steps and then essentially 
writing the numbers from 1 up to 2” — 1 again, while leaving the final 1 on 
the end of each. Now it is easy to see by induction that h(n) < 2"*!~n-2 
for each n. Counting a slightly smaller number of steps for returning to the 
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beginning of the string, we see that all of the binary numbers from 1 up to 
k = 2” —1 may be written in total time < 2h(n) < 2"*' —2 = 4k. For 
any number k with 2”-! < k < 2", the binary numbers from 1 to k may be 
written in total time < 2+! —2 < 8k. oO 


For any subset M of w, let tal(M) = {tal(n):n € M}, let bin(M) = 
{bin (n) :n € M}, and for any finite k > 1, let b,(M) = {by(n) :n € M}. 


Lemma 3.3 For any finite k > 1, any M Cw and any oracle X: 
(a) tal(M) € PX <=> b(M) € DEXT*; 
(b) tal(M) € NP* <> b,(M) € NEXT*. 
(c) by(M) € PX > tal(M) € Lint. 


Proof. We give the proof for k = 2, where b,(M) = bin(M). The proof of 
(b) is the same as the proof of (a). 


(a) Suppose first that tal(M) € P*. Then there is a procedure with 
oracle X which tests whether tal(n) € tal(M) in time < n° for some fixed 
cand all n > 2. To test whether o = bin(n) € bin(M), we first compute 
tal (n), which requires time < 8n by the proof of Lemma 3.2. Then we test 
whether tal (n) € tal(M), which requires < n° steps by assumption. Now by 
part (c) of Lemma 3.2, n° < (2!7!)° = 2°"! so that bin (M) € DEXT*. 

Next suppose that bin(M) € DExT*. Then there is a procedure with 
oracle X which tests whether bin (n) € bin(M) in time < 27 for some 
fixed c and all n. To test whether tal (n) € tal (M), we first compute bin (n), 
which requires time < 8n by the proof of Lemma 3.2. Then we test whether 
bin (n) € bin(M), which requires < 27"()| steps by assumption. Now by 
part (c) of Lemma 3.2, 2°! (™)l = (glbin (lye < (2n)* < min(2,n)**. Hence 
tal(M) € P*. 

(c) Suppose that bin (M) € P*,so that we can test o = bin(n) € bin(M) 
in time < |o|°. Now let |o| = r, so that 2”7~' < n < 2". Then as in part (a) 
above, we see that we can test tal (n) € tal(M) in time < r°. Now it is clear 
that for sufficiently large r, r° < 2"-! <n. Thus tal (M) € LIN*. Oo 


We note that the assumption that tal(M) € LIN* actually implies that 
we can test ¢ € Bin(M) in time < ¢2l¢! for some fixed c and almost all o. 
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For any structure M with universe M C w, let tal(M) be the tally 
representation of M with universe tal (w) and relations and functions defined 
so that the mapping taking n to tal(n) is an isomorphism from M onto 
tal(M); bin(M) and 6,(M) are similarly defined. Lemma 3.3 is easily 
extended to tally and binary representations of relational structures M and 
one direction extends to structures with functions. 


Lemma 3.4 Let k > 2, let M be a structure with universe M Cw and let 
A = tal (M) and B= 6,(M). Then 


(a) If A is p-time, then B is exponential time. 
(b) If B ts exponential time, then A is EXPTIME. 


) 
(c) If B is exponential time and, for all functions f@, fM(m,...,nk) < 
a(mt+-+x) for some fixed constant c and all but finitely many k-tuples, 
then tal(M) is exponential time. 


(d) If B is exponential time and, for all functions fM@, fM(ny,... , ng) < 
(ny +--+ + n,)° for some fized constant c and all but finitely many 
k-tuples, then A is p-time. 


(e) If B is polynomial time and, for all functions f“, fM(ny,...,nk) < 
c(ny +--+ +n) for some fized constant c and all but finitely many 
k-tuples, then A is linear time. 


Proof. We sketch the proofs for k = 2. 


(a) Suppose that A is p-time. It follows from Lemma 3.3 that B has a 
exponential time universe and it is easy to see that the relations of B are also 
exponential time. For simplicity, suppose that f™ is a unary function. (The 
general proof can be found in [13, p. 320].) Suppose tal (m) = f4(tal (n)). By 
assumption, tal (m) may be computed from tal (n) in time < n° for some fixed 
c and all n > 2, so that m < n°. To compute f?(bin (n)), we first compute 
tal(n) from bin(n), which takes exponential time by Lemma 3.2. Then 
we compute tal(m) = fA(tal(n)) in A, which takes time < n° < 2c (I, 
Finally, we rust compute bin (m) from tal (m). This final computation takes 
time < 8m < 8n° < S(Qialy lye. Thus B is exponential time. 


For parts (b), (c) and (d), suppose that B is exponential time. Then we 
easily see that the universe of A and the relations of A are polynomial time. 
For simplicity, let f“ be a unary function. The procedure for computing 
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fA(tal (n)) has three parts as above. First, compute bin (n) from tal (n), 
which takes time < 8n by Lemma 3.2. Next, compute bin (m) = f3(bin (n)) 
which takes time < 2¢lim(™)l < (2n)°. The final and most time-consuming 
part of the computation is to compute tal(m) from bin (m), which takes 
time < 8m. In general, we only know that [bin(m)| < 2ci7 ™ < (2n)° so 
that m < 2(7)° and hence we can only conclude that A is EXPTIME. For 
part (c), we have m < 2 and hence A is exponential time. For part (d), we 
have m < n° so that A is p-time. 


(e) It follows easily from the hypothesis and Lemma 3.2 that the universe 
of A and the relations of A are linear time. Now let tal(m) = fA(tal (n) 
and observe that by the hypothesis, m < nc. The computation of bin (n) 
from tal(n) takes time < 8n by Lemma 3.2. Since B is polynomial time, 
the computation of bin(m) = f8(bin(n)) takes time < |bin(n)|* for some 
fixed d. It follows as in the proof of Lemma 3.2(c) that this computation can 
almost always be done in time < n. Finally, the computation of tal (m) from 
bin (m) takes time < 8m < 8nc. Thus A is a linear time structure. Oo 


Note that the hypothesis needed for part (d) follows from the assumption 
that, for some fixed constant c and all but finitely many k-tuples, 


[fP(o1,--- 5 o%)| < e(lau] +... + lonl)- 


Nerode and Remmel define in [56] the notion of a p-time equivalence type 
(PET) by saying that two subsets A and B of Tal (w) are p-time equivalent if 
there is a partial one-to-one honest p-time function f with domain including 
A such that f(A) = B. It is natural to extend this notion to p-time subsets 
of Bin(w) by defining two sets A and B to be p-time isomorphic if there 
is a one-to-one p-time function mapping A onto B whose inverse is also p- 
time. (We may assume that f and f~' have domain Bin (w) since A and B 
assumed to be p-time.) 


It follows from Theorem 3 of [56] that for any p-time subset A of Tal (w), 
there are infinitely many p-time subsets of Tal (w) which are recursively iso- 
morphic to A but not ptime isomorphic to A. We can now characterize those 
subsets of {1}* which are polynomial time isomorphic to Tal (w), and put 
conditions on those subsets of {0,1}* which are polynomial time isomorphic 
to Tal (w). The following was proved in [13]. 
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Lemma 3.5 


(a) Let A be a p-time subset of Bin(w) which is polynomial time iso- 
morphic to Tal(w), and let ag, a,,... list the elements of A in the 
standard ordering, first by length and then lezicographically. Then for 
some j,k and all n >3,n< jan)? and |a,| < n*. 


(b) Let A be a p-time subset of Tal (w) and let ap, a,,... list the elements 
of A in the standard ordering, Then the following are equivalent. 


(i) A is p-time isomorphic to Tal (w). 
(ii) For some k and all n > 2, |an| < n*. 


(iii) The canonical map taking 1" to a, is p-time. 
Lemma 3.6 For any infinite set M of natural numbers, 
tal (M) = {tal (n):n€ M} and bin(M) = {bin(n): ne M} 
are not p-time isomorphic. 


Lemma 3.7 Let B,(w) be the set of k-ary representations of natural num- 
bers. Then 


(a) The addition, subtraction, multiplication and division (with remainder) 
functions from B,(w) @ By(w) to B,(w), the order relation on B,(w), 
and the length function from B,(w) to B,(w) are all p-time. (As usual, 
m—n is set to0 if m<n.) 


(b) Bin (w) \ {1}* ts p-time isomorphic to Bin (w). 


(c) For each k > 2 and for A equal to either the set B,(w) or the set 
{0,1,...,4—1}*, there is a polynomial time isomorphism y from A 
to Bin(w) and a constant c such that, for all but finitely many a € A, 
la] < |p(a)| < ela]. 


We will frequently want to combine structures using disjoint unions and 
direct sums. Nerode and Remmel proved in [56] that there exist p-time 
subsets A, B and C of Tal (w) such that A is not p-time isomorphic to B 
but A @C is p-time isomorphic to B @ C, and similarly there exist subsets 
X,Y and Z of Tal (w) such that X is not p-time isomorphic to Y but X @Z 
is p-time isomorphic to Y @ Z. This result of Nerode and Remmel also easily 
follows from our next results due to Cenzer and Remmel [13]. 
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Lemma 3.8 
(a) Let A be a p-time subset of Tal(w). Then A@ Tal(w) is p-time iso- 
morphic to Tal(w) and A® Bin(w) is p-time isomorphic to Bin (w). 


(b) Let A be a nonempty p-time subset of Tal(w). Then A® Tal(w) is 
p-time isomorphic to Tal (w) and A@ Bin(w) is p-time isomorphic to 


Bin (w). 
Proof. 
(a) First observe that A @ Tal (w) is p-time isomorphic to the set 


C = {2a:a€ A}U {2n+1:n€ Tal (w)} 


by the obvious isomorphism. Now let co, c,, ... enumerate C in increasing 
order. Since C’ contains every odd number, it is clear that c, < 2n +1. It 
follows from Lemma 3.5 that C is p-time isomorphic to Tal (w). 

Next, A ® Bin (w) is certainly p-time isomorphic to 


(A ® Tal (w)) @ (Bin (w) \ Tal (w)). 


Now by the preceding discussion, A@ Tal (w) is p-time isomorphic to Tal (w). 
It follows that A ® Bin (w) is p-time isomorphic to 


Tal (w) @ (Bin (w) \ Tal (w)) 


which is clearly p-time isomorphic to Bin (w). 


(b) If A has only one element, this is obvious. If A has at least two 
elements, let a be one of them. Then A x Tal (w) is p-time isomorphic to 


({a} x Tal (w)) @ ((A X {a}) x Tal (w)). 


Now the first part of this sum is obviously p-time isomorphic to Tal (w) and 
the second part is p-time isomorphic to some p-time subset of Tal (w). It 
now follows from part (a) that the sum is p-time isomorphic to Tal (w). 

For the case of Bin (w), again if A consists of single element, the result is 
trivial. Otherwise, let a be the least element of A and consider the following 
mapping. If b € A and 6 # a, then let f((b,7)) = 07 10°1. The idea is to 
define f so that the image of {a} x Bin (w) under f is 


Bin (w) \ f((A  {a}) x Bin(w)) = $ 
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by letting f((a, bin(n))) be the n-th element of S. Observe that for any 
T = bin (q) € Bin (w), which is not of the form ¢~10° 1 for some b € Ax {a}, 
we can find in polynomial time in |r| all strings of the form 1**710°1 such 
that 
(i) 6>0, 
(ii) 18€ A, and 
(iii) under the usual ordering on Bin (w), 17 10°1 <7, 
but 1%+1%10°1 ¢ 7. 


That is, since A is a polynomial time subset of Tal (w), we can test each 
element of the 1 with 0 < b < |r| for membership in A in b* steps for some 
fixed k and hence find all strings of the form 1° where gq > b>0 and 1°€ A 
in at most Bel j* < (|r|)*+? steps. Thus in polynomial time in |r|, we can 
find all the strings 

Pe LONE gelugte Ord 
satisfying properties (1)-(3) above. This means that exactly }7?_, 2" ele- 
ments of Bin (w) which are less than or equal to 7 are in the image of 


f((A~ {a}) x Bin (w)). 
Thus we let A 
F((a, bin(q~ S$ > 2*)) = 1. 
t=1 
It follows that f~! is polynomial time. To see that f is polynomial time, 


note that 
f((a, bin (n)) < bin(n)711 


so a similar computation starting with 
T = bin(n)711 


will allow us to find the n-th element of S in polynomial time in |bin (n)|. 0 


It follows easily from the lemmas above that any p-time relational struc- 
ture A is recursively isomorphic to a p-time structure B such that A 
and B are not p-time isomorphic. (We assume that A has universe 
Bin(A) = {bin(a) : a € A} for some A C w and let B have universe 
Tal (A) = {tal (a) : a € A}.) Now these structures are actually exponential- 
time isomorphic. However, there is a stronger result. 
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Lemma 3.9 For any p-time set 
A = {bin (ao) < bin(a;) <---}, 
there is a set 
M = M(A) = {bin(mo) < bin(m,) <--+} 


such that M is p-time and the map which takes bin(m,) to bin(a;) is p- 
time, but there is no primitive recursive map from A into M which maps 
at most k elements of A to any element of M’ where k is any fixed finite 
number. Furthermore, M may be taken to be a subset of Tal (w). 


Proof. Let y, be the e-th primitive recursive function mapping Bin (w) into 
Bin (w) and, for each e, let t. be the total time required to test all numbers 
up to a. for membership in A and to compute y;(bin(a;)) for all 7,7 < ae; 
clearly t. < t.4;. For each e, let m, = 2%, so that 


bin(m.) = 0*1 
and |bin (m.)| =t. + 1. It follows that 
pe(bin(a;)) < bin(m;) 


for all 1 < e, since by convention it takes at least k steps to compute an 
output of length k. Let A* = {bin(m.) : e < w}. 


Here is the p-time algorithm for testing whether x € A*. First check 
to see that z = 0'1 for some n. Then start to test bin (0), bin (1), ... for 
membership in A. As soon as we find that bin(n) is the e-th member of 


A so that bin(n) = bin(a.), then compute in order Ye(ao), ++: » Ge(Ge-1) 
and ¢o(de),--: , Ge(ae) and then return to testing whether bin(n + 1), 
bin(n + 2),+-+ are in A. If the total number of steps reaches ¢ exactly 


when the computation of some ¢,.(a-) has just been completed, then ¢ = t, 
so that z = bin (m,) belongs to A*. Otherwise, z ¢ A*. This argument also 
shows that the map which takes bin (m_) to bin (a,) is p-time. Finally, let 


M = M(A) = {bin(mz):1< w}. 


Then M is also p-time since we can clearly check in polynomial time whether 
2 is a square if we discover that x = bin(m,) at the end of the computation. 
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The map taking bin (m,z) to bin (a;) is p-time since we can test all numbers 
< a,2 for membership in A in time < |bin (mj,z)| and therefore determine a; 
from bin (m;z). 

Suppose now by way of contradiction that y, were a map from A into 


M' which were at most & to 1. Since each primitive recursive function has 
infinitely many indices, we may assume that e > k. Then 


{pe(bin(ao)), --- » Pe(bin(ae2))} 


must contain at least e distinct elements, so that at least one of them is 
2 bin(m,2), which contradicts the observation above that 


pel bin (a;)) < bin(m.) 
for all 7 < e, and thus establishes the result. 


Since Bin(w) and Tal(w) are primitive recursively isomorphic via the 
standard map pla, it follows that we could replace M in this argument with 
the set 

M* = {tal(mo), tal(m,),...}. Oo 


Remarks 3.1 The only properties of the set of primitive recursive functions 
needed for this result is that the primitive recursive functions is a class of total 
recursive functions which can be effectively listed. Thus in the statement of 
Theorem 3.9 we can replace the primitive recursive functions by any class of 
total recursive functions which can be effectively listed. 


Letting k = 1, we see that there is no primitive recursive embedding of 
A into M(A). Furthermore, there is no primitive recursive embedding y of 
a cofinite subset C of A into M(A), since if |A\ C| =k —1, then we could 
extend y to a map from A into M(A) which is at most k to 1 by mapping 
all elements of A \ C' to some fixed element of M(A). 


4 The Existence of Feasible Structures 


In this section, we shall survey a number of model existence results for polyno- 
mial time structures. In particular, we will consider four existence questions 
for any class C of structures. 
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(1) Is every recursive structure in C isomorphic to a polynomial time struc- 
ture? 


(2) Is every recursive structure in C recursively isomorphic to a polynomial 
time structure? 


(3) Is every recursive structure in C isomorphic to a polynomial time struc- 
ture with a specified universe such as the binary or tally representation 
of the natural numbers? 


(4) Is every recursive structure in C recursively isomorphic to a polynomial 
time structure with a specified universe such as the binary or tally 
representation of the natural numbers? 


The fundamental result for relational structures is due to Grigorieff [32] 
and (for structures with infinitely many relations) to Cenzer-Remmel [10]. 
Recall that a structure with no function is said to be relational. 


Theorem 4.1 Every relational structure is recursively isomorphic to a real 
time structure with universe a subset of Bin (w) and to a linear time structure 
with universe a subset of Tal (w). 


Sketch Proof. We may assume without loss of generality that the struc- 
ture A has universe w. The element a is represented in the binary real 
time model by #(a) = 12*!010', where ¢ is the time required to compute 
whether R;(x1,..., 4,)) for all 7 < a and all tuples (21, ... , 24;)) from 


{0,..., afi, 
The set B = {y(a) : a € w} is real time by the following algorithm. 


Given bin (n), start to read bin (n) from left to right. 


If at any time we discover that bin (n) is not of the form 12+! 010° 
for some a and t, then bin (n) ¢ B. 


Otherwise, having read the first 0 in bn(n) so that we have 
found a such that bin(n) = 1°t'010*, start the computation 
which tests for all 7 < a and for all tuples (11, ... , 24;)) from 
{0,..., a}), whether R;(x1,... , 24;)). 


If the total computation finishes in exactly t steps, then bin (n) € 
B. If the computation either finishes in fewer steps, or has not 
finished by t steps, then bin (n) ¢ B. 
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Each relation R; is real time, by the following algorithm. 


Given (bin(n9), ... , bin(nij)) € BY), first compute a, and ty 
for each k < j so that bin (n,) = 1%*t!, 0, 10%. 

Then let t = max{to, ... , ty;y}- 

Now by the construction we can test whether Rj(ao, ... , a4;)) 
in time < ft. 


The tally representation of A has universe {tal (n) : bin (n) € B} and is 
linear time by Lemma 3.4 (e). QO 


Note that Theorem 4.1 allows us to conclude that if G is a recursive graph, 
i.e, G = (V,E) where V, the vertex set of G, is a recursive set of natural 
numbers and the edge relation E is also recursive, then G is recursively 
isomorphic to a polynomial time graph G’. However if G has a recursive k- 
coloring, then to conclude that G is recursively isomorphic to a polynomial 
time graph with a polynomial time k-coloring requires a stronger version 
of Theorem 4.1. We will present an improved version of Theorem 4.1 due 
to Cenzer and Remmel [16] which is their primary tool in their analysis 
of polynomial time combinatorial structures and [I°-classes. The improved 
version of the theorem presented applies to structures with two distinct types 
of objects, the first type being the normal universe of the structure, and 
with functions which map the first type into the second type. The type of 
example that we have in mind is a function from the vertices of a graph 
into the natural numbers which computes the degree of a vertex or the color 
assigned to a vertex. The universe of the graph is now expanded by adding 
a p-time set which represents the natural numbers and the degree function 
or coloring now becomes part of the structure. Naturally, the new objects 
are not vertices and therefore are not joined to any other objects by edges. 


Theorem 4.2 Let 


C=a(C.A, By esstielhes i 


be a recursive structure such that 


(i) A and B are disjoint subsets of C with C = AUB and B is a 
polynomial time set; 
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(ii) there is a recursive isomorphism from Bin(w) onto a subset of 
Bin (w) \ B with a p-time inverse; 

(iti) for each ie T, f; maps C into B; 

(iv) for each i € S, the relation R; is independent of B, that is, for 
any (11,.--,%n) € C”, where n = s(t), any j <n such that 
a; € B, and any b € B, RE(x,,...,2n) holds if and only if 
RE (03655-32105 Baars i Ba) holds: 


(v) for each 1 € T, the function f; ts independent of B, that is, for 


any (%1,.-.,2%n) € C”, where n = t(i), any 7 <n such that 
xz; € B, and any be B, 
Fo (24, 303 Ba) SS FO eee: 


Then there is a recursive isomorphism y of C onto a p-time structure M 


such that (b) = b for all be B. 


4.1 Structures with Functions 


In contrast to purely relational structures, recursive structures with functions 
need not be effectively isomorphic to feasible structures. The following results 
are Theorems 3.1, 3.2 and 3.3 of {10}. 


Theorem 4.3 Let Lo be the language with exactly one function symbol f 
which is unary. 


(a) There is a recursive structure A = (A, fA) which is not recursively 
isomorphic to any primitive recursive structure. 


(b) There is an exponential time structure D = (D,f?) which is not re- 
cursively isomorphic to any polynomial time structure. 


Proof. 


(a) Let (Ao, fo), (Ai, fi), ... be an effective list of all primitive recursive 
structures over Lo and let yo, y1,.-. be a list of all one-to-one partial 
recursive functions. We must meet the following set of requirements in our 
construction of A. 


Rij: Yj is not a recursive isomorphism from A to (Aj, fi). 
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To meet the requirements R;,;, recursively partition {0,1}* into infinitely 
many disjoint infinite recursive sets S;;. We then define A so that A = 
U,.; 5:3 = {0,1}* and for all 7,7, fA maps $j; into S;,;. 


We now fix 7,7 and then we define f = f4 on S;; in stages. We let 
ao, @,... be some effective listing of S;;. At stage s, we shall define f(a,). 
We start by defining f(ao) = a, at stage 0. At stage s + 1, compute %(ao). 
If y$(ao) t or if y3~*(ao) |, then we define f(a,) = 4,41. Otherwise, that is, 
if y$(ao) | but p> * (ao) fT, let x = y%(ao) and do the following. Compute 
the sequence 2, f,(x), fi(fi{z)),..., feTD(2), where here i” denotes f; 
composed with itself k times. Note that if y; were an isomorphism, then 
it must be the case that yj(a,) = f(z) for all k. Thus if y; were an 
isomorphism, then it must be the case that 


f(as)=a0 => fe) (2) i 


Thus if f2*) (2) = x, then we define f(a,) = as41. If ae) # x, then 
we define f(a,) = ao. Note that in either case, we will have ensured that y; 
cannot be an isomorphism from A onto (Aj, fi). 


(b) The proof of part (a) must be modified in several ways. First, let 
(Eo, fo), (£1, fi), ... be an effective list of all p-time structures whose uni- 
verse is contained in {0,1}® over Lo. Let yo, Yi, .-- bea list of all one-to-one 
partial recursive functions which map {0,1}* into {0,1}*. We shall build our 
structure (D,f?) so that D C Tal(w) and we meet the following set of 
requirements. 


Rij: Yj is not a recursive isomorphism from D to (&;, fi). 


To meet the requirements Rj,;, we construct D as a disjoint polynomial- 
time union of infinite p-time sets D = ),;;7;j;. Define the function 
wy: Tal(w) x Tal (w) x Tal (w) + Tal (w) by 


(0, tal (z), tal (7) 


j tal (2[7,7]) +3), and 
(tal (n + 1), tal (7), tal (7) 


)= 
) = tal (2°), if (tal (n), tal (2), tal (j)) = tal (p). 


Note that tal (x) = tal (2{7, 7]+3) can be computed from input (tal (2), tal (7)) 
in time a- zx for some fixed constant a and that the computation of tal (y) = 
tal (2*) from input tal (x) can be computed in time at most b-y for some fixed 
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constant b > a. Thus the computation of tal (z) = o(tal (n), tal (z), tal (j)) 
from input (tal (n), tal (2), tal(j)) takes at most the following number of 
steps: 


bli, j] + bx + 02” + b2™ 4---4bz < OL 4+24+-+-4+2) < bz’. 


For each 7,7, we let T;,; = {W(n,t,j) :n <w}. Then we can test whether 
tal(z) = (tal (n), tal (z), tal (7)), perform the computation of 


w(0, tal (z), tal(j)) , (1, tal (2), tal (7)) , ... , w(tal (n), tal (2), tal (7)) 


for bz* steps and see if the computation converges to z by that time. It 
follows that the sets T;,; are uniformly p-time and that D is also p-time, 
since 


tal(z) € T;; <= > (an < z) tal (z) = Y(tal (n), tal (2), tal (3) 


and 
tal(z)€ D => (At,7 < z) tal (z) € T;;. 


We now fix 7, j and define f = f? on T;,; = {tal(ao), tal(a,), ...}, where 
tal(a,) = %(tal(n), tal(z),tal(j)). For each m, perform the following series 
of computations for at most 2°” steps. 


(i) Start to compute y;(tal(ao)). If this converges in less than 2°” steps, 
let bo = y;(tal(ao)). 


(ii) Check that bo € £;. 


(iii) Compute the sequence 6; = f;(bo), b2 = fi(b1), --- 5 Om4i = filbm). 


Let s be the least m such that the computations can be successfully 
completed in at most 2?” steps. Assuming the existence of bo) = ;(ao), 
we can show that such an s must exist. That is, it takes some constant 
amount ¢o of time to compute bp. Since f; is p-time, f;,(y) can be computed 
in time bounded by |y|* for some fixed integer k > 1 and any y € {0,1}* 
with |y| > 1. Let c, be the time required to compute f,(6), f,(0) and f,(1), 
if needed, and let c = co +c. Then to compute the sequence bp = ¥;(a0), 
bi = fi(bo), --. , bnai = fi(bm) takes time at most 


t(mm) = 6+ [bol + (Bol!) +++ = 6+ [bol* + [Poll +--+ + [bol*”. 
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We need to show that this sequence is eventually dominated by the sequence 
ao, 4) = 2%, ..., dm = 2°"-!. We may assume without loss of generality 
that |bo| > 1. Now if m is large enough so that both c and m are < |bo|*”, 
then 
t(m) < (m+1)|bol*” < |bo|?*”. 

Now let m be large enough so that |bo|? < 27", k < 2”, and m*? +m < 2”. 
Then k™ < 2™ and t(m) < gomam _ gamitm — on?” _ exp3(m). To show 
that the latter is dominated by a,,, note first that ag > 3 and that, for any 
M, Gm > m+ 3; it follows that an43 > exp,(m + 3). 

The definition of f now proceeds in stages, as in part (a). Let s be 
the least m such that the computations described above can be successfully 
completed. Now for t # s, we let f(a:) = ai41. To compute f(a,), we 
let x = yj(ao) and compute ft" (z). Then if f&*"(x) = x, we define 
f(as) = Gs41. If F272) # x, then we define f(a,;) = ao. Note that in 
either case, we will have ensured that ~; cannot be an isomorphism from D 
onto (Ej, fi). 

It remains to be seen that the computation of f can be done in exponential 
time. Given tal (x) € D, we first compute the unique triple (n, 7,7) such that 
tal (x) = (tal (n), tal (2), tal (j)). This can be done in polynomial time since 
n, 2 and j are all less than x. Next we perform the computations (i), (ii) 
and (iii) form =0,1,...,n in turn. This can be done in exponential time 
since each series of computations is bounded by time 2°". The remainder of 
the computation of f(x) takes little time. We look for the least n, if any, 
such that the n-th series of computations has been successfully completed. 
If m =n, then we check to see if FET) (z) = zand let f(tal(a,,)) = tal(2°™) 
if so; otherwise, f(tal(a,,)) = tal(ag). QO 


We note here that the functions in the previous theorem may be taken 
to be permutations of the sets A and D. Then next two results show that 
we can diagonalize over A$ isomorphisms if the underlying language has at 
least two unary function symbol or at least one n-ary function symbol with 
n > 2. 


Theorem 4.4 Let Lo be the language with exactly two function symbols f 
and g which are unary. 


(a) There is a recursive structure A = (A, fA, g*) which is not A9 iso- 
morphic to any primitive recursive structure. 
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(b) There is an exponential time structure D =(D, f?, g”) which is not 
A$ isomorphic to any polynomial time structure. 


Theorem 4.5 Let Lo be the language with exactly one function symbol h 
which is binary. 


(a) There is a recursive structure A = (A, h“) which is not A} isomorphic 
to any primitive recursive structure. 


(b) There is an exponential time structure D = (D, h”) which is not A$ 
isomorphic to any polynomial time structure. 


Two natural types of structures with functions will be considered below 
in more detail. These are permutation structures (A, f4), where f4 is a 
permutation of the set A, and Abelian groups. 

Next we state an unpublished theorem due to H. Freidman and J. Rem- 
mel which characterizes when structures which are finitely generated are 
isomorphic to polynomial time structures. 


Definition 4.6 
(a) We say that A =(A, {RA} inn, (fA }ien,...ns {CA}ict,...m) is finitely 


generated if A equals the closure of {c4};<1,... under the set of functions 


{fA} int... me 


(b) A finitely generated structure A as above has a double exponential time 
decision procedure if 


(i) AC {0,1}* is double-exponential-time. 


(ii) There is an algorithm which given any two terms t,(c#,... ,c4) 
and talet ,...,C4) in the free term algebra generated by 
cA,...,cA and fA,...,f4, decides in 2?" steps for some con- 
stant ky if ty(c#,... cA) = te(ci#,...,c4) where d is equal to 
the maximum of the depth of t,(c#,... ,c4) and the depth of 
to(c#, eee en): 

(iii) There is an algorithm which given a relation R# and terms 
ti(c#,...,c4),... ,tp(c#,... ,c4) in the free term algebra gener- 
ated by c/,... sc and af pies gfe , decides in 22”? steps for some 
constant k if RA (Eileen hee ans tle isa Cm) holds where 


d is equal to the maximum of the depths of t;(cf,... ,c4) for 
j=l,...,p. 
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Theorem 4.7 Let A = (A, {RAV ie) LPP tne {cA}in1,...m) be a 
finitely generated structure. Then A is isomorphic to a polynomial time 
model iff A has a double exponential time decision procedure. 


4.2 Linear Orderings 


There are several results on the existence of p—time linear orderings. 


Theorem 4.8 (Grigorieff 1989) Every recursive linear ordering L is iso- 
morphic to a real time linear ordering L’ = (Bin(w), <c’). 


Sketch Proof. We sketch a proof showing that L£ is isomorphic to a p-time 
ordering. There are two cases. 
The first case is where £ has either a recursive increasing sequence 


S = (80 <c $1 <c $2 <c-'-) 
such that S is cofinal or S has a limit or £ has a recursive decreasing sequence 
D= (do >cd, >c dz >c£ ++) 


such that D is cofinal or D has a limit. 

In this case, we have a p-time copy of either S or D with universe Bin (w) 
and we can make a p-time copy of £\ S (or £~\ D) with universe a subset of 
Tal (w) by Theorem 4.1. Then we can apply Lemma 3.8 to combine the two 
orderings into one p-time ordering with universe Bin (w) which is recursively 
isomorphic to L£. 

The second case is where no such sequences exist. In this case £ is 
isomorphic to w+ Z-A+w* for some recursive ordinal 4. Here Z is the order 
type of the integers. Then there are two subcases. First if \ has a first or last 
element or has a pair of elements zr <z y such y is an immediate successor 
of z, then £ contains an explicit recursive copy of D = w+” which is 
isomorphic to a p—time linear ordering with universe Bin (w). We can make 
a p-time copy of £ \ D with universe a subset of Tal(w) by Theorem 4.1. 
Then we can apply Lemma 3.8 to combine the two orderings into one p-time 
ordering with universe Bin (w). The only other subcase is that is a dense 
linear ordering without endpoints so that is isomorphic to the rationals Q. 
But in this case it is easy to construct a p-time linear ordering with universe 
Bin (w) which is isomorphic to L. Oo 
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The natural question is whether the isomorphism in the previous theo- 
rem is effective. It should be observed that the proof is not uniform. In- 
deed in case 2, we only constructed an isomorphic copy and not a recur- 
sively isomorphic copy of £. The next result due to Remmel is Theorem 2.2 
of [68] which shows that in case 2 the isomorphism cannot be replaced by a 
recursive isomorphism. 


Theorem 4.9 Let A C {0,1}* be any infinite p-time set and let L be a 
recursive linear ordering which is isomorphic to w + Z-+w* for some 
linear ordering 4. Then there erists a recursive linear ordering K. which is 
isomorphic to L but which is not recursively isomorphic to any p-time linear 
ordering whose universe is A. 


Sketch Proof. We will not give the full proof as it requires an infinite injury 
priority argument. However we will give the proof in the case where the L 
is isomorphic to w + w” since in that case, a simple finite injury priority 
argument suffices. 


Recall that y; is the i-th partial recursive function and let Ro, R,... 
be an effective list of all polynomial time binary relations on {0,1}*. For 
simplicity, we let (A, R.) denote the structure with universe A and relation 
R which is the restriction of R. to A x A. 


Let 7,71, ... be an effective enumeration of A in the usual order (first 
by length and then by lexicographic order.) 


We shall construct our desired recursive linear ordering £ in stages. Let 
00, 01,.-.. be an effective listing of {0,1}*. At any given stage s, we shall 
specify two sequences aj, aj,..., a3, and b§, bj, ... , 6%, for some n, > s 


such that B, = {o0,..., Ga.si} = {a§, 6§, af, bf,..., a%,, 68}. More- 
over, at stage s we shall define the ordering < = < z on B, x B, so that 


a <ap<--+< ay < bh <b) <-+- <b. 


Our construction will ensure that for all 7, lim, a? = a; and lim, b? = 5; exist. 
Moreover, our construction will ensure that {0,1}* = {ao, bp, a1, 1, ...} 
and that 


(a) for all 2, a; < aiy, and 4; <6;, and 


(b) for alli and j, a; < 6;. 
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Thus ({0,1}*, <c) will have order type w + w*. To ensure that £ is not 
recursively isomorphic to (A, R,) for any e, we shall meet the following set 
of requirements. 


Pie,k] :. There exist n and m such that one of the following four conditions 


holds. 
(i) pe(@n) t or pe(an) = 2 ¢ A. 
(ii) Gelb) t OF Gnlbm) = 2 ¢ A. 


(iii) ye(@n) = x € A and there exist n + 1 elements vo,...,Un of 
A such that (v;,2) € R, fori =0,...,n. 


(iv) ye(bm) = y € A and there exist m + 2 elements wo,...,Wm+1 
of A such that (w;,y) ¢ R. fori =0,...,m+1. 


We write (wi,y) ¢ R. rather than (y,w;) € Re in clause (iv) to allow for the 
possibility that R, is not actually a linear ordering. 

It is easy to see that if requirement Fe) is satisfied, then y, is not a 
recursive isomorphism from £ = ({0,1}*, <c) onto (A, R.). Thus meeting 
all the requirements F.,) ensures that £ is not recursively isomorphic to any 
p-time linear ordering with universe A. 

Our basic strategy for meeting a requirement P,, where z = [e, k], is as 
follows. Let us assume that s > z is a stage large enough so that requirements 
Po,..., P,-1 no longer require action at any stage t > s. Then at stage s, 
we consider a3. Our construction will then ensure that a? = a‘ for all j < z 
and ¢ 2 s unless there is a stage u > s such that y¢(a’) |. Of course if there 
is no such u, then a? = a, and a, will witness that requirement P, 1s satisfied 
(by virtue of clause (i)). 

Now if there is such a stage u, then let « = yj(a’). If « ¢ A, then 
again we will simply ensure aS = a, so that once again a, will witness that 
requirement P, is satisfied. If x € A, then we will compare z to the first 
4n,_1 +4 elements of A (in the fixed order 7), 7, ... prescribed above) with 
respect to the binary relation R,. Note that since A and R, are polynomial 
time, we can effectively make these 4n,_,; + 4 comparisons. There are two 
possibilities. 


(1) There are h = 2n,_1 +2 of these elements v of A such that (v, 2) € Re. 
Denote these elements by vp, .-. , Up-2. 


(2) There are h = 2n,_1+3 of these elements w of A such that (w,z) ¢ Re. 
Denote these elements by wo, ... , Wa_1- 
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In case (1), we will simply ensure a = a,. But then a, is preceded by 
exactly z elements in £, where z < n,-;, whereas r = yx(a-) is preceded by 
at least 2n,-1 + 2 elements in (A, R.). Thus y, is not an isomorphism from 
£ onto (A, R.). 

In case (2), we will switch a3 = a! from the w side of L to the w™ side 
of £. That is, we shall let n, = 2n,-) — z+ 1 and let 6% 4; = @ny_y-i41 


for? = 1,..., my — ny-1. We also let b? = a for 7 < ny-1- Then our 
construction will ensure that for all tf > u, 6), = 6%, = a’. Thus in this 
case, there will be precisely n, + 1 elements w (namely bo, ..., bn) such 


that (w, bn) €<c. However, in (A, R.) there are at least 2n,_; + 3 elements 
x such that (r,ye(bn,)) ¢ Re. But ny +1 = 2ny-) + 2-2 < 2ny_-1 +3, so 
that y, cannot be an isomorphism from £ onto (A, R,). Our construction 
will ensure that a’ can switch from the w side to the w™ side of £ only for 
the sake of requirements Py, ... , P,. The usual priority argument will then 
show that a$ “switches sides” for at most finitely many s. 


We shall employ a set of movable markers [, to help us keep track of 
which requirements we have acted on. The idea is that if we have taken an 
action as described above which ensures a‘ will witness that requirement P, 
is satisfied, then we will place a [, marker on a¥. Thus at any given stage s, 
either [', is inactive, i.e., [, does not rest on any element at stage s, or [, 
is active, i.e., T, rests on some element x € {aj, b§,..., a9,, b§,}. If T, is 
active, we let [',(s) = x, where zx is the element on which I, is placed. 


Construction 


STAGE 0: 
Let a? = 00, 68 = 01, and declare a? < b8. We let I, be inactive for all z 
at stage 0. 


STAGE s+1: 


Assume we have defined n = ng, a5, b§,..., a3, 6% so that n > s and 


4053 059355400, Song ois Coat = Be 
Moreover, assume we have defined a linear order < = <g on B, x B, so that 
a <ap<-s- <a <b <b, <--- <b. 


Look for a p < s such that T’, is inactive at stage s and yj(a3) |, where 


p= l[e,k]. 
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If there is no such p, then for all z, let I’, be inactive at stage s + 1 if 
and only if TI’, is inactive at stage s. If T, is active, let [,(s + 1) = I.(s). 
In addition, let aft! = a$ and b%t’ = 6b for all i < n = n,. Finally, let 
Ns41 = N+1, Congo = ie and G2n43 = ae and extend our definition of 


<=<¢ to Bs41 X Boy, by declaring 
Gere ear OO as OR, 


If there is such a p, let p = p(s +1) = [e(s +1), k(s +1)] = [e, &] be the least 
such p and x = 2(s +1) = yx(ag). If e(s +1) ¢ A, then proceed exactly 
as in the case where p(s + 1) is not defined, except declare [’, active and let 
p(s + 1) = ast’. If e(s +1) € A, then find the first 4n, + 4 elements of A. 
Now compare hese elements to x with respect to R,. We will then be in one 
of two cases. 


CASE 1: There are h = 2n, + 2 elements vo, ... , va-1 among the first 
4n, + 4 elements of A such that (v;,r) € R, fort =0,1,...,h-—1. In this 
case, we proceed exactly as in the case where x(s + 1) ¢ A. 


CASE 2: Otherwise, there must be h + 1 elements wo, ... , Wa41, among 
the first 4n, + 4 elements of A, such that (w,;,x) ¢ R. for all 7. Then we let 
aft! = a? for i < p and bt? = 6 for all j <n = ng. Deb tei =2n+1l—p 


Let bet} = a8_j,, fori = 1,...,n+1—p and let at) = oon4o4; for 
j=0,...,2n+1 —2p. Activate the I, marker and place it on b°+!, = a’. 
Remove any markers [’, that were on elements among a}, ... , aj, and make 
them inactive. Any marker [, which was active at stage s where [',(s) € 
{ap,--- , @3_1, 65,... , bf} is still active at stage s+1 and T,(s+1) =[.(s). 


Markers T, where. z # p which were inactive at stage s remain inactive at 
stage s+ 1. Finally, extend < = <¢ to Bs4, x By4, by declaring 


Cae Seca A I a i <a <b 


Neth 


This completes our construction. Because A is a polynomial time set and 
each R, is a polynomial time relation, it easily follows that each stage is 
completely effective. The following facts are easily proved by induction. 


(a) For all s,n, > 
(b) For all s, {a§, b§,...,4%,, 08} = {o0, .--, Cong}. 


(c) Our definition of <¢ is consistent, that is, if i, 7 < 2n, +1 and stage s, 
we declare 0; <¢ aj, then for all t > s, we declare 0; < ¢ 0; at stage t. 
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Note that these facts imply that £ = ({0,1}*, <“) is a recursive linear 
ordering, because to decide if 0; < oj, we simply go to stage s = max{i,j} 
and then o; < a; if and only if at stage s, we declare 0; < oj. 


Next we prove two lemmas which will complete the proof that £ has the 
desired properties. 


Lemma 4.10 For each z, lim,a? = a, and lim, b? = b, exist and there is 
a stage t, such that either [, is inactive at stage s for alls >t, or T, is 
active at stage s and [',(s) =[,(t,) for all s >t,. 


Proof. We proceed by induction on z = [e,k]. By induction, we can assume 
that there is a stage u > z large enough so that 


(i) a? = a¥ and 6% = 6% for all j < z and s > u and 


(ii) for each 7 < z, either T; is inactive at stage s for all s > u or for all 
s 2 u,T; is active at stage s and I';(s) = T;(u). 


Note that our construction ensures that a [; marker can be removed from 
an element at stage s only if [j;(s — 1) = aj for some k and we take action to 
meet a requirement [,(,) at stage s where p(s) < k. Similarly, the only way 
ai # ai* is if p(s +1) < k and we act according to Case 2 at stage s + 1. 
Moreover, our construction ensures that if 7 < ns, then bi = 0% for all s 2 t. 
It follows that lim, 68 = b%. Now if [, is active at stage s, then our choice of 
u ensures p(s) > z for all s > u so that lim, a’ = a¥ and [, is active for all 


s>u. IfT, is not active at stage u, then either 


(i) yz(at) tT for all s > u, in which case, for all s > u, T’, is inactive at 
stage s, p(s) > z and a8 = a¥, or 


(ii) There is an s > w such that yi(a%) |. 


In case (ii), let t be the least s > u such that y}.(a?) |. Then our choice of u 
ensures that, for all u < s < t, p(s) > z and [, is inactive at stage s, so that 
p(t +1) will be defined and p(t +1) = z. But then at stage t +1, [, becomes 
active and is placed on either a{+? or ft). If T, is placed on a{+?, then 
ait! = a! and TI, will never be removed from a‘*!. This is because [', can be 
removed from a‘*! only if p(s) < z for some s > ¢ + 1, which is ruled out by 
our choice of u. If [', is placed on be then again I’, can never be removed 
from Or Thus in either case [', will remain active for all s >t+1. But 


this means p(s) > z for all s >¢+1, so that a8 = ast! foralls >t+1. O 
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Lemma 4.11 Requirement P, is satisfied for all p. 

Proof. Let p = [e,k] and let s, be a stage such that s, > p and 
(i) (Ws > 8p)(Vj < p) [a3 = a3? and 6 = 6;"], and 
(ii) sp > max{t,,..., tp}, where t, is a stage such that either 


t,, [, is active at s, or 


(a) for all s 
( 


2 
b) for all s >t,, [, is inactive at s. 


It then easily follows from our construction that if [, is inactive at stage s,, 
then yi(as) t and a’ = a,” for all s > sy. Thus y(ap) T, where a, = lim, (a3). 
Hence, the requirement P, is automatically satisfied. If [, is active at stage 
Sp, then there are two possibilities. The first is that ,(s) = a} = ay, in which 
case our construction guarantees that either yj(a,) ¢ A or yz(ap) € A but 
there are at least p +1 elements vo, ... , vp € A such that (v;, ye(ap)) € Re 
fori =0,..., p. The second possibility is that [',(s) = 6°, = b, for some 
m <nzs,. In this case, our construction ensures that yj(b§,) € A and there 
are at least m+ 2 elements wo, ... , Wm41 € A such that (w;, ye(bm)) ¢ Re 
fori =0,..., m. Thus in any case, P, is satisfied. Oo 


It now follows from Lemma 4.10 that a; <g aj4; and bj4,; <c 0; for 
all 1 and that a; <c¢ 6; for all 7 and 7, so that £ is isomorphic to w + w*. 
By our remarks preceding the construction of £, it follows that meeting 
all the requirements P, ensures that LC is not recursively isomorphic to any 
polynomial time linear ordering over A. 

In the general case, if A is a recursive linear ordering, then a finite injury 
priority argument very similar to the one given above for w+w”* will prove the 
theorem. However, the only thing that we can conclude from the fact that 
w+Z-n+w* is a recursive linear ordering is that » is a I} linear ordering 
and in that case, a more complicated infinite injury priority argument is 
required. Oo 


We note that in the special case of w+w*, one can make K have universe 
Tal (w) when A = Bin (w). (This is Theorem 2.2 of {69].) 

Cenzer and Remmel [18] gave a general condition which implies that 
a relational structure is recursively isomorphic to a p-time structure with 
universe Bin (w). This condition can be thought of as a generalization of the 
argument in case 1 of Gregorieff’s Theorem (5.8) on linear orderings. 
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Definition 4.12 Let A be a recursive substructure with universe A of the 
recursive relational structure M with universe M. Then JA is said to be a 
highly recursive relatively indiscernible binary substructure of M if 


(i) There is a recursive map f from A to Bin (w) which induces a p-time 


model M. (Let a; = f71(bin (i)).) 


(ii) For any m-ary relation R(x,,..., 2m) of M, any fixed sequence 
b,,..., 6, € M~ A with k < m and any fixed sequence 1 < I, < 
woe <p Sm, let Bee ae denote the (m — k)-ary relation on M—A 


which results by substituting by, for z;, fory =1,...,k. 


Then, for any such Rj 1 < I) <...< kk < mand b,...,b, EC MN A, 
either Ae holds for all but finitely many elements in (M — A)™-*, or 


sar holds for all but finitely many elements in (M — A)™7*. 


Furthermore, there is a uniform effective algorithm which, given an index 
for R and sequences b,,... ,b, € M\Aand I,,... , J, will compute whether 
aa holds for all but finitely many elements in (M — A)™-* or af tear 
holds for all but finitely many elements in (M — A)™-*, along with with 
a complete list of the finitely many sequences of (M — A)”-* which are 
exceptions. 


Theorem 4.13 Suppose that A is a highly recursive relatively indiscernible 
binary substructure of the relational structure M. Then M is recursively 
tsomorphic to a p-time structure with universe Bin(w) (and therefore also 
recursively isomorphic to a p-time structure with universe Tal (w)). 


Proof. There is no loss in generality in assuming the universe of M is the 
set of natural numbers w. Let So, S,,... be an effective list of all relations 
of A and assume that there is a recursive function F such that $; is an F(i)- 
ary relation. Let A with universe A = {ao, a1, ...} be isomorphic to M as 
described above and let w \ A = {bp < b; < ---}. For any z € ws A, let 
t(x) be the total time needed to search all elements y < x and determine if 
y € Aand to compute the common value of all relations of the form Rie 
and the finite list of exceptions where R = S; for some i < x and b,,... , by 
are elements of M — A which are less than or equal to z. Let y(z) = 12*@)l 
and let P = {y(x): « € M ~ A}. It is clear that P is a p-time subset of 


Tal (w). 
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We define a polynomial time model D with universe Bin (w) by defining 
the relation S? for D as follows. Given an element bin (i), search the strings 
of the form 1k for k < |bin (z)| and determine whether each such string is 
in P. If bin (i) € P, then let r(bin (i)) = bin (n) where bin (i) = 1%tO=l, If 
bin (i) € P, then let r(bin (2)) = bin (m) where bin (7) is the m-th element of 
Bin (w) \ P. Note that because P is a polynomial time set, there is a fixed 
polynomial p such that we can compute whether z € P in p(|z|) steps. It 
thus takes at most pA p(j) steps to search the strings of the form 1* for 
k < |bin (2)| for membership in P so that the function r is polynomial time. 
Then S?(s1, ..» ,8F(q)) holds if either 


(A) no s; € P and S,(r(s1), ... , r(S(qy)) holds in M, or 


(B) there is some s; in P and $,(Z,,..., Zr(q)) holds in M where 
Z; = by, ifs; € P and r(s;) = bin(k), and Z; = a,, ifs; ¢ P and 
r(s;) = bin (k). 


Note that in case (A) we can compute whether SP (s1 +++ 5 SF(q)) holds 
in time polynomial in |s,|+---+|sp(q)| since M isa polynomial time model. 


In case (B), let n be the maximum value such that there is an s; € P 
with j < F(q) and r(s;) = bin(n). If n > q, then s; = 1%] and in t(b,) 
steps we can compute whether FR,(s1,... , $F()) holds by the definition of 
t. Thus in case (B), the only cases in which we can not directly compute 
in linear time whether S?(s1 »+++5 SF(q)) holds is if n < g. However it is 
easy to see that our assumptions ensure that it takes only a finite amount of 
information to determine whether S?(s1 +++ $F(q)) holds in all such cases. 
Thus oF is a polynomial time relation. 


Finally it is easy to see that our definitions ensure that we have defined 
the map g where g(bin (z)) = bn, if bin (7) € P and r(bin (2)) = bin (n), and 
g(bin (7)) = ay, if bin (i) € P and r(bin(i)) = bin(n), is an isomorphism 
from D onto M. 


The model C with universe Tal (w) simply has relations R© defined by 
RE (tal (i,,..., tal(in)) => R?(bin(i,),..., bin (in)). 


The relation R° is p-time since bin(i) can be computed from tal (2) in poly- 
nomial time and |bin (z)| < |tal (z)]. QO 


420 D. Cenzer and J. B. Remmel 


For a simple example, consider a well-ordering M = (M,<™) of type 
> w and let A = (A,<™) be the first w elements of M. A is a recursive 
set sincer € A <> zx <™ w where w is the w-th element of M. A 
is certainly recursively isomorphic to the standard ordering on Bin (w) and 
is indiscernible since for all a € A and allza € MN A, a <™ x. Thus by 
Theorem 4.13, M is recursively isomorphic to a p-time model with standard 
universe Bin (w). This is a special case of Theorem 4.9 above. 


4.3. Boolean Algebras 


There are some cases of structures with function symbols where we can get 
some positive results. For example, every recursive Boolean algebra is recur- 
sively isomorphic to a polynomial time Boolean algebra. 


Definition 4.14 


(i) The language £ of Boolean algebras consists of two binary function 
symbols A (meet) and V (join), one unary function symbol - (comple- 
ment) and two constant symbols 0 (zero) and 1 (unity). A Boolean 
algebra B is a structure (B, A?, V?, =8 , 08 , 18) for this language 
which satisfies the usual axioms. 


(ii) Given a linear ordering M = (M,<) with a first element, the interval 
algebra Intalg(M) is the Boolean algebra of subsets of M generated by 
the left-closed, right-open intervals of M, [a,b)={r:a< a2 < b}. 


The partial ordering <? of a Boolean algebra B is defined by a <? 6 if 
and only if b = a Vc for some c # 0. An element a of a Boolean algebra is 
said to be an atom if whenever 6 < a, either b = 0 or b = a. The Boolean 
algebra A is said to be atomic if for any b # 0, there exists some atom a with 
a<b. Anelement z € B is atomless if z is not the zero of B and there is no 
atom a of B such that a <8 z. B is said to be non-atomic if B contains an 
atomless element. 


The following is Lemma 2.5 of [10]. 


Lemma 4.15 For any p-time linear ordering £ with a first element, the 
interval algebra Intalg(L) is a p-time Boolean algebra. 
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Sketch Proof. The nonzero elements of Intalg(£) are given the natural 
representation [a), a2) U[a3,@4) U--+U[d2n-1,@2n), where a, <" ay <’--- <* 
Gon-1 and either a2, = 00 or do, € L and agn_; < Gan. oO 


This lemma is used to prove the following result from [10]. 


Theorem 4.16 Every recursive Boolean algebra B is recursively isomorphic 
to a p-time Boolean algebra. 


Sketch Proof. First observe that the classical proof that every countable 
Boolean algebra is isomorphic to the interval algebra of a countable linear 
ordering is effective (see Remmel [67]). Thus every recursive Boolean algebra 
is recursively isomorphic to Intalg(M) where M is a recursive linear ordering. 
However by Theorem 4.8, M is recursively isomorphic to a polynomial time 
linear ordering P. The interval algebra of P is thus recursively isomorphic 
to B and is polynomial time by Lemma 4.15. oO 


The next two theorems are unpublished results due to Cenzer and 
Remmel. 


Theorem 4.17 Every infinite non-atomic recursive Boolean algebra is re- 
cursively isomorphic to p-time Boolean algebras 


(a) with universe Bin (w) and 


(b) with universe Tal (w). 


Theorem 4.18 Let A C {0,1}* be an infinite p-time set and let B be an 
infinite atomic recursive Boolean algebra. Then there is a recursive Boolean 
algebra D which is isomorphic to B but is not recursively isomorphic to any 
p-time Boolean algebra with universe A. 


4.4 Graphs 


Next we give two applications of Theorem 4.13 to recursive graphs due to 
Cenzer and Remmel in [18]. 


Definition 4.19 


(i) A graph G = (V, £) is locally finite (respectively locally cofinite) if for 
every v € V, the set NB(v) of neighbors of v is finite (resp. cofinite). 
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(ii) A graph G = (V, E£) is locally finite/cofinite if for every v € V, either 
the set NB(v) of neighbors of v is finite or V \ NB(v) is finite. 


(iii) A locally finite/cofinite recursive graph G is highly recursive if there are 
algorithms for deciding whether a given v € V has finite degree and for 
computing N B(v) is the degree is finite and V \ NB(v) if not. 


Theorem 4.20 Every infinite highly recursive locally finite/cofinite graph G 
is recursively isomorphic to a p-time graph H with universe Bin (w). 


Sketch Proof. If there are infinitely many vertices of G whose degree is 
finite, then we can construct a recursive subset of such vertices U such that 
G restricted to U is the empty graph. Moreover we can construct U so that 
it will be the highly recursive relatively indiscernible binary substructure 
required to apply Theorem 4.13. If there are infinitely many vertices of 
finite co-degree. We can construct a complete subgraph C which will be 
the highly recursive relatively indiscernible binary substructure needed for 
Theorem 4.13. Oo 


Theorem 4.21 Every infinite recursive graph G which is either locally 
finite or locally cofinite, is recursively isomorphic to a p-time graph H with 
universe Bin (w). 


Sketch Proof. Suppose that all vertices have finite co-degree. Then we 
again pick out a complete subgraph 


C= {tos tisaxck ys 


now with the additional property that v; is not joined to any vertex from 
Ue ees Ba oO 


The next result shows that the hypotheses of the two preceding theorems 
are needed. 


Theorem 4.22 Let A be any infinite polynomial time subset of {0,1}*. 
Then there ts a recursive graph, having every vertex of either finite degree 
or finite co-degree, which is not recursively isomorphic to any p-time graph 
with universe A. 
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4.5 Trees 


A connected graph G with no cycles is said to be a tree. The vertices of T are 
called nodes. We will assume that any tree T has a designated root ¢. Then 
any node v of T can be reached from the root by a path, that is, a sequence 
of edges (€,v1), (v1, v2), --. , (Un-1,v). We say that v is a successor of vn_y. 
It is clear that the successor relation is recursive, since the path from the 
root to a node v may be computed from v in a uniform fashion. The partial 
ordering u <? v, which says that there is a path from the root to v which 
passes through u, is also recursive. On the other hand, if T is a p-time tree, 
then this computation of the path from € to v might not be in polynomial 
time in |v|, so that the successor relation and the relation <7 need not be 
p-time. Thus we say that 7’ is fully p-time if both the successor relation and 
the relation <7 are p-time. Similar notions may be defined for any bounded 
resource class. 


T is said to be highly recursive if there is a recursive function which 
computes from any node v a list of successors of v. The corresponding notion 
of a highly feasible tree (or more generally, of a highly feasible graph) is more 
difficult to formulate. Several inequivalent notions are studied in [14, 12, 18]. 
In particular, a graph is said to be locally p-time, if there is a p-time function 
which computes from any node v a list of successors of v and is said to be 
highly p-time if there is a p-time function which computes from a vertex v 
and a tally number tal (n) a list of all vertices at distance n from v. 


The following results are Theorems 9, 10 and 12 of [18]. 


Theorem 4.23 Any infinite recursive tree T is recursively isomorphic to a 
p-time tree with universe Bin (w). 


Sketch Proof. There are two cases. First, every node of T may have only 
finitely many successors. In this case, Theorem 4.20 may be applied. Second, 
some node v of 7’ may have an infinite set A of successors. In this case, the 
set A plays the role of the highly recursive relatively indiscernible binary 
substructure, so that Theorem 4.13 may be applied. Oo 


Theorem 4.24 There is a highly recursive tree T which is not recursively 
isomorphic to any fully primitive recursive tree P with a standard universe 


Bin (w). 
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Theorem 4.25 There is a highly recursive binary tree which is not isomor- 


phic as a directed graph to any highly primitive recursive tree with universe 
Bin (w). 


A similar but stronger result for graphs was given in Theorem 2.3 of [12]. 


Theorem 4.26 There is a highly recursive graph G which is not isomorphic 
to any locally primitive recursive graph. 


4.6 Equivalence Structures 


Another type of relational structure is an equivalence structure, (A, RA), 
where R4 is an equivalence relation on A. A recursive equivalence structure 
(A, RA) is said to be highly recursive if the set of elements that belong to 
infinite equivalence classes is recursive, and there is a recursive function f 
such that f(a) is the cardinality of [a]® when [a]* is finite (so that the 
equivalence class [a]® can be computed from a). We say that (A, R4) is highly 
p-time if A is a p-time subset of Bin (w), the set of elements that belong 
to infinite equivalence classes is p-time, and there is a p-time function f 
such that f(a) codes [a]® when it is finite. The full spectrum of (A, R4) is 
the set of pairs (0,n) such that there are at least n + 1 infinite equivalence 
classes in (A, R4) and pairs (q,n) such that q > 0 and there are at least n+1 
equivalence classes of size q in (A, R4). 


The following results are Theorems 13, 14 and 16 of [18]. 


Theorem 4.27 Any recursive equivalence structure (A, R4) is recursively 
isomorphic to a p-time model with universe Bin (w). 


Sketch Proof. There are two cases. If all equivalence classes of (A, R4) 
are finite, then Theorem 4.21 can be applied to (A, R4) viewed as a graph. 
If (A, R4) has an infinite equivalence class, then this class is a highly re- 
cursive relatively indiscernible substructure so that Theorem 4.13 may be 
applied. oO 


Theorem 4.28 For any equivalence structure (A, R4) with full spectrum S 
such that S* = {(tal(q),tal(r)) : (q¢,r) € S} ts p-time, there is a highly 
recursive, p-time equivalence structure (Bin (w), R) isomorphic to (A, R4). 
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Theorem 4.29 There is an infinite recursive full spectrum S of w such that 
no highly primitive recursive equivalence structure with universe Bin (w) has 
full spectrum a subset of S. 


We now turn to the study of some structures with functions. There are 
three basic models which we have been considered: first, models of some 
fragment of arithmetic; second, Abelian groups; and, third, permutation 
structures. 


4.7 Models of Arithmetic 


Our first result, taken from [10], demonstrates that the unary exponential 
function 27 may be adjoined to the standard model of arithmetic while being 
represented by a p-time function. 


Theorem 4.30 N = (w, S,+,—,-, 27, <, 0) is tsomorphic to a p-time 
structure M. 


Sketch Proof. The elements of M are terms in the language {0, A, J, E}. 
The natural number n is represented by the expression o(n) defined as fol- 
lows. 


o(0) = 0, 
a(2*) = Eo(k), 
a(2* +m) = AEo(k)o(m), for 0 <2m < 2, 


o(2* —m) = IEo(k)o(m), for 0 < 2m < 2°. 


It is easy to see that the universe of M is a linear time set and that the term 
a(n) which represents n can be computed from bin (n) in polynomial time. 
It can be shown by induction that |o(n)| < 2|bin (n)|? and that |o+™” 7] < 


lol + |r] +1. a 

We note that it is an open question whether (w, S,+,—,-, exp, <, 0) 
is isomorphic to a polynomial time model where exp(m,n) = m” is the 
general exponential, or even whether (w, S,+,—,-, 27, 37, <, 0) is iso- 


morphic to a polynomial time. Bauerle [5] proved that in the model of 
Theorem 4.30 the function 3% is not polynomial time. 
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We also note that the model of Theorem 4.30 can be used to build a 
EXPTIME group isomorphic to the integers under +, Z = (Z,+), which is 
not q-time isomorphic to the standard model of Z where the positive integer 


n is coded as bin (2n) and a negative integer —n is coded as bin (2n — 1); see 
Section 5.3. 


4.8 Injection Structures 


The simplest type of structure with a function is an injection structure 
(A, f4) where f4 is a one-to-one mapping from A into itself. If f4 maps 
A onto A, then we say that (A, f4) is a permutation structure. The orbit 
O(a) of an element a of A is {6b € A: (Jn € w)(f"(a) = bV f"(b) = a)}. 
There are two types of infinite orbits, one of type w which is isomorphic to 
(w, S) and the other of type Z which is isomorphic to (Z,S). The order |a| 
of a is card(O(a)) if O(a) is finite and is either w or Z otherwise. The full 
spectrum of (A, f) is the set of pairs (0,n) such that there are at least n+1 
orbits of type w, pairs (1,n) such that there are at least n + 1 orbits of type 
Z, and pairs (q,n) such that q > 1 and there are at least n + 1 orbits of size 
q—1in (A, f4). 

It is easy to see that the full spectrum of a recursive injection structure is 
always a recursively enumerable set. It is shown in Theorem 3.4 of [11] that 
any r.e. spectrum can be realized by a p—time injection structure. Thus every 
recursive injection structure is isomorphic to a p-time structure. However, 
we know by Theorem 4.3 that this isomorphism need not be recursive. Now 
we consider the question of when we can obtain a p-time injection structure 
with a standard universe Bin (w) or Tal (w). 


The basic result here is Theorem 3.2 of [13]. 


Theorem 4.31 Any recursive permutation structure (A, f4) with all finite 
orbits is recursively isomorphic to an honest p-time structure with universe 


a subset of Tal (w). 


Sketch Proof. The element a € A is represented by tal (n), where bin (n) = 
1°0' and t is the total time required to compute the orbit of a. The details 
follow as in the proof of Theorem 4.1 above. Oo 


Theorems 3.4 and 3.6 of [13] give two cases in which we can improve this 
result to obtain a standard universe. 
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Theorem 4.32 Let B = Bin(w) or Tal(w). Any recursive injection struc- 
ture (A, f) with at least one but only finitely many infinite orbits is recursively 
isomorphic to a p-time structure with universe B. 


Sketch Proof. Let F = {a € A: |a| is finite} and let J = AN F. Since 
there are only finitely many orbits in J, both F and / are recursive. It is 
easy to see that (J, f) is recursively isomorphic to a p-time structure with 
universe B. By Theorem 4.31, (F, f) is recursively isomorphic to a p-time 
structure with universe a subset of Tal(w). The result now follows from 
Lemma 3.8. a 


Theorem 4.33 Let B = Bin(w) or Tal(w). Any recursive injection struc- 
ture (A, f) with infinitely many orbits of size q, for some finite q, is recur- 
sively isomorphic to a p-time structure with universe B. 


Sketch Proof. Let C = {a € A: |a| = q} and let D = ANC. It follows from 
Theorem 4.31 that (D, f) is recursively isomorphic to a p-time structure with 
universe a subset of Tal (w). It therefore suffices by Lemma 3.8 to show that 
C is recursively isomorphic to a p-time structure (B,g). For B = Bin(w), 
the permutation g is simply defined by g(bin (ng +7)) = bin (nq+i+ 1), if 
i+1 <q, and g(bin (ng+q—1) = bin (nq). The tally definition is similar. 0 


A general result on the existence of p-time injection structures is given 
by Theorems 3.4 and 3.8 of [11]. 
Theorem 4.34 


(a) For anyr.e. full spectrum S, there is a p-time injection structure (A, f) 
with full spectrum S. 


(b) If {(tal (q), tal (r)) : (q,r) € S} is p-time, then A may be taken to be 
either Bin (w) or Tal (w). 


Sketch Proof. We sketch the proof of part (b) for B = Tal (w), assuming 
that all orbits will be finite. Let qo, q,... enumerate in non-decreasing 
order the set of orbit sizes (with repetitions). Then the permutation f may 


be defined by 


(tal(gotat::-+qe-1t7r+1)) ifr<o% 


(Gg aay: 7 
(tal(qo+ qi +--+ + 4%-1 + %)) ifr = qe 
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An infinite orbit of type w is given by the standard successor function on 
Tal (w) and an orbit of type Z is given by f(tal (2n)) = tal (2n+2), f(1) =0 
and f(tal(2n+3)) = tal(2n+1). Multiple infinite orbits and a combination 
of finite and infinite orbits may then be obtained by Lemma 3.8. Oo 


Corollary 4.35 Any recursive injection structure is isomorphic to a p-time 
injection structure. 


Finally, we consider some negative results. The first is Theorem 3.13 
of (13] and deals with structures with a fixed universe. 


Theorem 4.36 There is a recursive set M such that no injection structure 
with full spectrum M is isomorphic to any primitive recursive structure with 
universe Bin(w) or Tal (w). 


Sketch Proof. Let f, enumerate all primitive recursive unary functions and 
let B. = (Bin (w), f.). Construct a set R = {ro <r; < ---} by a diagonal 
argument so that, for all e, either 


1) f. is not one-to-one, or 


(1) 

(2) B. has an infinite orbit, or 

(3) B,. has two disjoint orbits of the same finite size, or 
(4) B. has an orbit of size q ¢ R. 


We establish this requirement, given ro < --- < re_-1 by computing enough of 
B. to either find two orbits of the same size, or an orbit (perhaps incomplete) 
of size r > r._,. If the orbit is complete, we let r, = r +1, thus ensuring 
that B, has an orbit of size r ¢ R. If the orbit is incomplete, we continue 
to build the orbit at later stages and take a similar action when the orbit 
becomes complete. If this never happens, then the orbit is infinite, so that (2) 
is satisfied. 


It follows that no primitive recursive permutation structure with all finite 
orbits can have M = {(r,1):r € R} as a subset of its full spectrum. Oo 


The final result here is Corollary 3.18 of [13] and deals with the question 
of recursive isomorphism. The proof is omitted. 
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Theorem 4.37 For any recursive injection structure (C, f) with infinitely 
many infinite orbits, there is a recursive structure (A, f4) which is isomor- 
phic to (C,f) but is not recursively isomorphic to any primitive recursive 
structure. 


4.9 Abelian Groups 


We now turn to the study of feasible versus recursive Abelian groups. The 
results here are parallel to those for permutation structures. We begin by 
recalling some basic notation. For any natural number n > 1, Z(n) is the 
cyclic group of order n. For a prime number p, the group Z(p~) is the inverse 
limit of the sequence Z(p"), or more concretely, the set of rational numbers 
with denominator equal to a power of p and where the group operation is 
addition modulo 1. The group Z(p®) is said to be quasi-cyclic. The additive 
group of rational numbers is denoted by Q. 

For any element a of an Abelian group A = (A, +4, —4, 04) and any 
integer n, n-a is defined recursively by 0-a = 0 and (n+1)-a = a+4n-a. Then 
(—n)-a =04—4n-a. The order |al, of a is the least n such that n-a = 0. 
A is said to be torsion if all elements have finite order and torsion-free if all 
elements (except the identity) have infinite order. 


We will frequently be concerned with products of Abelian groups. 
Definition 4.38 For any sequence Ap, A;,... of Abelian groups, where 
A; = (Ai, +i, -i, €:) and A; C {0,1}*, the direct product A = @nA, is 
defined to have domain 

A = {(01,02,...,0%):k €w, 6; € A; forl <igk, and o, F ex}. 
The identity of A is e4 = g, and addition +4 and subtraction —4 are defined 
as follows: for o = (01, 02,...,0m) and T = (1,72,---5Tn); a+4/—Ars= 
P = (Pi, P2,--+ 5 Pk), where 

k=max{i: (ig mAignAojt:/-it #E)VM<ignVn<igm} 
and, for i <k, 
o:+;/—-it; fori < min(m,n) 
k 
k. 


Pi = $4; forn <1 


In WN 


7; form <1 


In particular, we write @;<.G to be the direct product of a countably infinite 
number of copies of G. 
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Definition 4.39 Let B be either Bin(w) or Tal(w). For any complexity 
class I’, the sequence Ao, A;,... of groups, where A, = (An, +n, —n; €n) is 
said to be uniformly -computable over B if 


(i) {(b(n),a) : a € A,} is a [-computable subset of B® B, where b(n) = 
bin (n) if B = Bin (w) and b(n) = tal (n) if B = Tal (w). 


(ii) The functions F(b(n),a,6) = a+, 6 and G(b(n), a,b) = a —, 6 are both 
the restrictions of [-computable functions from B? into B where we 


set F(b(n), a,b) = G(b(n), a, b) = @ if either a or 6 is not in An. 


(iii) The function from Tal (w) into B given by e(tal(i)) = e; is T[-com- 
putable. 


The following is Lemma 4.2 of [13]. 


Lemma 4.40 Let B be either Bin(w) or Tal(w) and let T be one of the 
following complezity classes: recursive, primitive recursive, exponential time, 
polynomial time. Suppose that the sequence A; = (A;, +i, ~i, ei) of Abelian 
groups is T-computable over B. Then 


(a) The direct product A of the sequence is recursively isomorphic to a 
[-computable group with universe contained in B. 


(b) If A; ts a subgroup of Aj41 for all i and if there is a -computable 
function f such that, for all a € U;A;, @ € Ajay, then the union 
U;A; is recursively isomorphic to a T-computable group with universe 
contained in B. 


(c) If the sequence is finite and one of the components has universe B, 
then the product is recursively isomorphic to a T-computable group 
with universe B. 


(d) If the sequence is infinite and if each component has universe B, then 
the product is recursively isomorphic to a [-computable group with 
universe Bin (w). 


(e) If each component has universe Tal (w) and there is a uniform constant 
c such that for any i and any a,b € Aj, |a +; b| and |a —; b| are 
both < c(|a| + |b[), then the product is recursively isomorphic to a T'- 
computable group with universe Tal (w). 
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If a torsion Abelian group G is isomorphic to a direct sum @;Z(q;") of 
prime power cyclic groups, then we define the characteristic n(G) to be 


{(p™,k) : q7' = p”™ for at least k +1 distinct values of 7}. 


Khisamiev shows in Corollary 3.4 of [40] that for any k < w and any 
torsion Abelian p-group G, G ® (@icxZ(p”)) is isomorphic to a recursive 
group if and only if 7(G) is a ©3 set. We will say that a subset Q of w x w is 
hereditary if (m,k+1) € Q implies (m,k) € Q for all m,k. It is clear that a 
subset Q of w x w is the characteristic 7(G) for some Abelian torsion group 
G if and only if Q is hereditary and (m,k) € Q implies m is a prime power. 
Therefore we will say that any such set Q is a characteristic. 

The following are results 4.3 and 4.4 of [13]. 


Theorem 4.41 Each of the groups Z, BicwZ(k), Z(p”) and Q are isomor- 
phic to polynomial time groups 
(a) with universe Bin (w) and 


(b) with universe Tal (w). 


Theorem 4.42 Any finitely generated recursive Abelian group is recursively 
isomorphic to p-time Abelian groups 
(a) with universe Bin (w) and 
(b) with universe Tal (w). 
The simplest torsion groups are primary groups, or p-groups, in which 


every element has order a power of p where p is a prime. In [74], Smith 
characterized the recursively categorical p-groups as follows. 


Theorem 4.43 (Smith) A recursive p-group G is recursively categorical iff 
either 


(1) G & @ienZ(p*) PBF, or 
(2) G ® PienZ(p”) B BicwZ(p") BF where F is a finite p-group and m 


and n are nonnegative integers. 


Corollary 4.44 Any recursively categorical p-group is recursively isomor- 
phic to a polynomial time group 


(a) with universe Bin (w) and 
(b) with universe Tal (w). 
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Note that not every product of cyclic groups is recursively categorical. For 
example, consider @;<uZ(2) B GicZ(4). The following fundamental result 
from [13] shows that this group is recursively isomorphic to a p-time group. 
Theorem 4.45 Any recursive Abelian torsion group G = (G, +°%, —°, e%) 
is recursively isomorphic to a polynomial time group H with universe a subset 


of Tal (w). 


Sketch Proof. It suffices, by the remarks following Lemma 3.4, to define a 
p-time group H with universe a subset of Bin (w) such that both a +* b and 
a —" b have length bounded by some constant multiple of |a| + |d}. 

Let A, be the subgroup generated by {1, 2, ..., &}. Renumber the el- 
ements of A as ag, a,,... so that the elements of A, precede the elements 
of Ayyi \ Ay. This can be done so that the map taking 7 to a; is a recursive 
isomorphism. Now map az € A to y(ax) = 1* 0“*), where #(k) is the total 
time required to compute the operation table for A,;. The key to the proof 
is that whenever a; +9 a; = ay, where i < j, then we have t(k) < t(j), 
since a, will be in the group generated by {ao,...,a;}. Furthermore, 
le(a)| = b+ t(&) < 2403) < 2Alplai) + ols)))s since & < ¢(k). a 


We need an effective version of the Fundamental Theorem of Abelian 
groups, which states that every torsion Abelian group is a direct product of 
primary groups. This is Lemma 4.8 of [13]. 


Theorem 4.46 Any recursive Abelian torsion group G is recursively isomor- 
phic to a p-time direct product of primary groups over B where B may be 
taken to be either Tal(w) or Bin(w). 


The main result on the existence of feasible groups with standard universe 
is the following theorem from [13]. 


Theorem 4.47 Let G be an infinite recursive Abelian group with bounded 
order. Then G is recursively isomorphic to a polynomial time group with 
universe Tal(w) and to a polynomial time group with universe Bin (w). 


Sketch Proof. Let B be either Bin (w) or Tal (w). We may assume that G 
is p-time by Theorem 4.45. Since the orders are bounded, there is no loss of 
generality in assuming that G is a p-group for some prime p. Let p™ be the 
largest order of an element of G. The proof is by induction on m. We can 
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express G as a product H@K, where H is generated by some independent set 
of elements of order p” and K is maximal independent of H with no elements 
of order p”™. There are two cases. 


Case (1). If is finite, then K is infinite and may be assumed to have 
universe B by induction. The result now follows from Lemma 3.8. 


Case (2). If H is infinite, then H is isomorphic to @i<Z(p™) and is there- 
fore recursively isomorphic to a p-time group with universe B by Theorem 
4.44. Since K is recursively isomorphic to a p-time group with universe a sub- 
set of Tal (w) by Theorem 4.45, the result again follows from Lemma 3.8. 0 


Next we state some results on characteristics. The first result here follows 
from Theorem 4.45 together with the theorem of Khisamiev cited above. 


Theorem 4.48 For any D$ characteristic Q, there is a p-time Abelian group 
with characteristic Q. 


We will show in Theorem 4.50 that not all recursive characteristics can 
be realized by p-time groups. The next result shows that any p-time char- 
acteristic can be so realized. 


Theorem 4.49 ([11]) Let Q be a nonempty, infinite characteristic such that 
tal(Q) = {tal ([p”,k]) : (p",k) € Q} ts a p-time set. Then there exists a 
p-time Abelian group with characteristic Q and universe B where 

(a) B= Bin(w) or 

(b) B= Tal (w). 


Theorem 4.50 ([13]) There is a recursive characteristic M such that no 
recursive group G with characteristic Q can be isomorphic to any primitive 
recursive group with universe Bin (w) or Tal (w). 


Proof. Let Ap, Ai, ... be an effective enumeration of the primitive recur- 
sive structures (w, f.) with one binary operation f.. Let 


Qe = {p: (p,0) € n(Ae)}, 


and for any a € A,, let |a|. be the order of a in A,. Construct a set R = 
{ro <r; <---} of prime numbers such that, for any e, A, either 
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(i) is not an Abelian group with identity 0, or 
(ii 


(iii 


has an element of infinite order, or 


) 
) 
) has an element of order p* for some prime p, or 
(iv) has two subgroups of the same prime order, or 
(v) has an element of prime order p ¢ Q. 


Now the order |a|, of an element a may not be a prime. Therefore we need 
some way to control the prime factors of |a|.. We will now define a recursive 
function v such that for any q and any r > v(q), r either is divisible by p* for 
some prime p or r has a prime factor bigger than g. Given q, v(q) is simply 
the product of all of the prime numbers p < q. 


We will define the set Q in stages. At stage s, we will have s+ 1 elements 
qo < qm < -:-qs in Q* along with a certain finite subset /* of w x w of 
restraints which will prevent numbers from coming into Q at stage s or at 
any later stage. Let go = 1, Q° = {1} and [°=@. 

The initial stage of the construction proceeds as follows. 

Compute fo(1,1). There are then two cases. 


Case (1). If fo(1, 1) = 0, then we have 2 € Qo or else Ap is not an Abelian 
group with identity 0. Thus we can ensure that Q is not the characteristic 
of Ao by setting gq, = 3 and restraining 2 from ever coming into Q. We let 
P=¢. 

Case (2). If fo(1,1) 4 0, then we know that either Ap is not an Abelian 
group with identity 0 or |l/o > 2, and therefore either has a prime factor 
q > 2 or is divisible by 4. Now let q, = 2 and let Jp = {(1,0)}. This means 
that either Ap will have an element of order 4, thus satisfying part (iii) of the 
requirement, or we will eventually restrain at least one of the prime factors 
of |1{o from ever coming into Q. 


At stage s +1, we are given go < --- < qs and the set /* of previous 
restraints. Moreover, assume by induction that for every (a,e) € I°, either 


(a) Jale < v(qs) and there is a prime factor q < q, of |a|. such that 
q#4q for anyi <5, or 


(b) lal. < v(qs) and |a|, is divisible by the square of a prime, or 


(c) lale > v(4s). 
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Now let k = 1+ (q;)? and compute z- a in A, for each a < k and each 
2 <k. This will produce a set of equivalence classes [a], where a and 6 are 
equivalent if either b =1-a or a=i-b for some? < k. Note that every 
number a < k belongs to some equivalence class, but numbers greater than 
k can also belong. Now all we need is that the computation of 7-a in A, 
produces a sequence of distinct elements up until it produces 0. If this is ever 
violated, then A, is not an Abelian group, so that we will have satisfied the 
e-th requirement. In this case, we let [*+! = J* and we choose q,4; to be the 
least prime p > q, which does not violate any of the restraints (t,b) € [°*'. 
That is, gs41 is the least q such that (a), (b) or (c) above are satisfied for all 
restraints in [*+!, Otherwise, there are two further cases. 


Case (1). There is some equivalence class which has more than v(q;) 
elements. In this case, let a be the least such that [a] has more than v(q,) 
elements. It follows that |a|, > v(q,). Now put (a, s) into the set of restraints, 
so that [*+? = I*U{(a,s)}. Since we will keep this restraint active throughout 
the construction, it will be the case that either |a|,| = w or else it is finite 
and has a prime factor p such that either p ¢ Q or p® divides |a|.. 

Then let q,41 be the least prime p > q, which does not violate any of the 
restraints (t,b) € I*+!. That is, qs41 is the least g such that (a), (b) or (c) 
above are satisfied for all restraints in [**!, 


Case (2). Each class has v(q,) or fewer elements. In this case, ja], < 
v(qs) for all a < k and each equivalence class is a cyclic subgroup of Ag. 
Now, since k = 1 + v(q?), there must be at least v(q,) different subgroups 
among the classes. Since there are no more than v(q;) possible orders (that 
is, numbers between 2 and v(q,)) for these subgroups, there must be two 
distinct subgroups of the same order in A,. It follows from this that A, has 
two distinct subgroups of some prime order and hence part (iv) of the sth 
requirement will be satisfied. 

Then we again let q,41 be the least g > q. which does not violate any of 
the restraints (t,b) € [°+?. 


This completes the construction. The set Q = {qo, q1, ---} is recursive 
sinceqEQ <=> (ds < q)(q=4q,). Let M =Q x {0}. 


Now suppose that 7(A,;) = M for some s. Then A, does not have two 
distinct subgroups of the same order so that Case (2) does not apply at stage 
s+1. Thus Case (1) must apply and hence there is an element a@ with finite 
order |a|, = g > v(g,) such that (a,s) is in J* for all ¢ > s. Thus there must 
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be a stage ¢ > s such that either condition (a) or (b) is satisfied. That is, 
lal; < v(q:) and there is a prime factor q < q of |a|, such that either 


(i) g#q for anyi <t, or 
(ii) Ja]. is divisible by q?. 


In case (i), we have (q,0) € n(A,) but gq ¢ Q. In case (ii), we have 
(q’,0) € n(A,) but (q?,0) ¢ M. In either case, we see that 7(A,) is not 
a subset of M. QO 


Corollary 4.51 There is a recursive torsion Abelian group A which is not 
isomorphic to any primitive recursive Abelian group with universe Bin (w) 


or Tal (w). 


For groups of unbounded order, Theorem 3.6 of [10] and Theorem 4.21 
of [13] give different results. 


Theorem 4.52 ((10]) 


(a) There is a recursive Abelian group A which is not recursively iso- 
morphic to any primitive recursive group. 


(b) There is an exponential-time Abelian group B which is not recursively 
isomorphic to any polynomial-time group. 


Theorem 4.53 ((13]) There is a recursive torsion-free Abelian group which 
cannot be embedded into any p-time Abelian group. 


5 Uniqueness of Feasible Structures 


In this section, we shall survey results on feasible categoricity. Again we 
shall concentrate mainly on polynomial time structures. As we shall see, 
unlike recursive model theory where there are many beautiful classification 
results on recursively categorical structures, there are very few examples of 
polynomial time categorical structures even if we restrict the universe. Thus 
most of the results on polynomial time categoricity are negative. Recall 
that a structure A with universe B is said to be p-time categorical over B 
if any structure D with universe B which is isomorphic to A is in fact p— 
time isomorphic to A. A similar definition can be given for other notions 
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of feasibility. We note that restricting the universe is crucial if we are to 
have any positive results due to the following general theorem of Cenzer and 
Remmel [11]. 


Theorem 5.1 For any p-time relational structure A = (A, {RA} there 
are infinitely many p-time structures By = A, By = (Bi, {Ri},.5), Be = 
(Bo, {Bi} cg) ... which are each recursively isomorphic to A and such 
that, for each m <n, there is a p-time map taking B, one-to-one and onto 
By, but there is no primitive recursive map from B,, into B, which is at 


most c to 1, for some finite number c. Furthermore, the universes B, may 
be taken to be subsets of Tal (w) for each n > 1. 


ies)? 


Sketch Proof. Let By = A and Bp = A. Given 
B, = {bin (bo) < bin (b:) Se }, 


let Bagi = M(B,) = {bin(mo) < bin(m,) < ---} as defined above in the 
proof of Lemma 3.9 and define the relations R; on B,4; to make the map 
taking bin (b,) to bin (m,) an isomorphism. Oo 


5.1 Linear Orderings 


In this subsection, we survey results of Remmel [69], which was the first paper 
on polynomial time categoricity. Remmel essentially showed that there are 
no polynomial categorical linear orderings over either Tal (w) or Bin (w). 


The classic back-and-forth method of Cantor which shows that any two 
dense linear orderings without end points are isomorphic is crucial to the 
study of categoricity in linear orderings. The key step in defining an isomor- 
phism between two structures requires a way to select, given two elements 
a < 6 of one structures, an element c < a, an element d > 6 and an element 
e with a < e < b. Thus we are led to the following effective notion of density 
functions in the effort of finding conditions which will provide some form of 
feasible categoricity. 


Definition 5.2 A [-computable dense linear ordering L = (D,<) with- 
out end points is said to have [-computable density functions if there are 
[computable functions f,, f, and f; such that for any zx and y in D, 
fi(z) <2 < f.(x) and x < f(z, y) < y. 
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By carefully following the back-and-forth argument and keeping track of 
the number of steps required, we obtain the following, Theorems 3.1, 3.2 


and 3.3 of [69]. 


Theorem 5.3 Suppose L; = (B,<,) and Lz = (B,<2) are polynomial- 
time dense linear orderings without endpoints with polynomial-time density 
functions. Then 


(a) if B = Tal(w), L, and Lz are double-exponential-time isomorphic, 
and 


(b) if B= Bin(w), Ly and Lz are triple-exponential-time isomorphic. 


Theorem 5.4 Suppose L, = (B,<,) and Lz = (B, <2) are polynomial-time 
dense linear orderings without endpoints with linear-time density functions. 


Then 
(a) if B= Tal(w), L, and Lz are exponential-time isomorphic, and 
(b) if B= Bin(w), L, and Lz are double-erponential-time isomorphic. 


Theorem 5.5 Suppose L,; = (Bin(w),<,) and Ly = (Bin(w),<2) are 
polynomial-time dense linear orderings without endpoints with quasi-real-time 
density functions. Then L, and Lz are exponential-time isomorphic. 


Note that the standard ordering on the dyadic rationals in the interval 
(0,1) is in fact a p-time linear ordering with quasi-rea] density functions and 
has universe p-time isomorphic to Bin (w). Details are given in Theorem 3.4 
of [69]. On the other hand, there are p-time structures without nice density 
functions, as shown by Corollary 3.6 of [69]. 


Theorem 5.6 There exist p-time dense linear orderings without end points 
with universe B for B = Bin(w) and B = Tal (w) which have no primitive 
recursive density functions. 


We note that there is a possible positive result, namely one can show that 
any two p-time linear orderings with universe Tal (w) which have quasi-real- 
time density functions are polynomial time isomorphic. However Ash showed 
that there are no p-time linear orderings with universe Tal (w) which have 
quasi-real-time density functions, see [69]. 
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Examination of the previous theorems shows that the complexity of the 
back-and-forth isomorphism falls within the scope of exponential iteration. 
Thus we have the following. 


Theorem 5.7 Suppose Ly = (B,<,) and Lz = (B, <2) are polynomial-time 
dense linear orderings without endpoints with q-time density functions. Then 
for B= Bin(w) or B= Tal(w), L, and Lz are q-time isomorphic. 


The main result of [69] improves Theorem 5.1 above by obtaining models 
with a fixed universe. This result shows that there really are no categorical 
linear orderings. 


Theorem 5.8 Let L be a p-time linear ordering with universe B, either 
Tal (w) or Bin(w). Then 


(a) There exists a p-time linear ordering L’ with universe B which is not 
primitive recursively isomorphic to L. 


(b) If L is not recursively categorical, then there exists a p-time linear 
ordering L” with universe B which is not recursively isomorphic to L. 


Sketch Proof. We just sketch the proof of part (a). If Z is recursively 
categorical, then L contains a copy of a dense linear ordering without end 
points. Then by Theorems 5.6 and 5.7, there exist p-time orderings [, and 
Lz with universe B, one having p-time density functions and one without 
primitive recursive density functions. Thus IL may not be primitive recur- 
sively isomorphic to both structures. Oo 


5.2 Injection Structures 


For injection structures, Cenzer and Remmel classified in Theorem 3.2 of [11] 
the recursively categorical injection structures. 


Theorem 5.9 A recursive injection structure (A, f) is recursively categori- 
cal if and only if it has only finitely many infinite orbits. 


The feasible categoricity results for injection structures depend on the 
spectrum of orbits. For example, there is one very nice positive result, The- 


orem 3.7 of [15]. 
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Theorem 5.10 Let A=(A,f) and B =(B,q) be two finitary permutation 
structures such that all but finitely many orbits have the same size q for some 


finite q. 


(a) If A and B are both p-time over Tal (w), then A is p-time isomorphic 
to B. 


(b) If A and B are both p-time over Bin (w), then A is exponential-time 
isomorphic to B. 


(c) If A and B are both q-time over either Bin(w) or Tal (w), then A is 
q-time isomorphic to B. 


Sketch Proof. We sketch the argument for Tal(w). We may assume 
without loss of generality that all orbits have the same size q. The de- 
sired isomorphism y¢ is defined in stages y*, in which we enumerate s orbits 
Aj, Ao,...,As and By, B2,...,B; of each structure, by defining a sequence 
of elements a,,..., a, and b;,..., 6, so that A; = {a;, f(a;),..., f?-'(a;)} 
and similarly for B;. Then we let yx(f"(a;)) = f"(b;). The key to measur- 
ing the complexity of this mapping is that since each orbit has q members, 
a, = tal(m) for some m < kq. QO 


The general negative result is analogous to Theorem 5.8 above for linear 
orderings, except that we cannot specify the universe for the non-recursively 
categorical structures, since as seen by Theorem 5.10 there actually are 


some p-time categorical structures. Our next result combines Corollaries 
3.3 and 3.5 of [11]. 


Theorem 5.11 Let A be a p-time injection structure with universe B where 
B is either Tal(w) or Bin(w). Then 


(a) There exists an infinite family A; of p-time structures each recur- 
sively isomorphic to A which are pairwise not primitive recursively 
isomorphic. 


(b) If A is not recursively categorical, then there exists a p-time structure 
A” with universe B which is not recursively isomorphic to A. 


The most general result for recursively categorical structures is the fol- 
lowing. This combines Theorems 3.6 and 3.10 of [11]. 
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Theorem 5.12 Let B be either Bin (w) or Tal (w) and let A be an injection 
structure such that either 


(a) A has an infinite orbit, or 


(b) A has infinitely many orbits of size q for some finite q and has infinitely 
many other orbits. 


Then there is an infinite family A; of p-time structures each with universe B 
and isomorphic to A which are pairwise not primitive recursively isomorphic. 


Sketch Proof. There are two distinct arguments. We first sketch the proof 
in the case that A has either an infinite orbit or infinitely many orbits of 
finite size q, together with an infinite set of other elements. We partition the 
structure into two parts. The first part B is either the infinite orbit or the 
infinitely many orbits of size q and may be assumed to have universe B by 
Theorem 4.31 and 4.32. The second part C has an infinite family of copies C; 
with universe C; such that B cannot be primitive recursively embedded in 
any C; and such that, by Theorem 5.11, and for any i # j, C; is not primitive 
recursively isomorphic to C;. Now just let A; = B @ Cj. 


For the case of a single infinite orbit, we appeal directly to Lemma 
3.9. Here is the construction of a copy of (w,S) with universe Bin (w), 
but not primitive recursively isomorphic to the standard structure. Let 
mo < m, <... be the set from Lemma 3.9, where A = Bin(w), and as- 
sume mo = 0. 

We define 0, f?(0), f?(f7(0)), ... in blocks so that the k-th block is 
in three parts: 

3mz, 3M, +3,.-., 3Me41 — 3, 
followed by 
3mMegi — 2, Smeg, —5,.-., 3m 41, 


and then 
3m~ +2, 3m,4+5,..., 3meqi — 1. 


The unique isomorphism y from (w,S) to (B,f®) maps 3m, +1 to 
2mx41 — M, — 1 and is not primitive recursive by Lemma 3.9. oO 


Finally, we note that if A has no infinite orbits and the spectrum of A 
is p-time in tally as in Theorem 4.34, then the conclusion of Theorem 5.12 
also applies by Theorem 3.8 of [11]. 
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5.3. Models of Arithmetic 


Before focusing on the categoricity of torsion Abelian groups, we briefly 


present two results for the group Z of integers. These are Theorems 4.28, 
4.29 and 4.30 of {11]. 


Theorem 5.13 Let B be Tal(w) or Bin(w). There is a p-time structure 
(B, S® , +8) isomorphic to (Z, S, +), but not exponential-time isomorphic. 


Sketch Proof (Binary case). Let (0,b¢n(n)) represent n > 0 and let 
(1, bin (2””)) represent —n <0. 0 


Theorem 5.14 There is a fully p-time group A isomorphic to Z but not 
q-time isomorphic. 


Sketch Proof. This is a corollary of 4.30, since the model defined there is 
not q-time isomorphic to NV. To see this, observe that the term £” 0, which 
has length n + 1 is mapped to the iterated exponential 2?” . QO 


Let Bin(Z) be the standard structure of Z with universe p-time iso- 
morphic to Bin (w), and similarly for Tal (Z). 


Theorem 5.15 There is an EXPTIME (respectively, exponential-time) group 
A with universe Bin (w) (resp. Tal (w)) which is isomorphic to Bin (Z) (resp. 
Tal (Z)), but not q-time isomorphic. 

5.4 Torsion Abelian Groups 


The results for Abelian groups are parallel to those given above for injection 
structures. We begin with the positive results, Theorems 4.24 and 4.25 of [11]. 


Theorem 5.16 Let p be a prime, and let A and B be two groups with uni- 
verse B, where B = Tal(w) or B = Bin(w), both isomorphic to @n<wZ(p). 


(a) If A and B are p-time, then A and B are EXPTIME isomorphic if 
B = Tal (w) and double-exponential-time isomorphic if B = Bin (w). 


(b) If A and B are q-time, then A and B are q-time isomorphic. 
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Sketch Proof. We sketch the proof of (a) for universe Tal (w). The standard 
structure B may be viewed as an infinite dimensional vector space over Z(p), 
where the general element (ci, ... , Cn) is represented by 


tal (cy + cg: pt vas +e, +p"). 


The arbitrary structure A will have a basis defined recursively by letting a, 


be the least element independent of {a,,..., @n-1}. It can then be seen 
that the map taking tal (cy +c2-p+ -+- +¢n-p"') tocy-ay+ -++ +€n-Gn 
is exponential time and its inverse is EXPTIME. Oo 


The next result, Theorem 4.26 of [11] shows that a p-time isomorphism 
is not always possible in Theorem 5.16. 


Theorem 5.17 For any prime p and for B = Tal(w) or B = Bin(w), 
there exist two p-time groups with universe B and which are isomorphic to 
BicwL(p) but which are not p-time isomorphic to each other. 


The case of 6, Z(p”) where m > 1 requires a stronger hypothesis. The 
difficulty is that only elements not divisible by p, can be used for the gener- 
ators a;, @2,... and these may all be very large. (This is the basis for the 
proof of Theorem 5.17 above.) What is needed is the ability to compute a di- 
visor of an element z which is divisible by p. Let us say that the group A has 
recursive divisors if there is an algorithm which, for any a € A, determines 
whether a is divisible and which computes a divisor of a if there is one; if the 
algorithm runs in polynomial time, then we say that A has p-time divisors. 
Note that the standard models of the recursively categorical groups all have 
p-time divisors. 


Theorem 5.18 Let p be a prime, let m > 1 be finite, and let A and B be 
two groups with universe B, B = Tal(w) or B = Bin(w), both isomorphic 
to ®, Z(p”). 


(a) If A and B are p-time and have p-time divisors, then A and B are 
EXPTIME isomorphic if B = Tal(w) and double-erponential-time iso- 
morphic if B = Bin (w). 


b) If A and B are q-time and have q-time divisors, then A and B are 
q 
g-time isomorphic. 
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The next result, Theorem 4.19 of [11] shows that the hypothesis of p-time 
divisibility is needed in Theorem 5.18. 


Theorem 5.19 Let B be either Bin (w) or Tal (w), let p be a prime and let 
m > | be finite. Then there exists an infinite family of p-time groups G; each 
recursively isomorphic to Pic, Z(p”) and having universe B such that there 
is no primitive recursive structure preserving embedding from G; into G,; for 
anyu< gj. 


The basic non-categoricity result for torsion groups is Theorem 4.11 of [11]. 


Theorem 5.20 For any infinite recursive Abelian torsion group A, there 
is an infinite family A; of p-time groups each recursively isomorphic to A 
and having universe a subset of Tal(w) which are pairwise not primitive 
recursively isomorphic. 


It is also the case that if some p-primary component of A is infinite and 
has bounded order, or is isomorphic to Z(p%), then each A; in Theorem 5.20 
may be taken to have standard universe. 


Next we give two results for p-groups, Theorems 4.9 and 4.23 of [11]. The 
first is the fundamental result for non-recursively categorical p-groups and 
the second is a summary of results for products of basic p-groups. 


Theorem 5.21 Let G be a recursive p-group which is not recursively cat- 
egorical. Then there exist p-time groups H, and Hz both isomorphic to G 
but not recursively isomorphic to each other. If G has bounded order, then 
we may take H, and Hz to have universe B where either B = Tal(w) or 


B= Bin(w). 


Theorem 5.22 Let p be a prime number, let B = Tal(w) or Bin(w), and 
let C be an infinite recursive group which is a product of cyclic and quasi- 
cyclic p-groups and which is not isomorphic to (SicuZ(p)) BF for any finite 
group F,, and either C has a quasi-cyclic factor or is a product of cyclic groups 
such that n(C) is p-time in tally. 


(a) Then there exists an infinite family A; of p-time groups with universe 
B and isomorphic to C which are pairwise not primitive recursively 
isomorphic. 
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(b) If C is not recursively categorical, then there exist p-time groups A, 
and A2, each with universe B and isomorphic to C, which are not 
recursively isomorphic to each other. 


The group Q of rationals is closely related to the quasi-cyclic groups 
Z(p™), since QN(0, 1] is isomorphic to the product of the quasi-cyclic groups. 
We use this to obtain the following result, Theorem 4.31 of [11]. 


Theorem 5.23 Let B be either Bin(w) or Tal (w). Then there is an infinite 
family of p-time groups H; each with universe B and isomorphic to Q but 
not pairwise primitive recursively isomorphic. 


5.5 Scott Families 


We now consider some general, syntactic conditions which lead to some feasi- 
ble categoricity results. Nurtazin [60] and Goncharov [29] provided sufficient 
conditions to ensure that a model A with universe A is recursively categori- 
cal, namely if there is a finite sequence (co, ... , Ck-1) of elements of A and 
a recursive sequence (called a Scott family) of recursive existential formulas 
{Pn(@1,--. ,2m,Co,+-- »Ck-1) 12 < w} in the extended language with names 
for co, ... , Ck—-1 satisfying the following two conditions: 


(1) Every a;,..., @m € A satisfies one of the formulas Yn. 


(2) For each n and for any (a;,...,@m) and (d},...,dm), if A satis- 
files Yn(ai,.-. ,@m,Co,--- »Ck-1) and Yn(dy,...,dm,Co,--- »Ck-1), then 
(A, @1,...,@m,Co,-+-,Ck-1) is isomorphic to (A, d1,...,dm,Co,---,Ck-1) 
via the map which sends a; to d; for i = 1 to m and ¢; to c; fori < k. 


Several notions of feasible Scott families were developed in [15] and ap- 
plied to the feasible structures we have studied. We will present one such 
formulation here. 

A Scott family {yn(21,.-.,2m,Co,C1,--- »Ck-1) 1 2 < w} of p-time exis- 
tential formulas, for a p-time model A with universe A, satisfying (1) and (2) 
as described above is said to be strongly p-time if there is some fixed integer 
r > 1 such that the following conditions are satisfied, for each m > 0. 


(3) For any finite sequence a; , ... , dm of elements of A, we can compute in 
time < (max{2, m, |ai|,... , |am|})” a formula y, from the list such 
that y:(a1,.--,@m,Co,C1,--- ,Ck-1) holds in A. 
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(4) For each formula y:(21,..-,;2m,Co,--- 5 Ck-1) and each a;,..., dm € A, 
if there exists a such that A satisfies y:(a1,..-,@m,4@,Co,C1,--- »Ck-1), 
then there exists such an a with |a| < (m+2)"' + max{|ai|, ... , |am|[}. 

(5) For each yi(21,.-.,2m,Co,€1,--- »Ck-1) and each a1,..., am € A, if 
there exists a such that A satisfies y:(a1,...,@m,4@,Co,C1,--+ »Ck-1), 
then we can compute an a as described in (4) in time less than or equal 
to (max{2, m, Jai|, ... , |am{})’. 


Note that clause (4) above implies that the structure A has only finitely 
many types of each arity. The following theorem is proved by a careful 
analysis of the back-and-forth method. 


Theorem 5.24 If A and B possess a common strongly p-time Scott family, 
then A and B are p-time isomorphic if both have universe Tal (w), and are 
exponential-time isomorphic if both have universe Bin (w). 


Theorem 5.5 can be proved directly from this general result. We give one 
other corollary here which provides some additional feasible categoricity for 
permutation structures. 


Corollary 5.25 Let A = (Tal(w),f) and B = (Tal(w),g) be two iso- 
morphic p-time permutation structures such that for some fired integer k, 


(i) for any a and a’ in the same orbit, 


la'| < jal +k, 


and 


(ii) for any ao, a1,..., @m-1 € B and any finite q, if there is an orbit of 
size q not containing any of ao, ..., Gm-1, then there is such an orbit 
containing an element a of size 


la] < max{lao|, ... , |@m—1|} + (m + 2)*. 
Then A and B are p-time isomorphic. 


Weaker notions of Scott families defined in [15] include the strongly 
exponential-time Scott family, which leads to exponential-time isomorphism 
for universe Tal(w) and double-exponential-time isomorphism for universe 
Bin(w), and the strongly EXPTIME Scott family, which leads to EXPTIME 
isomorphism for universe Tal (w) and double-exponential-time isomorphism 
for universe Bin (w). The following applications are given in [15]. 
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Corollary 5.26 Let A = (B,=4) and B = (B,=*) be two polynomial-time 
models of an equivalence relation = such that, for some fixed integer k, both 
models satisfy the following: 


(i) for any a and a’ in the same equivalence class, 
la'| < k-la| if B= Tal (w) 
or, (where a = bin(n) and a’ = bin(n’)) 


n—klal < n’<n+t+hkla| if B= Bin(w), 


and 
(ii) for any ao,...,4@m-1 € B and any finite q, if there is an equivalence 
class of size q not containing any of ao, ... , dm-1, then there is such 


a class containing an element b of size 
|b] < k-max{k™, |ao],-.., l@m-il} if B= Tal (w), 


or 


|b] <k -max{2,m} if B= Bin(w). 


Then A and B are exponential-time isomorphic if B = Tal (w), and double- 
exponential-time isomorphic if B = Bin (w). 


Corollary 5.27 Let A and B be two isomorphic p-time torsion Abelian 
groups with the same universe Tal (w) such that for some fixed integer k: 


(i) for any a,b, 
|a+6| < k-max{|al, |b]}, 


and 


(ii) for any ag, ...,@m-1 in either A or B and any finite q, if there ts 


an element of order q not in G(ao,.-., @m-1) (that is, the subgroup 
generated by {ao, a,,.-., Gm-1}), then there is such an element b of 
size 

|b| < k™ . max{|ao| 9. 9822-29 ldm—i|}- 


Then A and B are EXPTIME isomorphic if B = Tal(w) and are double- 
exponential-time isomorphic if B = Bin (w). 
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6 Complexity Theoretic Algebra 


In this section, we introduce the second theme of our survey. That is, in- 
stead of focusing on problems of comparing polynomial-time versus recursive 
models, we will fix a given polynomial-time model such as an infinite di- 
mensional vector space over a polynomial-time field or a polynomial-time 
atomless Boolean algebra and consider the internal structure of that model. 
Once again we shall use established results from recursive algebra as a guide. 

In recursive algebra, one studies the effective content of results like the 
fact that every independent subset of a vector space V can be extended to a 
basis. If the vector space V is infinite dimensional, then all known proofs of 
this fact use some version of the axiom of choice, e.g., Zorn’s Lemma, which 
is known to be non-constructive. Thus one would expect that it is not the 
case that every recursive independent set can be extended to a recursive basis 
in infinite dimensional recursive vector space. Indeed, Metakides and Nerode 
[49] proved that not every recursive independent set of a recursively presented 
infinite dimensional vector space over a recursive field could be extended 
to a recursive basis. Another theme in the study of recursive algebra has 
been to study the lattice of r.e. substructures of various recursive structures 
structures; see the survey article by Nerode and Remmel [50]. Nerode and 
Remmel began the study of complexity theoretic algebra in a series of papers, 
[53, 54, 55, 58]. We survey their results as well as results by Bauerle [5] in 
the next two sections. 

The overriding paradigm of Nerode and Remmel’s study of complexity 
theoretic algebra was to use the admittedly flawed analogy that “recursive is 
to re.” as “P is to NP” to formulate natural complexity theoretic analogues 
of theorems in recursive algebra. For example, Dekker [24] proved that every 
r.e. subspace of a recursively presented infinite dimensional vector space over 
a recursive field with a dependence algorithm has a recursive basis. The nat- 
ural complexity theoretic analogue of Dekker’s Theorem is that in a suitable 
polynomial-time infinite dimensional vector space V over a polynomial-time 
field with a polynomial-time dependence algorithm, every NP subspace of V 
has a basis in P. It turns out that the proof of Dekker’s Theorem is not 
uniform in that the proof breaks up into two cases depending on whether the 
underlying field of V is finite or infinite. The complexity theoretic analogue 
of Dekker’s Theorem behaves very differently in these two cases. That is, 
Nerode and Remmel [55] proved that if the underlying field is infinite and 
has a polynomial-time representation with certain nice properties, then every 
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NP subspace of V has a basis in P. However if the underlying field is finite, 
then Dekker’s Theorem is oracle dependent. That is, there is an oracle X 
such that PX 4 NP* and every NP* subspace of V has a basis in P* and 
there is an oracle Y such that PY # Np” and there is a subspace W of V 
which is NP’ but has no basis in Pp”. This presents us with two general 
themes. Sometimes the complexity theoretic analogue of a theorem of recur- 
sive algebra is true but must be proved by more delicate methods which take 
into account the bounds of the resources used in a computation. Sometimes 
the complexity theoretic analogue is false or oracle dependent because the 
proof of the recursive algebra result uses unbounded resources available in a 
recursive construction in a crucial way. Thus complexity theoretic algebra is 
not just a mere translation of the results of recursion theoretic algebra. 

Another problem that complicates the study of complexity theoretic alge- 
bra is that fact that not all polynomial-time models are equivalent, as we have 
seen in the previous sections. That is, Metakides and Nerode showed that all 
infinite dimensional recursive vector spaces with an effective dependence al- 
gorithm are recursively isomorphic. Similarly, Cantor’s basic back-and-forth 
argument which shows that all countable free Boolean algebras are isomor- 
phic is effective so that all recursive free Boolean algebras are recursively 
isomorphic. As we have seen in the previous section, it is certainly not the 
case that all polynomial-time free Boolean algebras are polynomial-time tso- 
morphic. Thus in complexity theoretic algebra, one fixes a polynomial-time 
presented structure over a natural universe such as the tally representation 
of the natural numbers or the binary representation of the natural numbers, 
and studies that particular structure. Indeed, Nerode and Remmel studied 
two basic models of vector spaces, the tally representation of an infinite di- 
mensional vector space of a polynomial-time field with a polynomial-time 
dependence algorithm, Tal (V..), where the underlying universe is the tally 
representation of the natural numbers, and the binary representation of an in- 
finite dimensional vector space of a polynomial-time field with a polynomial- 
time dependence algorithm, Bin (V..), where the underlying universe is the 
binary representation of the natural numbers. Similarly they consider a tally 
representation and a binary representation of the free Boolean algebra. The 
results for the tally representation and standard representation of a structure 
are not always the same. 


Another basic question in the study of complexity theoretic algebra is 
whether the priority method which was so useful in the study of recursive 


450 D. Cenzer and J. B. Remmel 


algebra would again play a central role. In 1975, Metakides and Nerode [48] 
initiated the systematic study of recursion theoretic algebra and introduced 
the use of the finite injury priority method from recursion theory as a uniform 
tool to meet algebraic requirements. Prior to that time the priority method 
has been limited primarily to internal applications within recursion theory 
in the theory of recursively enumerable sets and in the theory of degrees of 
unsolvability and their generalizations. Recursion theoretic algebra has been 
developed since, in depth, by many authors in such subjects as commutative 
fields, vector spaces, orderings, and Boolean algebras (see Crossley [21] for 
references and a cross-section of results before 1980). Recursion theoretic 
algebra yielded as a byproduct a theory of recursively enumerable substruc- 
tures (see the survey article Nerode-Remmel [50] for references). 

Simultaneously in computer science there was a vast development of P 
and NP problems in complexity theory. This subject started out as a tool for 
measuring the relative difficulties of classes of computational problems (see 
Cobham [19], Cook [20], Hartmanis and Stearns [35]). Many papers in this 
area have dealt with coding a given problem M into a calibrated problem 
to find an upper bound on the complexity of M, and coding a calibrated 
problem into a given problem M to find a lower bound the complexity of 
M (see Hopcroft and Ullman [37] and Garey and Johnson [28]). Due to 
the intractability of the fundamental problem P = NP, Baker-Gill-Solovay [3] 
began a line of inquiry using diagonal arguments to produce sets (“oracles”) 
R,, Ry such that P®! = np, pRe # np? , Typical of recent work in this 
direction is the construction by Yao {76] of oracles relative to which none of 
the polynomial time hierarchy collapses, and the result of Cai [8] that this 
holds for oracles with probability 1. The Baker-Gill-Solovay, Yao, and Cai 
results are fundamental, but they do not use the priority method which was 
used systematically with success in recursion-theoretic algebra. 

Priority arguments have been used by many authors in the study of P4 
and NP4 sets for recursive or recursively enumerable oracles A. For example, 
Homer and Maass [36], used priority arguments to investigate the lattice of 
Np sets. Shinota and Slaman {72] and Shore and Slaman [73] have used 
priority arguments to study the structure of the polynomial time Turing 
degrees relative to a recursive oracle. Downey and Fellows [25] used priority 
arguments to study the density of their fixed parameter complexity classes. 
Nerode and Remmel [53, 54, 55, 58] showed that indeed priority methods 
play a central role in the study of complexity theoretic algebras as we will 
bring out in the following sections. 
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We will start by surveying results of Nerode, Remmel and Bauerle on 
polynomial time vector spaces. 


7 Polynomial-Time Vector Spaces 


In this section, we shall study the structure of an infinite dimensional vector 
space V,, over a polynomial time field. We will start by giving some basic 
definitions and defining the binary or standard representation of V., and the 
tally representation of V,,. Our definitions of the standard and tally repre- 
sentation of V,, will be broken down into two cases depending on whether 
the underlying field F is finite or infinite. 

A recursive field F = (Ur, +r,-:r, Ale, MI) consists of a recursive 
subset Up of the natural numbers w and partial recursive functions +F (field 
addition), -- (field multiplication), Al (field additive inverse), and MI r 
(field multiplicative inverse) such that these operations restricted to F turn 
Ur into a field. A recursively presented vector space V = (Uy , +v , -v) con- 
sists of a recursive subset Uy of the natural numbers and partial recursive 
functions +y (vector space addition) and -y : Up x Uy — Uy (scalar multi- 
plication) which turn Uy into a vector space. V is said to have a dependence 
algorithm if there is a uniform effective procedure which given any n-tuple 
Vo, +++ Un—1 Will determine if v9, ... , Un_1 are dependent. 

We say that a recursive field F = (Ur, +r,-r, Alr, MIp) is a poly- 
nomial-time field if Up is a polynomial-time subset of {0,1}*, and the 
operations +r,-¢, Ale, MI are the restrictions of total polynomial-time 
functions. We will always assume that 0,1 € Ur and that 0 is the zero of F 
and that 1 is the multiplicative identity of F. 

Let V,, be the infinite dimensional vector space over a polynomial-time 
field F' which consists of all finite sequences (a;,... , @n) of elements of F 
where a, # 0 together with the empty sequence @ which is the zero of the 
vector space. The operations on V,, are induced by coordinate-wise addition 
and scalar multiplication. Finally we say that a vector v = (a1,..., Gn) of 
Vio where a; € F for 1 <i <n and a, 4 0 has height n. We say that the 
zero vector of V., has height 0. 


Case 1: F is finite. Suppose that F = {0,1,...,k —1} is a finite field 
where 0 is the zero of F and 1 is the multiplicative identity of F. The 
space V,, can be coded into the natural numbers w = {0,1,2,...} asa 
polynomial-time vector space in many ways. We refer to €,;, €2,... as the 
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standard basis of V,, where e, is the sequence of the length n, (0, ... , 0, 1) 
with n—1 zeros and 1 denotes the unit of F’. Now the question of whether V., 
is polynomial-time, recursive, etc., depends on how we code the sequences 
(a1, ..., @n). Following [53, 55], we will distinguish two specific polynomial- 
time representations of V,, which we call the tally and binary (or standard) 
representations of V,.. We identify each vector v € V.. with a natural number 


R(v) by R(0) = 0 and 
R((ay, ... , @n)) =a, Fagk+...ank""" ifan £0. 


Next, with a slight abuse of notation, we define maps by : Voo > Be(w), 
bin : Vio + Bin(w) and tal : V,, + Tal (w) by by(v) = bg(R(v)), bin (v) = 
bin (R(v)) and tal (v) = tal (R(v)). 

Then B,(V.) consists of the set B,(w) with the operations of vector 
addition +g, and scalar multiplication -g, induced by the corresponding op- 
erations from V,.. Similarly, bin (V,,) consists of the set Bin (w) = {bin(v) : 
v € V,,} with corresponding induced operations + in and -gin, and tal (Veo) 
consists of the set Tal (w) with the induced operations +;4; and scalar mul- 
tiplication -,q;. It is easy to see that B,(V.), bin(V..) and tal(V..) are 
polynomial-time structures and it follows from Lemma 3.4 that B,(Vo.) and 
bin (V..) are p-time isomorphic. We shall normally refer to either of these 
two structures as the standard representation st(V,.) of V.. and write the 
operations as +4; and -s. 


Case 2: F is infinite. Recall the p-time coding functions (01, ... , 7%)k 
defined in Section 3. Now suppose that F = (Ur, +r,-r, Als, MI) is an 
infinite polynomial-time field of characteristic 0. Let 0 and 1 denote the zero 
and 1 of F respectively. For any positive integer n, let n = 1+---+1 where 
there are n summands and let —n = A/f(n). For any integers n and m # 0, 
let n/m =n-- MI(m). Then set 


Qt = {n/m:n€w,m ew {O}}. 


Thus Q* is a copy of the nonnegative rationals inside of F. We say that Q 
is properly embedded in F if 


(i) Qt is a polynomial-time subset of {0,1}*, and 
(ii) the map f : Q* — {0,1}* given by f(n/m) = [bin(n), bin(m)] = 


bin ([n , m]) is the restriction of a polynomial-time function from {0, 1}* 
to {0,1}*. 
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Now suppose that F = (Ur,+r,-r, Als, MIr) is a polynomial-time 
field where Qt is properly embedded and Ur = {0,1}*, and then define 
bin : V., + Bin (w) by 


bin(0) =0, and 


bin ((@15 055 5 @a)) = (digecs 5 Gada for ay 54-.4an mF with @, £0; 


In this case, we let st(V..) = (Us, +o, -»), where U, = {bin (v): v € Vio} and 
where the operations +, and -; are defined so that bin is an isomorphism 
from V,, onto st(V..). It is easy to see that the operations +, and +, are the 
restrictions of polynomial-time functions and that U, is polynomial-time iso- 
morphic to {0,1}*. We call st(V..) the binary representation (or the standard 
representation) of Vo. in this case. 

The tally representation of V,, is defined by observing that that if 
o = 00 °°: Gn is any string of U,, other than the empty string, then o ends 
ina 1. Hence there is an integer n, such that bin (n,) = on +--+ 4. 

Now define a map tal : V., > Tal (w) by tal (v) = tal (n,), where n, is the 
natural number such that bin (v) = bin(n) and let tal (Vo.) = (Ut, +t, -¢), 
where U; = {tal (v) : v € Vo} and the operations +; and -; are defined so 
that tal is an isomorphism from V,, onto tal (Vo). It is easy to see that the 
operations +, and -; are the restrictions of polynomial-time functions, and 
that U; is polynomial-time isomorphic to Tal (w). We call tal (V..) the tally 
representation of V,. in this case. 


Finally we argue that both the standard and tally representation of Vo 
have polynomial time dependence algorithms. First the decoding functions 
m® defined in Section 3 allow us to recover the coefficients a,,... , a, from 
any vector bin(v) = (a1,..., a@k)k € st(Vo.). We can then similarly re- 
cover the coefficients from tal (v) by first computing bin (v). It follows that, 
given any set v,,..., Un of vectors in either of our representations of V.., 
we can recover the matrix of coefficients of v;,... , Un corresponding to the 
expansions of those vectors in terms of the standard basis e€, , €2, ... of Voo 
in polynomial time in the sums of the lengths |vi| + --- + |vn|. We can 
then use Gaussian elimination on the matrix of coefficients to determine 
whether or not {v,,..., vn} is an independent set. Since Gaussian elim- 
ination is polynomial-time over the coefficients (since the operations of F 
are polynomial-time), it follows that in each of our representations, there 
is a polynomial p such that we can decide if {v;,..., vn} is dependent in 
P(|vil +--+ + |vnl) steps. 
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We end this section with some basic definitions and notations for vector 
spaces. Let V be either V,,, st(V..) or tal(V..). We shall abuse notation 
and let 0 denote the zero vector for Vso, st(V..), and tal (V..) even though 
technically the zero vectors of the three vector spaces are distinct objects. 
Given a subset A of V, we let space(A) denote the subspace of V generated 
by A. Given two subspaces U and W of V, we let U+W denote the subspace 
generated by U UW. We shall write W = U, @ U2 if W, U; and U, are 
subspaces of V such that W = U, + U2 and U, NU, = {0}. We say U isa 
complementary subspace of W if U @W = V. Given z € V, we let ht(z) 
denote the height of x. We note that if z € st(V,.), then in polynomial-time 
in |x|, we can produce the binary representations of the integers a,, ... , @n 
such that x = bin ((a1,... , dn)) with a, # 0 so that we can find the height of 
z in polynomial-time in |x|. Similarly ifz € tal (V2), then in polynomial-time 
in |x|, we can produce the tally representations of the integers a), ... , Qn 
such that x = tal ((a,,... , a,)) with a, # 0 so that we can find the height 
of x in polynomial-time in |z|. 


7.1 Subspaces and Bases over Infinite 
Polynomial-Time Fields 


We shall see that there is a vast difference between the theory of bases 
and subspaces of st(V,.) or tal(V..) when the underlying field is infinite 
as opposed to when the underlying field is finite. For example, Nerode and 
Remmel proved the following strengthening of Dekker’s Theorem that every 
r.e. subspace of a recursively presented vector space over a recursive field 
with a dependence algorithm has a recursive basis. 


Theorem 7.1 ([55]) Let F be a polynomial-time field where Q is properly 
embedded. Then 


(a) every r.e. subspace V of tal(V.,.) has a basis in P, and 
(b) every r.e. subspace W of st(Vo.) has a basis in P. 
Bauerle [5] proved the existence of simple and maximal subspaces of 


tal(V..) which are in P. To properly state Bauerle’s results, we first need 
some definitions. 
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In the lattice, €, of recursively enumerable (r.e.) sets of natural numbers, 
an r.e. set S is simple if w ~ S is infinite and for any infinite r.e. set W, 
WoS #4. Anr.e. set M is mazimal if w \ M is infinite and for any r.e. 
set W D M, either w \ W or W X M is finite. 

The analogues of these notions in the lattice of NP4 sets, Eypa, for any 
oracle A are the following. An NP4 set S C {0,1}* is NP4—simple if {0,1}*\S 
is infinite and for any infinite NP4 set W C {0,1}*, WNS #@. An NP4 set 
M C {0,1}* is NP4—mazimal if {0,1}* \ M is infinite and for any NP“ set 
W > M, either {0,1}* \ W or W X\ M is finite. 

It was shown by Homer and Maass [36], that there exist oracles A and B 
such that NP4 4 P4 and no NP4-simple sets exist, and NP? # P® and there 
exist NPB-simple sets. It follows from a result of Briedbart [7] that there are 
no NP4-maximal sets for any A. 


In the lattice, £(V..), of r.e. subspaces of a recursively presented copy 
of Vo, an r.e. subspace S of V,, is simple if the dimension of the quotient 
space V,,/S is infinite and for any infinite dimensional r.e. subspace W of 
Vio, WS # {0}. Anr.e. subspace M is mazimal if the dimension of V../M 
is infinite and for any r.e. subspace W D M, either the dimension of V.,/W 
or the dimension of W/M is finite. An r.e. subspace M is supermazimal if 
the dimension of V,,/M is infinite and for any r.e. subspace W D M, either 
Voo = W or the dimension of W/M is finite. 

The NP analogues of these notions in st(V,,) and tal (V.) are the follow- 
ing. Let A be an oracle, then an NP“ subspace S of st(Vo.) (respectively 
tal (V..)) is NP4-simple if the dimension of st(V..)/S (resp. tal (V,.)/S) is 
infinite and for any infinite NP4 subspace W of st(V,.) (resp. tal (Voo)), 
WOS # {bin(0)} (resp. WS ¥ {tal (0)}). An NP4 subspace M is 
NP4-mazimal if the dimension of st(V,.)/M (resp. tal(V,.)/M) is infinite 
and for any NP“ subspace W of st(V,.) (resp. tal (V>.)), either the dimen- 
sion of st(Vo)/W (resp. tal(V..)/W) or the dimension of W/M is finite. 
An NP4 subspace M is NP4-supermazimal if the dimension of st(V,,)/M 
(resp. tal (Vio)/M) is infinite and for any NP4 subspace W of st(Vo0) (resp. 
tal (V..)), either st(Vs.) = W (resp. tal (V,.) = W) or the dimension of W/M 
is finite. 


Nerode and Remmel [58] introduced a slightly weaker notion than an 
NpP* -simple subspace which they called a P*-simple subspace. Note that in 
the case of simple sets or simple subspaces, we can replace the infinite r.e. 
set W or the infinite dimensional r.e. subspace W by an infinite recursive 
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set W or an infinite dimensional recursive subspace. That is, every infinite 
r.e. set W contains an infinite recursive set and every infinite dimensional r.e. 
subspace V of V,, contains an infinite dimensional recursive subspace. Thus 
an r.e. set S is simple iff w~ S is infinite and for any infinite recursive set W, 
WnoS #@. Similarly an r.e. subspace S of V,, is simple iff the dimension 
of V../5S is infinite and for any infinite dimensional recursive subspace W of 
Vso, WAS # {0}. Thus we make the following definition. Let A be an ora- 
cle, then an NP4 subspace S' of st(V,.) (respectively tal (V..)) is P4-simple if 
the dimension of st(V.,)/S (resp. tal (V..)/S) is infinite and for any infinite 
dimensional P4 subspace W of st(V2.) (resp. tal (V.)), WAS # {bin (0)} 
(resp. WAS # {tal (0)}). It follows from results of Nerode and Remmel 
[55] that there exist oracles A such that there exists an infinite dimensional 
NP“ subspace V of tal(V..) such that V has no infinite dimensional sub- 
space W € p4. Thus while a subspace W which is NP4-simple is cer- 
tainly pP4-simple, it is not clear that every P4-simple subspace of tal (Vo) is 
NP4-simple. 


Given a subspace V of st(V.,) (tal(V.)), we let 


DiA(V) = {(v1,---, Un)n i U1, ++. Un are dependent} 
DV) = U Dy(V). 
n21 


The Turing degree of D,(V) is called the n-th dependence degree and the 
Turing degree of D(V) is called the dependence degree of V. (The sets D,(V) 
and D(V) can be defined for any subspace of a recursively presented vector 
space over a recursive field using a suitable coding of the finite sequences 
of w.) Nerode and Remmel [51] proved the following. 


Theorem 7.2 Assume the underlying field F of tal(V..) is an infinite re- 
cursive field. Let Ag, Ay, Az, ... be any effective sequence of r.e. sets such 
that A, <r Ao <r-+: <r Ag and Ag is not recursive. Then there is a super- 
maximal subspace V in tal(V..) such that D(V) =r Ao and D,(V) =r Ax. 


There is a nice application of Theorem 7.2 in the case where we pick 
A,, A2,... to be recursive and Ap to be nonrecursive. In that case, the 
supermaximal space V of Theorem 7.2 is recursive, so the quotient space 
W = tal (V..)/V is a recursively presented vector space such that 
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(i) every r.e. independent set I of W is finite, 


(ii) for any fixed n, there is an effective procedure which given an n-tuple 
W,,-.., Wr, will determine if w,,..., w, are dependent, but 


(iii) W has no dependence algorithm. 
Bauerle [5] proved the following result for tal (V3). 


Theorem 7.3 ([5]) Let F be a polynomial-time field where Q is properly 
embedded and 6 be any nonzero r.e. degree. Then for any finite k > 1, there 
is a supermazimal subspace V of tal(V..) such that 


(i) Di(V),..., De(V) are polynomial-time, 
(ii) for all 7, Dj(V) € PSPACEN DEXT, and 
(iii) D(V) € 6. 


Thus in particular, there exists a polynomial-time supermaximal subspace 
W of tal (V..) which is of course automatically NP-simple and NP-maximal. 
Moreover, if we consider the quotient space U = tal (V../W), then it is easy 
to see that U is a polynomial-time vector space. That is, if we identify U 
with the set of minimal elements in each equivalence class of tal (V../W), 
the Q will be a polynomial-time set, and the operations of tal (V2) will 
induce polynomial-time operations on U which will make it isomorphic to 


tal (V../W). Thus we have the following 


Theorem 7.4 There exists a polynomial-time presented vector space U such 
that the only r.e. independent sets of U are finite. 


As we shall see in the next section, the analogues of Theorems 7.1 and 7.3 
are oracle dependent. 


7.2 Subspaces and Bases over finite fields 


In this section, we shall state several results on the relation between the 
complexity of a subspace V of either st(V..) or tal (V..) and the complexity of 
a basis of that subspace when the underlying field is finite. These results turn 
out to be essential for many of the more complicated results and constructions 
in polynomial-time vector spaces. 
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Note that since the universe of st(V..) is Bin (w), there is a natural or- 
der < on the elements of st(V..) inherited from the standard ordering of the 
natural numbers. Similarly, since the universe of tal (V..) is Tal (w), there 
is a natural order < on the elements of st(V..) inherited from the standard 
ordering of the natural numbers. This given, we can now state some very 
useful definitions for our purposes. Recall that e,, e2,... is the standard 


basis for V.. Thus R(e,) = k"-!. 
We start with the definition of a height increasing basis. 


Definition 7.5 Let V be a subspace of st(V,.) or tal (Vo). 


(1) Call B a height increasing basis of V if B is a basis for V and for all 
n 21, B has at most one element of height n. 


(2) The standard height increasing basis of V, By, is defined by declaring 
that « € By iff ¢ € V and there is no y € V such that y < x and 
ht(y) = ht(z). 


(3) The standard height increasing complementary basis of V C tal (Vos), 
By, is defined in tal (V..) by declaring that tal (e,) € By iff tal (en) ¢ V 
and there is no y € V such that At(y) = n. Similarly the standard 
height increasing complementary basis of V C st(V..), By, is defined 
in st(V.) by declaring that bin (en) € By iff bin (en) ¢ V and there is 
no y € V such that ht(y) =n. 


(4) We call the space( By), the standard complement of V. 


There is a crucial difference between st(V,,) and tal(V..) with respect 
to searches. That is, the vector of height n with the smallest R value is 
en and R(e,) = k""*. The vector of height n with the largest R value is 
(k ~1l)e, +--+ + (k—1)e, and 


N 
R((k—1er+---+(k-lUenr) = So(k-1)kt = kX 1. 


t=1 


Thus in tal (V,,), given a vector v of height n, we can produce in polynomial 
time in |v|, a list of all vectors of height n in tal(V..). However in st(Voo), 
given a vector v of height n, it takes exponential time in |v| to produce a list 
of all vectors of height n in st(V.,). For this reason, the relation between the 
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complexity of V, By, By, and space(B7) is very different in tal (V..) than 
in st(V..). For this reason, we shall divide this subsection into two parts, 
one for tal(V,,) and one for st(V..), and discuss the relation between the 
complexity of bases and subspaces for each case separately. 


7.2.1 Bases and Subspaces for tal (V,,). 


Nerode and Remmel in [55] studied bases of NP-subspaces of tal (V3), so we 
start by listing a number of results from that paper. 


Theorem 7.6 ([55]) Let V be a subspace of tal (V,.). 
(a) If B is a height increasing basis of V, then V <F B. 
(b) By <i V and By <E-V. 
Proof. The key point here is that in our tally representation, 
card ({z € Vio : At(x) <n}) =k-1+(k-—1L)k4+---+(k—1)k™! =k" -1. 


Moreover, if hi(y) < n, then |y| < k”. Given z € V,, such that At(x) = n, 
we know that |z| > k"~!. So there are at most k|z| elements of tal (V.,) 
with height less than or equal to At(z). For q fixed we can run any (uniform) 
computation which takes at most n? steps on strings of length n for all the 
elements of tal (V..) of height less than or equal to ht(z) in polynomial time. 
This is because 


(k |x|)? 
YS wl < Ni = Sleepy < Pee, 
y Etal(Voo) 7=0 


At(y) < ht(z) 


Given these observations it is immediate from our definitions of By and By 
that By <f V and By <i V. 

To prove Theorem 7.6 (a), note that if B is a height increasing basis for 
V, then z € V iff x € space({y € B : At(y) < ht(x)}). Thus to decide if 
x € V, we simply search all the elements y in V,, with ht(y) < At(x) and 
produce all vectors y1,..., yx in {y € B: ht(y) < ht(x)}. We can then use 
the polynomial-time dependence algorithm to determine if 


y € space({y € B: ht(y) < ht(x)}) 


in polynomial-time in |y|. Thus V <F B. O 
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An immediate corollary of Theorem 7.6 is the following. 


Corollary 7.7 ({55]) 


(i) A subspace V of tal(V..) is in P iff V has a height increasing basis B 
in P. 


(ii) If V is a subspace of tal (V,.) and V € P, then V has a complementary 
subspace W in P. 


We note that one cannot replace <> by <? in the statement of Theo- 
rem 7.6 due to the following result of Nerode and Remmel. 


Theorem 7.8 ((55]) There exists a subspace V of tal(V..) such that neither 
By <i V nor V <F By. 


Next we observe that height increasing bases in NP generate NP spaces. 


Theorem 7.9 ([58]) Suppose that A is a height increasing independent set 
of tal(V..) in NP. Then space(A) € NP. 


Proof. Note that if A is a height increasing independent set, then z € 
space(A) iff x € space({y € A: ht(y) < ht(x)}). Thus x € space(A) iff 
there are elements 6,,... , 6, of height < At(x) and A,,..., An € F such 
that « = S02, A1b;. Moreover, if ht(z) = m, then k™-! < |z| < k™ — 1 so 
that each 6; must have length < k|z|. Thus in nondeterministic polynomial 


time, we can guess 41, ..., An, b:,.-. , bn, and computations which show 
that 6; € A, and then verify that 2 = 5°", A;b;. Thus space(A) is in NP if 
A ENP. Oo 


Similarly one can show that if NP* = co-Np*, then we have the following. 


Theorem 7.10 ([55]) Suppose NP* = co-Np*, and V is a subspace of 
tal (V..). Then 


(i) V ENP* iff V has a height increasing basis in NP*, 


(ii) V © NP* implies V has a complementary subspace W in NP*. 
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Our next result will allow us to show that the property of a subspace V 
of tal (V..) having a basis in P does not necessarily tell us anything about 
the complexity of V other than that V is recursively enumerable. 


Theorem 7.11 ((55]) Let V be a recursively enumerable infinite dimen- 
sional subspace of tal(V..). Then the following are equivalent: 


(1) V has a basis C in P, 
(2) V contains an infinite dimensional subspace W in P, 


(3) V contains an infinite height increasing independent subset S in P. 


Another consequence of a subspace containing an infinite independent 
subset in P is the following. 


Theorem 7.12 Let V be a recursive subspace of tal(V..) such that V con- 
tains an infinite height increasing independent set C in P. Then if the di- 
mension of tal(V..)/V is infinite, there is an infinite height increasing in- 
dependent set D in P such that V M space(D) = {0}. 


Proof. Note that By is recursive. Let bp, b,,... be a list of the elements 
of By such that 


h(bo) < h(b}) < ++. 


Let f be a recursive function such that f(0") = 6,. Similarly let co, c1,... 
be a list of the elements of C such that h(co) < A(c:) < -+-. Then let 
d, = bs +tal Cr(s) Where 


r(s) = 1+ > h(b;) + the number of steps to compute f(0),..., f(s). 


1=0 


Then we claim that D = {do, d,,...} is our required height increasing 
independent set. First observe that by our definition of r(s), r(s) > h(ds) 
so that h(d,) = h(c,.)). Also it is clear that r(0) < r(1) < --- so that 
h(do) < h(d:) < ---. Thus D is a height increasing basis. Moreover it is 
easy to see that D is independent over V. Thus we need only show that D 
is p-time. To decide whether a given zx € tal (V..) is in D, we first compute 
which elements y with h(y) < h(x) are in C. Now C is a p-time set, so 
that for all z we can determine whether z € C in max(2, |z|)” steps for some 
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fixed m. Moreover, if h(x) =n, then x = 1!*! where k"“! < |z| < k” —1 so 
that it requires at most 


AMA klel+t 


am game Sim Sim < ((k le] +)" = (Ble +1) 


steps to find the elements of C of height less than or equal to h(x). If no 
element of height A(x) is in C, then clearly x ¢ D. If there is an element 
of height A(x) in C, then in polynomial time in |z|, we can find r such that 
h(c,) = A(x). At this point, we start to compute the sequence of elements 
f(0), f(1), ... in order, for r steps. Suppose that end the end of r steps, we 
have successfully computed f(0), ... , f(t). Note that if we are not successful 
in computing f(0) by the end of r steps, then z ¢ D. Otherwise, see if there 
is some s < ¢ such that 


r=i1t+ >: h(b;) + the number of steps to compute f(0),... , f(s). 
=0 


If there is no such s, then x ¢ D and if there is such an s, then x € D 
iff ¢ = f(s) +ta c,. It follows that we can decide if zc € D in polynomial 
time in |z|, so that D is a p-time height increasing independent set which is 
independent over V. Oo 


Next we show that having a basis in P does not restrict the degree of a 
subspace other than ensuring the subspace is recursively enumerable. 


Theorem 7.13 Let 6 be any r.e. degree. Then there there exists an r.e. 
subspace V in tal(V..) such that V has a basis in P. 


Proof. Let B, be an infinite subset of {e2, :n > 1} in P, and for any given 
r.e. degree 6, let Bs be an infinite r.e. subset of {e2n41 : n > 0} of degree 6. 
Then it is easy to see that the Turing degree of Vs = space(B,U Bo) is 6. By 
Theorem 8.11, Vs has a basis in P since space(B,) is an infinite dimensional 
subspace of Vs which is in P. Oo 


It is also easy to construct spaces with no basis in P. In fact, Nerode and 
Remmel [55] gave a general construction which, given any effective list of re. 
independent sets of tal (V..), Ao, Ai, ..-, produced a subspace V of tal (V..) 
such that V /N A; is finite for all. Their construction can be specialized to 
prove the following results. 
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Theorem 7.14 


(1) There is a subspace V of tal(V..) in DEXT such that V has no basis 
in P. 


(2) There is a recursive subspace V of tal(V..) such that V has no prim- 
itive recursive basis. 


(3) There is a subspace V of tal(V..) which is recursive in 0’ such that 
for any r.e. independent set I, INV is finite. 


We should also note that every r.e. subspace has a basis which has high 
complexity. 


Theorem 7.15 ((55]) Let V be an r.e. subspace of either tal (V..) or st(Voo). 
Then V has a recursive basis B which is not primitive recursive. 


All of the results so far do not settle the question of whether every sub- 
space V of tal(V..) which is in NP has a basis in P. In fact, this question is 
oracle dependent. To prove the existence of an oracle B such that every sub- 
space V of tal (V..) which is in NP® has a basis in P?, Nerode and Remmel 
proved the following result which strengthens a similar result of Homer and 


Maass [36]. 


Theorem 7.16 ([55]) There is a recursive oracle B such that P? # NP? 
and such that every infinite set X which is p-time Turing reducible to a set 
Y in NP® contains an infinite subset in P®. 


We note that in light of Theorem 7.11, it also follows that for the oracle 
B of Theorem 7.16, every NP? subspace V of tal(V..) has a basis in P?. 
Thus we have the following. 


Theorem 7.17 ([55]) There is a recursive oracle B such that P? # NP® 
and every NP® subspace V of tal(V..) has a basis in P®. 


Via a delayed diagonal argument, Nerode and Remmel also proved the 
following. 
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Theorem 7.18 ([55]) There is a recursive oracle A such that 


(a) there is an infinite dimensional subspace V in NPA such that V has no 
basis in PA (and hence NP4 # P4*), and 


(b) NP4 = co-NP4. 


Combining Theorems 7.17 and 7.18, we have the following. 


Theorem 7.19 ((55]) Arguments valid under relativization are not sufficient 
lo prove 


(1) PANP => every subspace of tal(V..) in NP has a basis in P, and 


(2) P #NP ==> there is a subspace V of tal(V..) in NP which has no 
basis in P. 


We end this section with some results of Bauerle [5]. We say a set 
A C {0,1}* is pP*-immune if there are no infinite subsets of A in P*. The 
next results show that a subspace V C tal (V3) can have a basis in P without 
the standard basis being in P. 


Theorem 7.20 ([5]) There exists an exponential-time subspace V of 
tal (V0) which has a basis in P, but for which the standard height increasing 
basis of V, By, is P-tmmune. 


Theorem 7.21 ([5]) There exists a recursive oracle A such that there exists 
a subspace V of tal(V..) which is in NP4 \ P4, has a basis in P4, and yet 
the standard height increasing basis of V, By, is P4-immune. 


Theorem 7.22 ((5]) There exists a recursive oracle B such that there exists 
a subspace V of tal(V..) in NP? \ P® and such that, for all NP? \ Pp? 
subspaces V of tal(V..), the standard height increasing basis By has an 
infinite subset in P®. 


Theorem 7.23 Let F be finite and V C tal(V,). If V has an infinite 
dimensional subspace in P, then V has a height increasing basis D with a 
subset in P such that By =* D. 


Theorem 7.24 (([5]) Let A be an oracle such that (NP4 \ P4)-subspaces of 
tal(V,,) exist. Then if V has an infinite dimensional subspace in P4, then 
V has a height increasing basis D with a subset in P4 such that By =F D. 
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7.2.2 Bases and Subspaces of st(V,.). 


It will be convenient to think of st(V,,) via the representation B,(V..) defined 
above. The advantage is that for nonzero x € B,(V..), hi(z) = |x|. The 
standard basis for By({V..) is given by en, = by (k"*1) = 0" 1. 

As pointed out in the introduction to this section, there is a significant 
difference between st(V.,) and tal (V,,) with regard to searches. Indeed many 
of the proofs of the propositions and theorems in the previous subsection 
relied on the fact that given an z € tal (V,.), we could produce a list of all 
elements tal (V..) of height < At(x) in polynomial time in |z|. This is no 
longer the case in st(V.). That is, if  € tal(V..) and hi(z) = n, then 
k™-! < |r| < k” —1 while if z € st(V,.), then At(x) = |z| so that there 
are kl — 1 elements of height less than or equal to ht(x) in st(Vs.). Thus 
in st(V,.), we cannot find all the elements of height less than or equal to 
hi(x) in a p-time height increasing set S in polynomial time in |x|. However 
there is a special class of p-time independent sets of st(V,,), which we call 
strongly p-time independent sets, which do have most of the useful properties 
possessed by p-time height increasing bases of tal (V,.). 


Definition 7.25 An independent set B C st(V,.) is called strongly p-time 
: (i) Bis a p-time set, 
(ii) B is height increasing, and 
(iii) if B = {bo, b;, ...} where ht(bo) < ht(b,) <---, then there is a 
polynomial-time function f such that for all n > 0 


(a) f(1") = 6, if ht(b,) =n and B has an element of height n, 
(b) f(1") =0 if B has no element of height n. 


We note that condition (iii) allows us to find, for any z € st(Vao), all 
elements of 6 of height < Aé(x) in polynomial time in |z|. That is, given 
t € st(Vio), ht(x) = |z| and we can compute f(1), f(1?),..., f(1"@) in 
polynomial time in |z|. Then 


{b: be BA ht(b) < ht(z)} = {f(1"):n< |x| A f(1") FO}. 


As noted above, any p-time height increasing independent set B in tal (V..) 
also has the property that, for any z, we can find all elements of B of 
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height < ht(x) in polynomial time in |z|. Thus condition (iii) is specif- 
ically designed to give us this property which holds for all p-time height 
increasing bases in tal (V,.) automatically. It is easy to see that our standard 
basis {e1, €2, €3, ... } of st(V..) is strongly p-time. 

Our next proposition lists several basic properties of subspaces generated 
by subsets of a strongly p-time basis. 


Theorem 7.26 Let B be a strongly p-time basis of st(V..) and suppose that 
SCB. Then 


(i) SEP iff space(S) € P. 

(ii) S ENP iff space(S) € NP. 
(iii) S € co-NP iff space(S) € co-NP. 
(iv) S =F space(S). 


Proof. Since S = space(S)/M B, it follows that S </ space(S) and S is in P 
(respectively NP, co-NP) if space(S) is in P (resp. NP, co—NP). 

Let f be the p-time function such that f(1") = b,, where b, is the 
element of height n in B. Then, given an x € st(V..) of height n, we can 
compute f(1) = b,..., f(1") = 6, and test b;,... , 6» for membership in 
S, all in time polynomial in |z|. Thus in polynomial time in |z|, we can find 
{s1,..., Se}, where {b,,,...,55,} = {y € S: ht(y) < ht(x)}. Moreover 
the fact that B is a height increasing basis means that r = ppl A;b; for some 
Ai, +++, Ajay in F’. Now suppose that |z| = n, then we can write z = 21 +++ In 
where all x; € F and and each b; = 6; --- bn where b;; € F. Then we can 
solve the matrix equation over F’ 


BY = xX 


where B = (6;,;), Y is a column vector of unknowns, and X is the column 
vector (%1,..., Zn) in polynomial time in n = |n|. Thus in polynomial time 
in |z|, we can find Ay, ... , Ax such that x = yl A;b;. This given, 

x € space(S) iff {i : A; #0} C {s,,..., se}. 
It then easily follows that space(S) <} S and space(S) is in P (resp. NP, 
co-NP) if S is in P (resp. NP, co-NP). a 


Our next result is a weak analogue for st(V..) of Theorem 7.7. 
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Theorem 7.27 Let V be a subspace of st(V..) with strongly p-—time basis R. 
Then RUBy is a strongly p-time basis for st(Vs.), and both V and space( By) 
are in P. 


Our next theorem shows that no extra condition on a height increasing 
basis, such as condition (iii), is required to generate subspaces of st(V..) 
in NP. 


Theorem 7.28 Let B be a height increasing independent set of st(V.) 
which is in NP. Then space(B) is in NP. 


Proof. The key property of a height increasing basis is that if x € space(B), 
then x € space({b € B : ht(b) < ht(x)}). That is, z must be generated 
by the elements of height < At(z) in B if x € space(B). Thus to see that 
space(B) € NP, we simply guess the elements of B of height < ht(zx), say 
{bi,..., be} = {bE B: ht(b) < ht(x)}, where ht(b,) < --- < At(by). Now, 
for all nonzero y € st(Vs.), ht(y) = |y| so |b;| < |x] for all i and k < |z]. 
Then we perform a nondeterministic polynomial-time computation to check 


if b,..., 6, are all in B. Finally, we use our polynomial-time depen- 
dence algorithm to check whether x € space({b,, ... , 0: }). Thus space(B) is 
in NP. Oo 


Theorem 7.29 Suppose NPX = co-NP* and V is a subspace of st(Voo). 
Then 


(i) V € NP* iff V has a height increasing basis in NP*. 
(ii) V € NP* implies V has a complementary subspace W in NP*. 
Our next result is a weak analogue of Theorem 7.11 of [55] for st(V..). 


Theorem 7.30 Let V be an r.e. infinite dimensional subspace of st(Voo). 


Suppose that there exists an infinite strongly p-time independent subset 
ICV. Then V has a basis in P. 


Our next next result is the analogue of Theorem 7.12 for st(V..). 


Theorem 7.31 Let V be a recursive co-infinite dimensional subspace of 
st(Vs.) such that V contains an infinite strongly p-time height increasing 
independent set C. Then there is an infinite strongly p-time height increas- 
ing independent set D such that VM space(D) = {0}. 
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Theorem 7.32 Given any r.e. Turing degree 6, there exists an r.e. subspace 
V of st(Vo.) such that V has degree 6 and V has a basis in P. 


Again one can show that there exists an exponential-time subspace of 
st(V..) which has no basis in P. 


Theorem 7.33 There is a subspace V of st(V..) such that V € DEXT and 
V has no basis in P. 


7.2.3. The semilattice of NP* subspaces 


In this section we shall study various properties of the lower semilattice of 
NPX subspaces of tal (V,.) and st(V,.) for various oracles X. Our first result 
shows that in contrast to the collection of r.e. subspaces which is closed under 
both intersection (N) and sum (+) and hence forms a lattice, the collection of 
NP* subspaces of either tal (V,.) or st(Vo,) is only closed under intersection 
and hence only forms a lower semilattice. 


Theorem 7.34 There exist two polynomial-time subspaces W and V of 
tal (Vso) (respectively st(V.)) such that WV = {0} and W + V is not 


recursive. 


Proof. The proof that we present below works equally well for both tal (Voc) 
and st(V..). Thus we shall write a generic proof where V,, may be interpreted 
as either tal (V,.) or st(V,.) and the standard basis €;, e2,... may be in- 
terpreted as either the standard basis tal (e;), tal (ez), ... of tal (V..) or the 
standard basis st(e,), st(e2), ... of st(V..), as appropriate. 

By a result of Metakides and Nerode [48], a subspace V of Vq, is recursive 
iff V is r.e. and V has an r.e. complementary space. It is easy to see that we 
can form an effective list (Ao, Bo) , (A1, Bi), ... of all pairs of r.e. subspaces 
W, and W; of V. such that W; W; = {0}. That is, if Wo, Wi, ... is an 
effective list of all r.e. subspaces of V,., and W? denotes the set of elements 
enumerated into W; after n steps, then (Aj, B;) is the pair of r.e. subspaces 
given by letting (A;, B;) be (Wx, We) iff i = [k,é] and W,N We = {0} or 
letting (A;, B;) be (space(W?) , space(W??)) where n is the least m such that 
space(Wj"*1) 1 space(Wj"*!) # {0} if We We # {0}. 

Given the list (Ao, Bo), (Ai, Bi), ..., we shall construct W and V so 
that W + V # A; for any 7 such that A; + B; = Voo. Thus W + V will 


not be recursive. In the construction that follows we will in fact construct 
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two p-time height increasing disjoint independent sets A and L so that 
W = space(K) and V = space(L) will be our desired polynomial-time sub- 
spaces. Let ro, 71, ..- bea list of all prime numbers in increasing order. Our 
idea is to use the vectors e,, + €,,.2n, €r;.97 Where n > 1 to help us ensure 
that A; 4 W+ V if A; + B; = V.. The only vectors which will be placed 
into A will be of the form e,, + €,,.2. for some i > 0 and n > 1, and the only 
vectors which will be placed into L will be of the form e,,.2n for some 2 2 0 
and n > 1. In fact, for any fixed 7 either 


KO {e,, + €-,.21: n>lp=o 
and 
LN {e,,.21: n2=ly=e, 


or there will be an m such that 


K 1 {er, + €r,-21 : n > 1} = {e,, + er, 2m} 
and 
LN {ep,.9n : n> 1} = {ep,. 2m}. 


Note that in the standard representation of V.,, L will be a polynomial-time 
subset in the strongly p-time height increasing basis {st(e,) : n > 0} and 
K will be a polynomial-time subset of the strongly p-time height increasing 
independent set {e, + €,-2. : k is odd and n > 1} so that L and K them- 
selves will be strongly p-time independent sets. Thus by Theorem 7.26, W 
and V will be polynomial-time subspaces of st(V..). In the tally representa- 
tion of V.., A and L will be polynomial-time height increasing independent 
sets so that by Theorem 7.6, W and V will be polynomial-time subspaces 
of tal(Vao). 


Now to decide if e,; + €,,.2m € A and e,,.2m € L, we run the enumer- 
ations of A; and B; for m steps. Let A™ and B” denote those elements 
enumerated into A; and B; respectively after m steps. If m > |e,,| and 
[space(A™) + space( B?)]  [space(A™~') + space( B"~')] # @, then we place 
er; + €r;.9m into AK and e,,.9m into L iff e,, € [space(A™) + space(B”)] ~ 
space( A”). Otherwise we place neither e,, + €,,.2m into A nor é,,.9m into L. 
Using the fact that in m steps, we can at most enumerate m vectors which are 
of length at most m, and the fact that Gaussian elimination is polynomial- 
time in the dimensions of the matrix, it is easy to see that both A and L 
are p-time height increasing independent sets. Now suppose e,, + €,;.9m € 
K and e,,.2 € L. Since A; B; = {0}, we know that each element 
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v € space(A;) + space(B;) has a unique expression in the form v = a+b 
with a € space(A;) and b € space(B;). By our construction, it follows that 
€,, € [space(A™) + space(B™)] ~ [space(A™)] so that e,, ¢ space(A;). But 
clearly e,, € space(A’) + space(L), so that A; # space(h’) + space(L). 
Suppose there is no m such that e,, + €;,.2m € A and e,,.9m € L. Then 
either there is no m such that e,, € space(A”) + space(B”) in which case 
space(A;) + space(B;) # V.. so that we don’t have to worry about A; and 
B;, or e,, € space(A™) for some m (in which case e,, ¢ space(K’) + space(L) 
so again space(K’) + space(L) # A;). Oo 


Next we make some observations about the existence of subspaces V 
of tal(V..) which are in NP \ P. We note that even with the assumption 
P # NP, the existence of (NP \ P)-subspaces requires further complexity 
theoretic assumptions. That is, in [34] Hartmanis proved that the existence 
of sparse sets in NP \ P is equivalent to the separation of deterministic and 
nondeterministic exponential-time DEXT # NEXT. Thus if DEXT = NEXT, 
then no (NP \ P)-subspaces of tal (V,.) can exist even if NP # P. Since the 
existence of an oracle such that NP4 # P4 and DEXT4 = NEXT“ was proven 
by Wilson in [75], we have the following theorem. 


Theorem 7.35 There exists an oracle A such that NP4 #4 P4 and no 
(NP4 \ P4)-subspaces of tal (V,.) exist. 


As a consequence of this theorem it follows that showing the existence of 
(NP \ P)-subspaces is at least as hard as separating DEXT and NEXT. On the 
other hand it is sufficient to separate DOUBDEXT and DOUBNEXT to show 
the existence of (NP \ P)-subspaces. 


Theorem 7.36 ([5]) Jf DOUBDEXT #4 DOUBNEXT, then (NP \ P)-subspaces 
of tal(V..) over finite fields ezist. 


Sketch Proof. Let A € DOUBNEXT \ DOUBDEXT and assume the under- 
lying field F has k elements. Define Ap = {0*" : dz € A[n = 1 2]}. Since 
A € DOUBNEXT \ DOUBDEXT, it follows that Ag € NP ~ P. But clearly 
Ao C {tal (e1), tal (e2),...} and and hence Ap is a height increasing inde- 
pendent subset in NP \ P. It thus follows from Theorems 7.6 and 7.9 that 
space(Apo) is in NP \ P. Oo 


Corollary 7.37 There exist recursive oracles A such that there are 
(NP4 \ P4)-subspaces of tal (Vo). 
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Furthermore Mahaney [45] has shown that the existence of a sparse 
NP-complete set with respect to <P implies NP = P. Thus, if P # NP, 
then there cannot be a subspace V of tal (V..) which is NP-complete. 


Next we turn our attention to the question of whether NP-maximal or 
NP-simple subspaces exist. We note that Breitbart [7] proved that if R is 
any infinite recursive set in {0,1}*, then there exists a set S in P such that 
both SM R and R~ S are infinite. This results shows that there can be 
no NP~maximal sets since if M € NP and R = {0,1}* \ M is infinite, then 
certainly AR is an infinite recursive set. Thus there is a set S € P such that 
both SN Rand R~ S are infinite. But then W = SU M is a set in NP such 
that both W~ M and {0,1}* \ M are infinite so that M is not NP-maximal. 
Nerode and Remmel [55] proved that the analogue of Breidbart’s splitting 
theorem holds for recursive subspaces of tal (V,,) and st(Vo.). 


Theorem 7.38 Let V be an infinite dimensional recursive subspace of 
tal (Vo) (respectively st(V..)). Then there exist subspaces Bo and B, in 
P such that BoM B, = {0}, Bo + By = tal (Va) (resp. Bo + By = st(Voo)), 
and both By NV and B, NV are infinite dimensional. 


We note that unlike the set case, Theorem 7.38 does not exclude the pos- 
sibility of the existence of NP-maximal sets. That is, suppose V is an infinite 
and co-infinite dimensional subspace of tal (V,.). Then the complementary 
subspace of V, space( By), is certainly recursive, so that there exists a pair of 
polynomial-time complementary subspaces, U and W, so that UN space( By) 
and WN space( By) are infinite dimensional. However in this case, we cannot 
make the conclusion that V + U is an NP-subspace, which witnesses that V 
is not NP-maximal for two reasons. First there is no guarantee that V + U 
is co-infinite dimensional and second, in light of Theorem 7.34, there is no 
guarantee that U + V is in NP. Indeed our next results will show that there 
are oracles A for which no NP4—maximal sets exist. Similar remarks holds 


for st(Vio). 


First we show that the assumption that NP* = co-NP* also eliminates 
the possibility of the existence of NP*-simple and NP*-maximal subspaces 


of tal (Vso). 


Theorem 7.39 Suppose that NPX = co-NP* and V is an NP* subspace 
of tal(V..) such that tal(V..)/V is infinite dimensional. Then V is not 
NP* —simple and V is not NPX -mazimal. 


472 D. Cenzer and J. B. Remmel 


Proof. By Theorem 7.10, it follows that space(By) € NP* so that V is 
not NP*-simple. To see that V is not NP*—maximal, note that by our 
argument in Theorem 7.10, it follows that for any given « € NP*, we can 
nondeterministically from an X oracle find a list of all elements u, < ++: < us 
of height < ht(x) which are in By and a list of all elements v, < --- < 
of height < ht(z) which are in By. Thus we can form a new NP* height 
increasing independent set C where z € C iff = u; for some? € s or 
L = vox for some 2k < t. It is then easy to see that both tal (V,)/space(C) 
and space(C)/V are infinite dimensional. 

It also follows from Theorem 7.10 that space(C) € NP* so that C 
witnesses that V is not NP*—maximal. O 


Since Baker, Gill and Solovay [3] produced recursive oracles X such that 
np* # p* but NP* = co-NP%, we have the following. 


Theorem 7.40 There exists a recursive oracle A such that NP4 # P4 and 
there are no NP4~simple or NP4—mazimal subspaces of tal (Voo). 


We note that the construction of Theorem 7.39 does not construct a 
p*-subspace W such that WV = {0}, since it is a priori possible that 
space( By) does not contain an infinite dimensional subspace in P*. Thus we 
do not automatically rule out the possibility of the existence of P*-simple 
subspaces of tal (V,,) with the assumption that NP* = co-NP*. We shall see 
a bit later that there exist oracles A such that no NP4-simple, P4-simple, or 
NP4—maximal subspaces exists in tal(V..). 


It is also the case that if a subspace V of tal (V..) has an infinite height 
increasing independent subset in P, then V is not P-simple or NP-simple. 


Corollary 7.41 ((58]) Let V € NP be a subspace of tal(V..) such that V 
contains an infinite height increasing independent set C' in P. Then V is 
not NP-simple or P-simple. 


Proof. We may assume that V is co-infinite dimensional since otherwise V 
cannot be NP4-simple or P4-simple. We can thus use the proof of Theorem 
7.12 to construct a p-time infinite height increasing independent set D such 
that D is independent over V. It follows by Theorem 7.7, that space(D) is a 
p-time subspace of tal (V..). Since D is independent over V, space(D)NV = 
{0} so that V is not NP-simple or P-simple. 0 
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To prove that there exists a recursive oracle B such that NP? #4 p® 
and yet no NP?-maximal, NP?-simple, or P?-simple subspaces exist, we can 
again use the oracle from Theorem 7.16. 


Theorem 7.42 There is a recursive oracle B such that P? #4 NP® and no 
NP? -mazimal, NP? -simple, or P?-simple subspaces of tal (Vo.) exist. 


Proof. Let B be the recursive oracle of Theorem 7.16. Let V be a NP? 
subspace of tal(V..) such that the dimension of tal (V..)/V is infinite. By 
Theorem 7.6, By is p-time Turing reducible to V, so that By contains an 
infinite subset E in P?. Thus E is an infinite height increasing independent 
set in P?, so that by Theorem 7.6, space(E) is an infinite dimensional sub- 
space in P?. Clearly, space(E) 1 V = {0} so that space(E) witnesses that 
V is not P?-simple or NP?-simple. Moreover, since we can test whether 
tal (e,),..., tal(e,) are in E in polynomial time in |tal (e,)|, the set 


E, = {tal(e,) € E:card(E/ {tal (e,), ... , tal (en)}) is even} 


is also a p-time height increasing independent set. We claim that W = 
space(V U E2) is a subspace of tal (V,,) which witnesses that V is not NP- 
maximal. Note that By U E2 is a height increasing basis for W and that 
E™ E, © By. Thus W D V and the dimensions of both tal (V..)/W and 
W/V are infinite. Because By U E> is a height increasing basis for W, it 
follows that x € W iff there exists a b € V and an e € space(E2) such 
that z = b+1 € and ht(b), ht(e) < ht(x). Thus given a B-oracle, we can 
nondeterministically guess b and e of length < k|z| and the computation 
which shows that 6 € V, and then verify in polynomial time that x = b+4q1 € 
and e € space(E). Thus W € nP® and hence V is not NP?-maximal. 0 


Nerode and Remmel [58] showed that the assumption that NP* = co-NP* 
also eliminates the possibility of the existence of NP*-simple and NP*- 
maximal sets in st(V..)/V. 


Theorem 7.43 Suppose that NP* = co-NP* and V is an NP* subspace of 
st(V..) such that st(V..)/V is infinite dimensional. Then V is not NPx- 
simple and V is not NP* -mazimal. 


As was the case for tal(V..), we can use the Baker-Gill-Solovay results to 
prove the following. 
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Theorem 7.44 There exists a recursive oracle A such that NP4 #4 P4 and 
there are no NP4-simple or NP4—mazimal subspaces of st(Voo). 


The analogue of Theorem 7.41 for st(V,.) is the following. 


Theorem 7.45 ((58]) Let V be an NP co-infinite dimensional subspace of 
st(Vs.) such that V contains an infinite strongly p-time height increasing 
independent set C. Then V is not NP-simple or P-simple. 


Proof. Use the proof of Theorem 7.31 to construct a strongly p-time infinite 
height increasing independent set D such that D is independent over V. It 
follows by Theorem 7.26, that space(D) is a p-time subspace of (V..). Since 
D is independent over V, space(D) MV = {0} so that V is not NP-simple or 
P-simple. oO 


One can again use the oracle of Theorem 7.16 to prove that there is an 
oracle B where no NP?-maximal, NP?-simple, nor P?-simple subspaces of 
st(V..) exist. 


Theorem 7.46 There is a recursive oracle B such that P? #4 NP® and no 
NP?—-mazimal, NP®-simple, or P?-simple subspaces of st(Voo) exist. 


In contrast to the set case, there are oracles X for which NP* -maximal 
subspaces of tal(V,.) and st(V,.) exist. The proof requires a priority argu- 
ment for the construction of the oracle. Such arguments are easier in tal (V,,) 
than in st(V..). In tal (V..), one can naturally follow the usual practice in or- 
acle constructions and make the desired NP*—maximal subspace V be given 
by 

V = {1": (de € X)|o| = n}. 


This is not possible in st(V,.). In st(V..), one constructs X so that there is 
an NP* independent set which generates the desired NP* —maximal subspace. 
To see the difference between these two types of construction, we will give 
the full argument for tal (V..) and give just the construction for st(V,.). We 
note that similar techniques are used to prove results in the standard and 
tally representations of the free Boolean algebra which are given in the next 
section. 


Theorem 7.47 There exists an r.e. oracle Y and a subspace V of tal (V..) 
which is both PY -simple and NPY —-mazimal. 
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Proof. We shall construct Y so that 
M = {0}U{1I":n>0 & (Aa {0,1}*) (jal =nandaeY)} 


is our desired subspace. Clearly M € NPY. 


To ensure that M is co-infinite dimensional we must meet the following 
set of requirements. 


T;: card({n : Y contains no strings a with k” < lal < k"*! —1}) >j 


Thus 7; says there are at least 7 heights n so that M contains no strings of 
height n. So meeting requirement T; ensures dim(V../M) > 3. To ensure 
that M is p’-simple, we shall meet the following set of requirements. Given 
any subset V C tal (V,,), let ht(V) = {n: (dx € V) At(z) = n}, then 


S;: If Ny is an infinite dimensional subspace of tal (V..) 
such that ht(NY) \ At(M) is infinite, then MN NY # {0}. 


Now suppose that PY is an infinite dimensional subspace of tal (V.,). Note 
that meeting all the requirements S; will ensure that either PY AM # {0} or 
ht( PY ) C* ht(M) where, for any two sets A and B, we write A C* B iff there 
is a finite set F such that A C (BUF). Now suppose that ht(PY) C* ht(M), 
and let B; be the standard height increasing basis for P’. By Lemma 7.6, 
B; is in PY. Then clearly we can modify B; by possibly deleting a finite 
set of elements to form a new height increasing basis C; such that ht(M) > 
{n : (Sr € C;) ht(x) = n}. Thus C; will also be in PY and by Lemma 7.6, 
space(C;) will also be in PY. Hence if ht(PY) C* ht(M), then there exists 
some 7 such that Pe is an infinite dimensional subspace of tal (V,.) and 
ht(P}) C ht(M). Thus to ensure that M is PY -simple, it will be enough to 


ensure that we meet the following set of requirements. 


R;: If PY is an infinite dimensional subspace 


of tal (Vso), then ht(P’) ¢ ht(M). 


Finally, to ensure M is NP-maximal, we shall meet the following set of re- 
quirements. 


Qin: If NY /M is infinite dimensional and NY D> M, 
then there is an x € NY such that 2 + tal(e,) € M. 
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Note that if NY D M and dim(NY/M) is infinite, then meeting all 


the requirements Qj;,n) will ensure that tal(e,) € Nj} for all n so that 
NY = tal(V,,). Thus in fact, M will be NP’ -supermaximal. 


We shall rank our requirements with those of highest priority coming first 


as Ty, So, Ro, Qo, T1, S1, R,,Qi,.... 


In the construction that follows, we shall let Y, denote the set of elements 
enumerated into Y by the end of stage s and 


M, = {0} U{1':1>0 & (Ja € {0,1}*) (jal =f & aE ¥Y,)}. 


We shall ensure that for each s, M, is a finite dimensional subspace of 
tal (V..) and that ht(M,) is contained in {1,... , s}. For any stage s, we let 
CH, = {ni < n§ < ---} be the set of complementary heights for Ms, i.e., 
the set of all heights n so that there are no elements of tal (V..) of height n 
in M,. 


At any given stage s, we shall pick out at most one requirement A; where 
A; will be one of the requirements S;, R;, or Q; and take an action to meet 
that requirement. The fact that the requirements 7; will be satisfied follows 
from the construction described below. For the otherrequirements, we shall 
then say that A; recetved attention at stage s. 


The action that we take to meet the requirement A; of the form S; or Q; 
will always be of the same form. That is, we shall put some elements into 
Y at stage s and possibly restrain some elements from entering Y for the 
sake of the requirement. We shall let res(Aj;,s) denote the set of elements 
that are restrained from entering Y at stage s for the sake of requirement A;. 
We say that requirement A; of the form S; or Q; is satisfied at stage s, if 
there is a stage s’ < s such that A; has received attention at stage s’ and 
res(Aj,s’)NY, = @. 


The actions that we take to meet the requirements A; will be slightly 
different. First, we shall declare that all R; are in a passive state at the start 
of our construction. We would like to find an element z € ps of height n 
such that n ¢ ht(M,). If we can find such an z, then we will restrain all y such 
that k"~! < |y| < k” —1 plus all elements not in Y, which are queried of the 
oracle Y, during the computation of Pi(z) from entering Y for the sake of 
requirement R;. Thus if we ensure that res(R;,s)Y = @, then M will have 
no elements of height n and z € Py so that hi(P’) £ ht(M). If we take such 
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an action for R; at stage s, then we will say that R; has received attention 
at stage s and declare the state of R; to be active. Then for all t > s, we will 
say that an active R; is satisfied at stage t, if res(Rj,s) Y; = @. However 
if Rj is injured at some stage t > s in the sense that res(Rj,s) NY; # 9, 
then FR; will return to a passive state. If we cannot find such an z, we will 
attempt to force ht(P!’) to be finite. That is, since we will ensure that 
At(M;_-1) C {0,... , s—1} for all s, M,_, will have no elements of height s. 
Recall that we are assuming that for n > 0, the run time of computations 
of PX (y) for any oracle X is bounded max(2,n)) for any string of length n. 
Then for n > 2, we let 6, be the largest i such that for all 7"! <r < k™—-1, 


(kn +2) < gk? . 


Note that it is easy to see that lim,_,.. 6, = oo. Our idea is that elements 
of height n in tal(V..) are of the form 1” where k”=! <r < k” —1. Our 
strategy at the end of stage s—1 for s > 2 will be to ensure that for all R; with 
j < 6, which are in a passive state and have the property that por Ci) =0 
for all k°-! <r < k® — 1, we restrain all elements which are not in Y,_; and 
which are queried of the oracle Y,_; in such computations from entering Y 
for the sake of R;. This action will force ht(P,”) to be finite if Rj is in a 
passive state at stage s for all but finitely many s. For any fixed 7 < by, 
the maximum restraint imposed for R; is if we restrained all elements not in 
Y,-1 which are queried of the oracle Y,_; in some computation pe (17) =0 
with 1 < r < k® —1. Since the total number of steps used in all these 
computations is at most 


ks 
2+ he <BR = (ROM, 
i=2 


then clearly we could have restrained at most (k°)"+1) elements from entering 
Y for the sake of R;. Thus at stage s, we will have restrained at most 


bs 
eye) < (k” )Oe+2) < kin?) 


7=0 


elements for entering Y for the sake of some passive requirement R; with 
j <b, at stage s —1. Hence for any given r with k™"! <r < k" —1, we 
will have restrained at most 2”~! elements of length r from entering Y for 
such R,’s. 
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Construction 


STAGES 0, 1: 
Let Yo = ¥; = @ so that Mo = M, = {0}. Let res(A;,0) = res(A;,1) =@ 
for all requirements A; of the form S;, R;, or Qj. 


STAGE s >2: 


Let A; be the highest priority requirement among So, Ro, Qo,.-., Ss, 
R,, Qs such that 


CASE 1: A; = S; and S; is not satisfied at stage s — 1 and there exists 
an £ with 0 < ht(1*) < s such that 


(a) fe Nj, 

(b) ht(1*) € CH,_, and ht(1*) > ns", and 

(c) for each 1” € space({1*} U M,_1) \ M,_1, there is a string a, € {0,1}* 
such that |a,| = |1"| = n and a, is not restrained from Y by any 


requirement of higher priority than S; at stage s — 1 nor is a, queried 
of the oracle in some fixed computation of Nee which accepts 1°. 


CASE 2: A; = R; and R; is not satisfied at stage s — 1 and there exists 
an £ with 0 < At(1*) < s such that 


(i) fe Pe", and 
(ii) ht(1*) € CH, and ht(1*) > ns". 
CASE 3: A; = Q; and Q; is not satisfied at stage s — 1, and if 7 = [e, n], 
there exists an € with 0 < At(1°) < s such that 
(I) 18 e NY, 
(II) At(1*) € CH,_, and ht(1°) > max(n,n$~'), and 


(IH) for each 1" ¢ space({1' +1q: tal (en)} U Ms-1) \ Mg-1, ht(1™) > nf? 
and there is a string a,, of length m in {0,1}* which is not restrained 
from Y by any requirement of higher priority than Q; at stage s — 1 
nor is @ queried in some fixed computation of N¥*-! which accepts 1°. 
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If there is no such requirement Aj, let Y, = Ys-1. Also for all requirements 
A; of the form S; or Q; and for all requirements A; of the form R; where 
either R; is satisfied at stage s—1 or j > bs41, let res(Aj,s) = res(Aj;,s—1). 
Declare that a requirement R; is active at stage s iff R; is active at stage 
s—1. For any R; with 7 < 6,4, which is currently passive and has the 
property that P.”*(1") = 0 for all ko <r < k*t! — 1, let res(Rj,s) equal 
res(R;,s — 1) union the set of all y ¢ Y, such that y is queried of the oracle 


in one of the computations P& (1) where k® <r < ket! — 1. 


If there is such a requirement Aj, we have three cases. 


Case 1: A; = Sj,. 

Let £, denote the least @ corresponding to S;,.. Then for each 1” € 
space({1*} U M,_1) \ M,_1, pick the least string a, such that |a,| = n, 
a, is not restrained from Y by any requirement of higher priority than S;, 
at stage s — 1, nor is a, queried of the oracle Y,_; in the computation of 
Nee which accepts 1, and put a, into Y. This will ensure that if M,_, 
is a finite dimensional subspace of V,., then M, will also be a finite dimen- 
sional subspace of V,,. Note that the assumption that ht(1") € CH, 1 
ensures that all 1” € space({1*}U M,1) \ M,-1 have the property that 
At(1") > ht(1"). That is, such a 1" must be of the form 1" = A-tq: 1° +4qi m 
where m € M,-, and \ € F. Then since ht(m) # At(1**), it must be the case 


that he(1") > ht(1®). Thus hi(M,)M {n{7’, ... , n>} = @, and hence for 
all i < js, nf" = n$. Let res(S;,,s) equal the set of all strings not in Y,_1 


which are queried of the oracle Y,_; in the computation of Nie which ac- 
cepts 1, and say S;, receives attention at stage s. Also for all requirements 
A; of the form S; or Q; and for all requirements A; of the form R; where 
either FR; is satisfied at stage s— 1 or j > 6,41, let res(A;,s) = res(A;,s — 1) 
if Y,;M res(A;,s ~ 1) = @ and let res(A;,s) = @ if Y,M res(Aj,s — 1) # @. 
Declare that a requirement R; is active at stage s iff R; is active at stage 
s—land Y,Nres(R;,s—1) = @. For any R; with j < 6,41 which is currently 
passive and has the property that PMI") = 0 for all ke <r < ks* — 1, let 
res(R;,s) equal res(R;,s—1) union the set of all y ¢ Y, such that y is queried 
of the oracle Y, in one of the computations PSG"), where k8 <r < k8t} 1, 


Case 2: A; = R,,. 

Let £, denote the least @ corresponding to j, and n, = ht(1). We then 
say that Rj, is active and receives attention at stage s. We let YS = Y*"! 
and res(R;,,s) consist of all elements y with k™*~! < |y| < k™* —1 and 
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all elements which are not in Y,;_; and which are queried of the oracle Y,_; 
in the computation Pads), Note that if res(Rj,,s) Y = @, then M 
will have no elements of height n, = hi(1%) but 1’ € P.Y. Also for all 
requirements A; of the form $; or Q; and for all requirements A; of the form 
R; where j # j, and where either R; is satisfied at stage s —1 or 7 > bs41, 
let res(Aj,8) = res(A;,s — 1). For 7 # js, declare that a requirement R; is 
active at stage s iff R; is active at stage s—1. For any R; with 7 < bs41 
which is currently passive and has the property that Ph) = 0 for all 
k®’ <r < kt! — 1, let res(R;,s) equal res(R;,s — 1) union the set of all 
y € Y, such that y is queried of the oracle Y, in one of the computations 
PP) where k8 <r < kt! — 1. 


Case 3: A; = Qj,. 

Let j,; = [es,n;5] and £, denote the least @ corresponding to j;. Then for 
each 1" € space({1® +tal tal (en.)} U Ms_1) \ Ms-1, pick the least string 
Qn such that jam| = m, and a,» is not restrained from Y by any require- 
ment of higher priority than Q,, at stage s — 1 nor is a, queried in the 
computation of NY*-! which accepts 1® and put am into Y. Once again this 
will ensure that M, is a finite dimensional subspace of V,.. Note that since 
At(1) > n, = At(tal (en,)), it follows that ht(1® +1: tal (en,)) = At(1®). 
Thus as in case 1, the assumption that At(1°) € CH,_, ensures that all 1” € 
space({1** +1q: tal (€n,)} U M,_1) \ M,_; have the property that At(1") > 
At(1®). Let res(Qj,,s) equal the set of all strings which are not in Y,_1 
which are queried of the oracle in the computation of Nast which accepts 
1 and say Q;, receives attention at stage s. Also for all requirements A; of 
the form S; or Q; and for all requirements A; of the form R; where either 
R; is satisfied at stage s— 1 or 7 > bs41, let res(Aj,s) = res(Aj,s — 1) if 
Y;Mres(A;,s—1) = @ and let res(A;, s) = @ if Y,Mres(A;,s—1) # @. Declare 
that a requirement R; is active at stage s iff Rj is active at stage s — 1 and 
Y, 9 res(Rj,s — 1) =@. For any R; with 7 < 6,4; which is currently passive 
and has the property that P*(1") = 0 for all ks <r < k**}—1, let res(R;,s) 
equal res(f;,s — 1) union the set of all y ¢ Y, such that y is queried of the 
oracle Y, in one of the computations Pin): where k®° Cr < k*t! — 1, 


This completes the construction of Y. 


Lemma 7.48 Each requirement of the form S;, R;, or Q; receives attention 
at most finitely often. 
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Proof. We proceed by induction on 7. Suppose that so is such that there 
is no stage s 2 so such that one of 59, Ro, Qo, ..., 5;, Rj, Qj receives 
attention at stage s. Then if there is a tf > so such that 5;4, receives 
attention at stage ¢, then by construction S41 is satisfied at stage ¢ and 
res(S;41,t) 1 Y; = @. However, it is easy to see from our construction that 
for s > t, res(Sj41,5) = res(Sj41,t) and res(Sj41,s) 1 Y; = @ unless some 
requirement of higher priority than 5}, eceives attention at stage s. Since 
this never happens by our choice of 59, 5j41 will be satisfied for s > t. 
Thus Sj; can receive attention at most once after stage so. Thus there 
must be a stage s, such that there is no stage s > s, such that one of 
So, Ro, Qo,--.,5;, Rj, Q;, Sjz1 receives attention at stage s. A similar 
argument will show that Rj4, can receive attention at most once after stage 
s,. Thus there must be a stage s2 such that there is no stage s > s2 such that 
one of So, Ro, Qo, --., 53, Ry, Q;, Sit, Rj4i receives attention at stage 
s. Finally a similar argument will show that Qj+41 can receive attention at 
most once after stage sz. Thus each of the requirements S;, Rj, or Qj can 
receive attention only finitely often. a 


Lemma 7.49 dim(tal(V,,)/M) is infinite. 


Proof. We prove by induction that dim(tal (V..)/M) 2k for all k. That is, 


let to be a stage such that no requirement Sp, Ro, Qo,.-., Sr, Re, Qe te 
ceives attention at any stage s > to. Since M,, is finite dimensional, n‘° is de- 
fined for all i. Hence M, contains no strings of height n forn = nj, ..., nj. 


But no requirement S;, Rj, or Q; with 7 > k can force elements of height 
n < nj into M at any stage s. Hence by our choice of to, there can be no 
strings of heights n forn = ni?,... , nin M. Thus dim(tal (V..)/M) > k.O 


Lemma 7.50 M is PY -simple. 


Proof. First we show that if NJ is a subspace of tal(V..) such that 
ht(N}’) \ hi(M) is infinite, then NY oM # {0}. For a contradiction, as- 
sume N} is such that hi(N}’) \ ht(M) is infinite and Nf 0M = {0}. Note 
that since M is co-infinite dimensional by Lemma 7.49, it follows that n,; = 
lims-4oon? exists for all 7. Let so be a stage large enough so that n? = n; for 
2 <7 and none of the requirements Sp, Ro, Qo, ... , Sj-1, Rj-1, Qj-1 re 
ceives attention after stage so. Let U,, denote the set of all 1" such that there 
exists a requirement A; among So, Ro, Qo, .-- , Sj-1, Rj-1, Qj-1 which is 
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satisfied at stage so, such that there exists an a € res(Aj, 89) with |a| =n. 
Our choice of so ensures that if n ¢ U,,, then no string a of length n is 
ever restrained from Y by a requirement of higher priority than S; which is 
satisfied at some stage t > so. Also our choice of so ensures that n; = ni for 
alli <j and t > so. 


Next let tg > so be such that 
(1) to > max({At(y) : y € Ug} U {2,50 73) 
(2) b, >j, and 


(3) 2°"! > Pr forall r > to. 


Note that for any ¢ > to, our construction ensures that the number of 
strings of length r where k'~! < r < kt ~— 1 which are restrained by some 
requirement &; with 1 < j which is passive at stage ¢ is less than 2’7!. 
Moreover we are assuming that any successful computation of the oracle 
machine Nx for any oracle X on a string of length r > 2 takes at most r/ 
steps. Thus our choice of tg ensures that if tf > tg and 17 € Ny is string 
of height > to, then there is at least one string a, € {0,1}* of length « 
which is not restrained from Y by any requirement of higher priority than 5; 
at stage ¢, nor is queried of the oracle ¥; in some fixed computation which 
shows that 17 € Ny. Since ht(N}Y) \ At(M) is infinite, there must exist 
a1" € NY such that At(1") > to and At(1") ¢ ht(M). Then there must 
be some stage s > tg such that 1" € Ne Note that at stage s, each 
1” € space({1"}U M,_1) \ M,_1 has the property that hi(1™) > ht(1") > to 
and thus there is at least one string a, of length m which is not restrained 
from Y by any requirement of higher priority than S; at stage s — 1, nor 
is queried of the oracle Y,;_; in some fixed computation which shows that 
I" eE Ne Thus 1” witnesses that 5S; is a candidate to receive attention 
at stage s. Thus either S; is satisfied at stage s — 1 or S; is highest priority 
requirement among So, Ro, Qo, .-., 5s, Rs, Qs which can receive attention 
at stage s. In either case, it follows that S; will be satisfied at stage s. Thus 
there will be some 1” € (NY M M,) < {0} such that all elements which are 
queried of the oracle Y, in some computation which shows that 1” € Ni se 
and which are not in Y;, are in res(5;,s). However our choice of tp ensures 
that we can never put any element of res(S;,s) into Y after stage s so that 
1” will witness that NY NM # {0}. 
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Remark. We note that the assumption that ht(N}) \ ht(M) is infinite 
seems to be crucial in this argument. That is, if we merely assume that 
dim(N /M) is infinite, then it may be the case that whenever there exists 
a1” € NY such that At(1") > to and 1" ¢ M, then at a stage s > to where 
I"¢€ Nok, there is some 1" € M,_, such that Aht(1™) = At(1”). In such a 
situation it is possible that ht(1" +¢a: 1”) is much less than ht(1"). That is, 
it may be possible that some element in 17 € space({1"}U M,_1) \ Ms-1 has 
height so small that all strings of length z are queried of the oracle during any 
computation which shows that 1” € Nes Then it will be impossible to put 
a string of length z into Y, so as to ensure that 1* € M, while maintaining 
the computation to ensure that 1" € NY. 


To continue our proof of the lemma, we can now assume that if EY 
is an infinite dimensional subspace of tal (V>.) such that P.® 9 M = {0}, 
then ht(PY) \ At(M) is finite. By our argument preceding the construc- 
tion, it would then follow that there is some 7 such that Pe is an infinite 
dimensional subspace of tal (V,.) and ht(PY) C ht(M). We shall now show 
that there can be no such 7. For a contradiction, assume that py is an 
infinite dimensional subspace of tal(V,,) and ht( Py’) Cc At(M). Let s; be 
a stage large enough so that n?' = n; for 2 < j and none of the require- 
ments So, Ro, Qo, --- , Sj-1, Rjy-1, Qj-1, 5; receives attention after stage 
s,. Let U,, denote the set of all 1” such that there exists a requirement A; 
among So, Ro, Qo, --. , Sj-1, Rj-1, Qj-1, 5S; which is satisfied at stage s, 
and there exists an a@ € res(Aj,81) with Ja] = n. Our choice of s; ensures 
that ifn ¢ U;,, then no string a of length n is ever restrained from Y by a 
requirement of higher priority than R; which is satisfied at some stage ¢ > Sp. 
Also our choice of s; ensures that n; = ni for all i < j and t > So. 


Next let ¢; be such that 
(1) t; > max({ht(y): y € Us, } U {2, 51, n:-1}), 
(2) ba, > Dd; and 


(3) 2°"! > Pr? for all r > ty. 


Now we claim that there can be no stage t > t; at which R; is satisfied 
at stage t. That is, if R; is satisfied at stage t, there must be some s < ¢ 
such that A; receives attention at stage s, and there is a 1” € Par such 
that q = At(1*) € CH,-1, and res(R;,s) = res(R;,t) contains all strings of 
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length r where k?-! < r < k? —1, and contains all strings which are not in 
Y,-1 which are queried of the oracle Y,_; in the computation Pee) = 1 
and res(Rj,s)M Y; = @. But then our choice of t > t; ensures that 
res(R;,s) AY = @, which means that M can nave no strings of height q 
while 17 € PY. But then 1? witnesses that ht(P.”) Z ht(M) which contra- 
dicts our asctmnbtion that ht(P”) C ht(M). ante i must 2 the case that 
for all stages t > t,, R; is in a passive state. It follows that for all t > t,, there 
can be no r with kt <r < k‘t! —1 such that P41") = 1 since otherwise at 
stage t+1, there is some r with kt <r < ‘+! ~1 such that P-™(1") = 1. But 
then at stage t+ 1, 1" witnesses that R; is a candidate to receive attention 
at stage t+ 1. By our choice of t > t,, it would follow that R; is the highest 
priority requirement among So, Ro, Qo, --- , Siti, Rigi, Qig1 which could 
receive attention at stage t+ 1 so that R; would receive attention at stage 
t+ 1 which we have already ruled out. Thus it must be the case that for 
all r with kb cr < kit! — 1, PAC") = 0. But then our choice of t > ?t; 
ensures that 7 < 6:4; and hence all elements which are not in ¥; which are 
queried of the oracle Y; during one of the computations Por) = 0 where 
k' <r ¢ k't! — 1] are put into res(R;,t). Again the fact that t > t; ensures 
that res(Rj,t) VY =@ so that for all r with kh} <r kit! -1, P¥(1") =0. 
That is, P,” has no strings of length ¢+1 for any ¢ >t, and henee ht(P;”) is 
finite. Thus there can be no such P,” such that PY i is an infinite dimensional 
subspace of tal (V..) and ht(P,”) € ht(M). But this means that there can 
be no r such that PY is an trifinite dimensional subspace of tal (V,.) and 
PY 1M = {0}. Thus M is pY-simple as claimed. oO 


Lemma 7.51 M is Np’ ~mazimal. 


Proof. By our remarks preceding the construction, we need only show that 
we meet all the requirements Qj.,,}. So assume NY is a subspace of tal (V..) 
such that (NY /M) is infinite dimensional and NY D> M. Let j = [e,n] and 
let s2 be a stage oy that n; = n;? for 1 < 7 and none of the requirements 


So, Ro, Qo, --. , Sj-1, Rj-1, Qj-1, Sj, R; receive attention after stage s2. 
Let U,, denote the — of all 1” such that there exists a requirement A; among 
So; Re Qo, ---, Sj-1, Rj-1, Qj-1, S;, Rj which is satisfied at stage sz and 


there exists an a € res(Aj, 82) with |a| =n. Our choice of sz ensures that 
ifn ¢ U,,, then no string a of length n is ever restrained from Y by a 
requirement of higher priority than Q; which is satisfied at some stage t > s2. 
Also our choice of s2 ensures that n; = ni for alli <j and t > 82. 
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Next let t2 be such that 
(1) t2 > max({ht(y) : y € Us, } U {2, 52, n:-1}), 
(2) by, > J, and 


(3) 2°-! > for all r > tp. 


Note that for any t > tz, our construction ensures that the number of 
strings of length r, where k'-! < r < k' — 1, which are restrained by some 
requirement R; with i < j which is passive at stage t, is less than 2”~'. 
Moreover we are assuming that any successful computation of the oracle 
machine N* for any oracle X on a string of length r > 2 takes at most r’ 
steps. Thus our choice of ¢2 ensures that if t > tg and 17 € Ny is string of 
height > tz, then there is at least one string a, € {0,1}* of length z which 
is not restrained from Y by any requirement of higher priority than Q; at 
stage t, nor is queried of the oracle Y; in some fixed computation which shows 
that 17 € NM. 


Next observe that since dim(NY /M) is infinite and NY D M, it must 
be the case that ht(NY) \ At(M) is infinite. That is, let A = {ao, a1, ...} 
be an infinite set of elements of NY which is independent over M. Then 
consider some fixed a; € A and suppose a; = )°?_, A; - tal(e;,) where 4; € F 
fort=1,...,q,A, #0, and 7; <--+ < jg. Thus ht(a;) = j,. Now if there 
exists an m, € M such that ht(m) = At(a;), then 


my = s Be: tal (ee) 


€€3q 


where ( € F for all £ and @;, #0. But then 


is an element of NY \ M such hAt(a!) < hAt(a;). Now if there exists an mz € M 
such that ht(a}) = ht(m2), then once again there is some y € F' such that 
a? = a} —tal Y* Mz is an element of NY \ M with ht(a?) < ht(a!) < ht(a;). 
If we continue in this fashion, we must eventually find some a? = a; +tai Vk 
where v;, € M such that hi(a¥) ¢ At(M). That is, we can replace our 


original independent set A over M by a set A’ = {ag, a,,...} where for 


486 D. Cenzer and J. B. Remmel 


all 2, a; —tai a; € M and ht(a;) ¢ ht(M). But then A’ is an infinite subset 
of NY which is independent over M. Thus there is no finite set F’ such 
that space(M U F’) D A’. This implies that ht(A’) = {ht(a’) : 7 > 0} must 
be infinite, since otherwise there clearly would be a finite set F such that 
space(M U F) D A’. But by construction At(A’) C ht(NY) \ ht(M) so that 
ht(NY) \ ht(M) must be infinite. 


Since ht(NY) \ ht(M) is infinite, there must exist a 17 € NY such that 
ht(1?) > to, ht(12) > n, and At(1*) ¢ At(M). Then there must be some stage 
s > ty such that 17 € N**-1. Note that at stage s, each 


1” € space({1? +1q tal (en)}U Ms-1) \ Mg-1 


has the property that ht(1™) > ht(1% +a tal (en)) = At(1?) > te, and thus 
there is at least one string a,, of length m which is not restrained from Y by 
any requirement of higher priority than Q; at stage s—1, nor is queried of the 
oracle Y;_; in some fixed computation which shows that 1% € Ne Thus 
1? witnesses that Q; is a candidate to receive attention at stage s. Hence 
either Q; is satisfied at stage s — 1 or Q; is highest priority requirement 
among So, Ro, Qo,---, Ss, Rs, Qs which can receive attention at stage s. 
In either case, it follows that Q; will be satisfied at stage s. Thus there will 
be some 1? € Ny such that 1? +44; tal (en) € Ms, and all elements which are 
queried of the oracle in some computation which shows that 1? € NY and 
which are not Y,, are in res(Q;, 5). However our choice of tz ensures we can 
never put any element of res(Q;,s) into Y after stage s so that 19 € Ny 
and hence requirement Q; is met. Thus M will be NPY -supermaximal and 
hence will be NP’-maximal. This completes the proof of Lemma 7.51 and 
of Theorem 7.47. Oo a 


We note that M constructed in Theorem 7.47 has a number of interesting 
properties besides being NP’ -maximal and Pp’ -simple. First of all, it is easy 
to check that in meeting the requirements S;, we made no use of the fact that 
N¥ was a subspace of tal(V..), but only that NY was a subset of tal (V..). 
Similarly, it is easy to check that in meeting the requirements R; we made 
no use of the fact that Pe was a subspace of tal(V..), but only that PS 
was a subset of V,,. Thus meeting all the requirements A; ensures that there 
is no infinite subset W of tal(V,.) in P” such that ht(W) C ht(M). Thus 
M does not contain any infinite PY set and hence M does not have a basis 
in PY. We also claim that tal(V..) \ M does not have any infinite subsets 
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in PY. That is, suppose that PY C tal (Vio) ~ M. Now it cannot be that 
ht(P)) \ At(M - is infinite, since Pothenwise there is an 7 such that pes Ne. 
and the fact that we met requirement S; would mean that PY nN M # {0}. 
Thus ht(P,¥) C* ht(M). Let Q = ht(space(A)) \ ht(P;”). Then clearly 


={re Pe : ht(r) € Q} 


is an infinite set in PY such that At(S) C At(space(A)). Since meeting all 
the requirements R; rules out the existence of such an S, tal (V..) \ M does 
not contain an infinite set in PY. Recall that a set of strings S' is called PY - 
immune if S has no infinite subset in PY. Thus both M and tal (V..) \ M 
are PY -immune 

Note also that by Theorem 7.40, the fact that M is NPY -maximal implies 
that NPY 4 co-NP”, and hence that PY # NPY. Thus we have proved the 
following. 


Corollary 7.52 There exists an r.e. oracle Y and a subspace M of tal (V0) 
such that 


1) PY #NPY and NPY F co-NP’, 


M is PY -immune and hence has no basis in P* , 


) 

2) M Enp’, 
) 
) 


4) tal (Vic) \ M is PY -immune, and 


( 
( 
(3 
( 
(5) M is both PY -simple and NP* -supermazimal. 

We next give an analogue of Theorem 7.47 for st(V..). Once again we 


shall think of st(V..) as the k-ary representation B,(V.) so that for all 
x € st(Voo), |v] = At(z). 


Theorem 7.53 There exists an r.e. oracle D such that there exists an NPP - 
supermazimal P?-simple subspace in st(Voo). 


Proof. The construction again proceeds in stages. We let D, be the set 
of elements enumerated into D by the end of stage s. For any given x € 
{0,..., k—1}* with |x| > 1, we let C, denote the set of all strings of length 
8|z| + 2 of {0,..., & —1}* of the form z104!!10 where a is any string of 
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length 3|z| in {0,...,& —1}*. Note that there are k°!*! strings in C, for 
any z € st(V..). Let Cg = {@}. It is then easy to see that if x # y, then 
C,NC, = 9. 


We then define A = {zr : C,N D # 9}. Thus A will be in NP?. Our 
idea is to define D so that A is a height increasing independent subset of 
st(V,.). Then by the relativized version of Theorem 7.28, space(A) € NP?. 
Our construction of D will ensure that space(A) is our desired P?~simple 
NP?-supermaximal space. Let A, = {r: C, D, # @}. At each stage s, 
we shall let B, = {st(e,) : A, has no element of height n}. Our construc- 
tion will ensure that at each stage s, A, U B, is a height increasing basis 
of st(V..). We define 6? for all 7 and s so that B, = {b3, 6§,...} where 
ht(b§) < ht(bj) <---. 


To ensure that space(A) is co-infinite dimensional we must meet the fol- 
lowing set of requirements. 


T;: card({n: D contains no strings a with |a| = 8n + 2}) > 7. 


Thus 7; says there are at least 7 heights n so that A contains no strings 
of height n. So meeting requirement T; ensures dim(V;./space(A)) > j. 
To ensure that space(A) is P?-simple, we shall meet the following set of 
requirements. 


S;: If NP is an infinite dimensional subspace of st(V..) such that 
ht(N?) \ ht(space(A)) is infinite, then space(A)M NP # {0}. 


Now suppose that Pe generates an infinite dimensional subspace of st(V.) 
which is in NP?. Note that meeting all the requirements $; will ensure 
that either space(P?)/M space(A) # {0} or ht(space(P?)) C* ht(space(A)). 
Now suppose that ht(space(P?)) C* ht(space(A)), and let U = ht(P?) 
ht(space(A)). If U = @, then ht(P?) C ht(space(A)). Otherwise, U isa finite 
set, so let U = {no,... , mg} and let zo, ... , t, be elements of space(P?) 
such that ht(z;) = n;. Note that any x € st(V..) is a string of the form 
r=, ‘++ Gz where a; € {0,... ,k —1}. Then we define the full height of 
zt, fh(z) = {n:1<¢n< |z| and a, # 0}. Then it is easy to see that given 
any x € space(P?), there exists some \,, ... , Ag in F' such that 


f(x —s 3 hai) WU = 6. 
t=1 
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That is, if z = a; --+ az) where |x| >n, and a,, #0 and zy = aig +++ Ang, 
where an,.q # 0, then 


2’ = © —st —t Ig = bo «++ biz 
where b,, = 0 so that n, ¢ fh(z’). 
Now if 6,,_, #0 and ay-1 = @y,9-1 -+* Gn,_,,g-1 Where ap,_,,9-1 # 0, then 


u" q b 
rc = <I —st 


q-1 = CO+** Ce} 
G@ng_1,q-1 


where c,, = bn, = 0 and c,,_, = 0 so that neither n, nor n,-y is in fh(a"). 


Continuing on in this way, we can construct our desired linear combina- 


tion )77_, Aizi such that fh(«@ —» 02, Ati) NU = @. 


Now let Q = {zx € space(P?) : fh(z) 1U = @}. It is easy to see that 
Q is a subspace of P? and our argument above shows that space(P?) = 
space({z1,..., Zg}) ®Q. Thus Q is an infinite dimensional subspace of 
st(Vs.) such that ht(Q) C ht(space(A)). Let T be the set of all y such 
that fh(y) NU = @, |y| > kltl, and there exists an z € PP and z € 
space({r1,..., }) such that e+, z= y. Note that space({x1,... , tq}) 
has exactly k? elements since {z,,... , zg} is a height increasing basis for 
space({z,,..., Zg}). Thus given any y with |y| > kl, in polynomial time 
in |y|, we can find all y +5: w such that w € space({xz,,...,2,}). Now 
for any w € space({z1,..., q}), At(w) < he(xq) = |xq| < kl! so that 
ht(y +s: w) = At(y). Thus it takes at most k%(|y|’) steps to test all such 
y +s: w for membership in Pe given an oracle D. But then 


yeT iff {yt w:w € space({2,,..., t})} NP? #O. 


Thus it follows that T is in P? and clearly T generates an infinite dimensional 
subspace of @. Thus there must be some 7 such that lag generates an infinite 
dimensional subspace of st(V..) and ht(space(P?)) € ht(space(A)). Thus to 
ensure that space(A) is P?-simple, it will be enough to ensure that we meet 
the following set of requirements. 


R;: If je generates an infinite dimensional 
subspace of st(V,,), then ht(P?) ¢ ht(space(A)). 
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Finally, to ensure that space(A) is NP-supermaximal, we shall meet the 
following set of requirements. 


Qtinj : If NP/space(A) is an infinite dimensional and N? D space(A), 
then there is an z € NP such that x + st(en) € space(A). 


Note that if NP D space(A) and dim(NP/space(A)) is infinite, then meeting 
all the requirements Qi:,nj will ensure that st(e,) € N? for all n, so that 
NP = st(V.o). 


We shall rank our requirements with those of highest priority coming first 


as To, So, Ro, Qo, Ls Sissi Qin i< 


As in the construction of Theorem 7.47, at any given stage s, we shall 
pick out at most one requirement E; where E; will be one of the requirements 
S;, Rj, or Q; and take an action to meet that requirement. We shall then 
say that E; received attention at stage s. The action that we take to meet 
the requirement E; of the form S; or Q; will always be of the same form. 
That is, we shall put some elements into D at stage s and possibly restrain 
some elements from entering D for the sake of the requirement. We shall let 
res(E;,s) denote the set of elements that are restrained from entering D at 
stage s for the sake of requirement E;. We say that requirement E; of the 
form 5S; or Q; is satisfied at stage s, if there is a stage s’ < s such that FE; 
has received attention at stage s’ and res(E;, 3’) D, = @. 


The actions that we take to meet the requirements R; will be essentially 
the same as in the construction of Theorem 7.47. First, we shall declare that 
all R; are in a passive state at the start of our construction. We would like to 
find an element x € Pe of height n such that n ¢ ht(space(A,)). If we can 
find such an z, then we will restrain all y such that |y] = 8n +2 andy €C, 
for some x € st(V..) of height n plus all elements not in D, which are queried 
of the oracle during the computation of Pi) from entering D for the sake 
of requirement #;. Then if we ensure that res(Rj,s).D = @, A will have no 
elements of height n and x € PP so that ht(P?) £ ht(space(A)). If we take 
such an action for R; at stage s, then we will say that R; has received atten- 
tion at stage s and declare the state of Rj to be active. Then for allt > s, we 
will say that an active R; is satisfied at stage t, if res(Rj,s) D; = 6. How- 
ever, if R; is injured at some stage t > s in the sense that res(R;,s)ND; 4 @, 
then R; will return to a passive state. If we cannot find such an z, we will 
attempt to force ht(PP) to be finite. That is, since we will ensure that 
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ht(space(As_1)) C {0,..., 8 — 1} for all s, A,_; will have no elements of 
height s. Recall that we are assuming that for n > 2, the run time of com- 
putations of Ee (y) for any oracle X is bounded max(2,n) for any string of 
length n. Then for n > 2, we let d, be the largest 7 such that for all r, 


nlit2) < ke, 


Note that it is easy to see that lim;_,.. d; = oo. Our idea is that elements 
of height n in st(V..) are just the elements of length n. Our strategy at the 
end of stage s — 1 for s > 2 is that for all Rj; with 7 < d, which are in a 
passive state and have the property that PP" (2) = 0 for all x € st(V..) 
of length s, we will restrain all elements which are not in D,_, and which 
are queried in such computations from entering D for the sake of R;. This 
action will force ht(P?) to be finite if R; is in a passive state at stage s for all 
but finitely many s. For any fixed 7 < d,, the maximum restraint imposed 
for R; occurs if we restrained all elements not in D,_,; which are queried of 
the oracle D,-, in some computation PP +(x) = 0 with 1 < |x| < n and 
z € st(V..). Since the total number of steps used in all these computations 
is at most : 

2 + So Ki < sk*-s) = best), 
i=2 
then clearly we could have restrained at most k*°s+!) elements from entering 
D for the sake of R;. Thus at stage s, we will have restrained at most 


ds 

x ko g(t) < k:3.g(4s+2) < kke = ks 

*=0 
elements from entering D for the sake of some passive requirement R; with 
J <6, at stage s — 1. Hence for any given x with |x| = n, we will have 
restrained less than k?* elements of C, from entering D for such R,’s. 


Construction 


STAGES 0,1: 
Let Do = D, = @ so that Ap = A; = @. Let res(E;,0) = res(E;,1) =@ 
for all requirements E; of the form S;, Rj, or Qj. 


STAGE s > 2: 


Let E; be the highest priority requirement among Sp, Ro, Qo, ---, Ss, 
R,, Qs such that 
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CASE 1: E; = S; and S; is not satisfied at stage s — 1 and there exists an 
z € st(V..) with 0 < |z| < s such that 


(a) ré€ Nee, 
(b) |a| ¢ ht(space(A,_1)) and |x| > |bs~"|, and 


(c) there exists a y € C, such that y is not restrained from D by any 
requirement of higher priority than S; at stage s — 1 and y is not 
queried of the oracle D,_; in some fixed computation which shows that 
re Ne. 

d 


CASE 2: £E; = R; and R; is not satisfied at stage s — 1 and there exists an 
x € st(V..) with 0 < |z| < s such that 


(i) |x| ¢ ht(space(As_,), and 


(ii) ce PO. 


CASE 3: A; = Q; and Q; is not satisfied at stage s — 1, and if j = [e,n], 
there exists an x with 0 < |z| < s such that 


(I) ce ND, 
(II) |x| ¢ ht(space(As_1), |z| > |b3~*|, and |x| >, and 


(IM) there exists a y € Cri, st(e,) such that y is not restrained from D by 
any requirement of higher priority than S; at stage s — 1 and y is not 
queried of the oracle D,_; in some fixed computation which shows that 


NP:-1(z), 


If there is no such requirement EF, let D, = D,-,. Also for all require- 
ments E; of the form S; or Qj, and for all requirements E; of the form 
R; where either R; is satisfied at stage s — 1 or j > ds41, let res(Ej,s) = 
res(E;,s — 1). Declare that a requirement R; is active at stage s iff R; is 
active at stage s — 1. For any R; with 7 < ds41 which is currently passive 
and has the property that Rae) = 0 for all x € st(V.) of length s +1, 
let res(R;,s) equal res(R;,s — 1) union the set of all y ¢ D, such that y is 
queried of the oracle D, in one of the computations pe *(z) where zx € st(V..) 
of length s+ 1. 
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If there is such a requirement F;, we have three cases. 


Case 1: E; = Sj,. 

Let x, denote the least x corresponding to S;,. Then pick the least string 
az, € C,, such that a,, is not restrained from D by any requirement of higher 
priority than S;, at stage s — 1, nor is a,, queried of the oracle D,; in the 
computation of Nee which accepts z,, and put a,;, into D. Let res(S;,, s) 
equal the set of all strings not in D,_,; which are queried of the oracle D,_; 
in the computation of N;-*~' which accepts x5, and say S;, receives attention 
at stage s. Also for all requirements EF; of the form S; or Qj, and for all 
requirements E; of the form R; where either R; is satisfied at stage s — 1 or 
J > ds4i, let res(Ej,s) = res(E;,s — 1) if D, N res(Ej;,s — 1) = @ and let 
res(Ej,s) = @ if D, MN res(E;,s — 1) # @. Declare that a requirement R; is 
active at stage s iff R; is active at stage s—1 and D,Mres(R;,s—1) = @. For 
any R; with 7 < ds4, which is currently passive and has the property that 
PPs(z) = 0 for all z € st(V..) of length s+1, let res( Rj, s) equal res(Rj,s—1) 
union the set of all y ¢ D, such that y is queried of the oracle D, in one of 
the computations et), where z € st(V,,) and |z| = s +1. 


Case 2: E; = R;j,. 

Let x, denote the least x corresponding to j,. We then say that Rj, is 
active and receives attention at stage s. We let D, = D,_-; and res(j,,s) 
consist of all elements y of length 8|x,| + 2 which are in some C, such that 
z € st(V..) and |z| = |z,|, and all elements which are not in D,_; and which 
are queried of the oracle D,_; in the computation PG) = 1. Note that if 
res(R;,,8)D = @, then A will have no elements of height |z,| but 2, € P,?. 
Also for all requirements E; of the form S; or Qj, and for all requirements 
E; of the form R; where 7 # j, and where either R; is satisfied at stage 
s—lor 7 > ds41, let res(E;,s) = res(E;,s — 1). For 7 # js, declare that 
a requirement R; is active at stage s iff R; is active at stage s — 1. For 
any R; with 7 < ds4, which is currently passive and has the property that 
Pe) = 0 for all x € st(V..) of length s+1, let res(R;,s) equal res( Rj, s—1) 
union the set of all y ¢ D, such that y is queried of the oracle D, in one of 
the computations PP*(a), where z € st(V..) and |x| = s +1. 


Case 3: E; = Q;,- 
Let j, = [es, 5] and z, denote the least x corresponding to j,. Then pick 
the least string az, € C,, such that a,, is not restrained from D by any 
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requirement of higher priority than Q,, at stage s — 1, nor is a,, queried of 
the oracle D,.; in the computation of PPs=i(z,); and put a,, into D. Let 
res(Q;., ) consist of all strings which are not in D,_; which are queried of the 
oracle D,_ in the computation of P?:-'(z,), and say Qj, receives attention 
at stage s. Also for all requirements E; of the form 5S; or Q; and for all 
requirements E; of the form R;, where either Rj; is satisfied at stage s — 1 
or j > ds41, let res(E;,s) = res(E;,s — 1) if D, Nres(E£;,s — 1) = @ and let 
res(E;,s) = @ if D, N res(Ej,s — 1) # @. Declare that a requirement R; is 
active at stage s iff R; is active at stage s—1 and D,M res(R;,s — 1) = @. 
For any R; with 7 < ds4, which is currently passive and has the property 
that PP a) = 0 for all x € st(V..) of length s +1, let res(R;,s) equal 
res(R;,s — 1) union the set of all y ¢ D, such that y is queried of the oracle 


D, in one of the computations PP?(z), where z € st(V.,) and |r| = s+ 1. 


This completes the construction of D. We note that A is a height in- 
creasing independent set in NP” , since our construction ensures that we can 
never put two elements of the same height in A. Thus by Theorem 7.28, 
space(A) € NPY. We then have to prove the same sequence of lemmas as in 
Theorem 7.47 to complete the proof the theorem. The details may be found 
in [58]. Qo 


Again the space(A) constructed in Theorem 7.53 has a number of inter- 
esting properties besides being NP?-supermaximal and P?-simple. First of 
all, meeting all the requirements R; ensures that space(A) is P?-immune. 
That is, if P? is an infinite subset of space(A), then certainly P? gener- 
ates an infinite dimensional subspace of st(V,.) and ht(P) C ht(space(A)), 
which would violate requirement R;. Also, as in the construction of Theo- 
rem 7.47, it is easy to check that in meeting the requirements S; we made 
no use of the fact that N? was a subspace of st(V..), but only that N? was 
a subset of st(V..). We claim that st(V..) \ space(A) does not have any 
infinite subsets in P?. That is, suppose that PP © st(Voo) \ space(A). 
Now it cannot be that hi(P?) ~ ht(space(A)) is infinite since otherwise 
there is an i such that P? = NP and the fact that we met requirement 
S; would mean that P? M space(A) # {0}. Thus ht(P?) C* ht(space(A)). 
Let Q = ht(space(A)) ht(P?). Then clearly 


S = {xe PP: ht(z) ¢ Q} 
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is an infinite set in P? which generates an infinite dimensional subspace of 
st(Vs.) and ht(S) C ht(space(A)). Since meeting all the requirements R; 
rules out the existence of such an S, st(V,.) \ space(A) does not contain an 
infinite set in P?. Thus space(A) and st(V>,) \ space(A) are P?-immune. 

Note also that by Theorem 7.40, the fact that space(A) is NP?-maximal 
implies that NP? 4 co-NP?, and hence that P? # NP”. Thus we have proved 
the following. 


Corollary 7.54 There exists an r.e. oracle D and a subspace V of st(Vo.) 
such that 


(i) PP? #NP? and NP? F co-NP», 
(ii) 
(iii) V is P?-immune. and hence has no basis in PP, 
(iv) st(V..) —V is P?-immune, and 

) 


(v) V is both PP-simple and NP? -supermazimal. 


Finally we observe that results about NP and P subspaces of tal (V..) 
naturally extend to results about NEXT and DEXT subspaces of st(V,.) by 
Lemma 3.3. For a typical example, say that a subspace M of st(V.) is 
NEXT4—-maximal if M € NEXT, dim(st(V,.)/M) is infinite, and for any sub- 
space W of st(V..) in NEXT4 containing M, either dim(st(V..)/W) is finite 
or dim(W/M) is finite. Then Theorem 7.46 and Theorem 7.53 show that the 


question of the existence of NEXT-maximal subspaces is oracle dependent. 


Theorem 7.55 There is a recursive oracle A and anr.e. oracle B such that 


the following hold. 
(i) NEXT4 4 DEXT4 and NEXT? 4 DEXT®. 
(ii) There are no NEXT4-mazimal subspaces of st(Vo.). 


(iii) There is a NEXT? maximal subspace W of st(Voo). 


In the same way, all the results in this paper about P* and NP* subspaces 
of tal (V,,) can be transfered to results about DEXT* and NEXT* subspaces 
of st(Voo). 
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Next we consider some results on splitting theorems for tal (V..) due to 
Bauerle. We note a result of Ash and Downey [1] that every r.e. subspace 
of V.. is the direct sum of two decidable spaces. In tal (V..) the property of 
being a direct sum of two p-time subspaces is equivalent to having a p-time 
basis. 


Theorem 7.56 (({5]) A subspace of V of tal(V,,) can be split into two 
polynomial-time subspaces if and only if V has a basis in P. 


Note that by the results on bases and subspaces of tal(V.), we immedi- 
ately get the following corollaries. 


Corollary 7.57 There is an exponential-time subspace W of tal (V..) that 
cannot be split into two polynomial time subspaces. 


Corollary 7.58 For all r.e. degrees 6 there is an r.e. subspace V of tal (Vx) 
such that deg(V) = 6, and V can be split into two polynomial-time subspaces. 


Corollary 7.59 There exists a recursive oracle A such that every NP4~ P4 
subspace V of tal(V..) can be split into two P4 vector spaces. 


Corollary 7.60 Let F be finite. There exists a recursive oracle B such that 
there is an NP? \ P® subspace V of tal(V..) that cannot be split into two 
P® vector spaces. 


Corollary 7.61 Arguments valid under relativization are not suffictent to 
show NP # P —>+ every NP-subspace of tal(V..) can be split into two p-— 
time subspaces. NP # P —> there exists an (NP \ P)-subspace of tal (V..) 
which cannot be split into two p-time subspaces. 


In fact, Bauerle identifies three types of splittings by polynomial-time 
subspaces of tal (V..). 


Definition 7.62 Let V be an r.e. vector space. 


(1) V allows a P-splitting if there exist p~time spaces Wp and W, such that 
WonW, = {0} and Wo+W, =V. We say that Wo and W, p-split V. 


(2) V allows an induced P-splitting if there exist p-time spaces Wo and W, 
such that WoW; = {0}, Wo+Wi = Vio, dim(VAW,) = dim(VNWo) = 
oo, and (WoNV)+ (Wi NV) =V. We say that Wo and W, induce a 
P-splitting of V. 
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(3) V allows an induced weak P-splitting if there exist r.e. vector spaces 
Wo and W, such that Wo and W, have bases in P, Won W, = {0}, 
Wo + Wi = Vo, dim(V NW,) = dim(V N Wo) = oo, and (WoNV) + 
(WiNV) = V. We say that Wo and W, induce a weak P-splitting of V. 


Theorem 7.63 ([5]) Let V be a subspace of tal (Vo). 
(i) If V allows a P-splitting, then V allows an induced P-splitting. 


(ii) If V allows an induced P-splitting, then V allows an induced weak 
P-splitting. 


Theorem 7.64 ([(5]) 


(i) There exists an exponential-time subspace V of tal(V..) that allows an 
induced P-splitting but no P-splitting. 


(ii) There exists an exponential-time subspace V of tal(V,.) that does not 
allow an induced weak P-splitting 


This shows that the three notions of Definition 7.62 are increasingly 
weaker. 


We end this section with some results of Bauerle [5] on subspaces and 
superspaces of (NP \ P)-subspaces of tal (V..). 


Theorem 7.65 ((5]) Every (NP \ P)-subspace V of tal(V.) has a non- 
trivial (NP \ P)-subspace W. 


Theorem 7.66 ((5]) Let V be a subspace of tal(V..) such that VE NP\P. 
If V has a non-trivial superspace in P, then V has a non-trivial superspace 
in NPNP. 


Theorem 7.67 ((5]) There exists a recursive oracle C such that there exists 
a vector space V C tal(V..) that satisfies the following properties: 


(1) VeENnPo \ PS, 
(2) V has a non-trivial superspace in NP© \ P°, 


(3) V has no non-trivial superspaces in P& 
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Theorem 7.68 ((5|) There is a recursive oracle C such that all non-trivial 
(NP° \ P©)-subspaces of tal(V..) have non-trivial superspaces in P° and 
in NPC \ PY, 


Finally, under the assumption that NP4 = co-NP4, 


Theorem 7.69 ((5]) Let A be an oracle such that (NP4 \ p4)-subspaces of 
tal (V..) exist, and such that NP4 = co-NP4. Then the following ts true. 


(1) For all (NP4 \ P4)-subspaces V of tal(V..), their standard height 
increasing basis By is in NP4 ~ PA. 


(2) For all (NP4 \ P4)-subspaces V of tal(V..), their standard height 
increasing complementary basis By and their standard complement 
(By)* are in NP4 ~\ PA, 


(3) Every (NP4 \ pP4)-subspace V of tal(Vo.) can be split into two dis- 
joint <}-incomparable (NP4 \ p4)~subspaces. 


(4) The set of <} degrees with NP4-subspaces of tal (V.) is dense. 


(5) There exists a pair V,W of (NP4 \ P4)-subspaces of tal(V.) such 
that, if U <i V and U <i.W, then U € PA.” 


(6) The set of rationals Q can be embedded in the structures of <*- 
and <!.-degrees of NP4-subspaces of tal (Vso). 


8 Polynomial-Time Boolean Algebras 


In this section, we shall survey the results of Nerode and Remmel on the 
lower semilattice of NP-ideals of a polynomial-time presentation of the free 
Boolean algebra. Again we consider two natural representations of the free 
Boolean algebra called the tally and standard representation. We start by 
describing these two representations. 


Let P({0,1)) denote the Boolean algebra of all subsets of the rational 
left-closed right-open interval [0,1) in the rational numbers Q. The Boolean 
operations of meet, join, and complementation on P([0,1)) are respectively 


Chapter 10 Complexity Theoretic Model Theory and Algebra 499 


intersection, union, and relative complement in (0,1). Let B((0,1)) be the 
subalgebra of P([0, 1)) generated by the left-closed right-open intervals of the 


form : F 

[a> &) 

Qn? Qn 
with n > 0 and 0 <i < 7 < 2". For any subset S C B([0,1)), (S)* 
denotes the subalgebra of B((0,1)) generated by S and [(S) denotes the ideal 


generated by S. Given a subalgebra D C B({0,1)), we let At(D) denote the 
set of atoms of D. 


Next we define a natural generating sequence a; , a2, ... for B([0,1)) by 
induction: 


ai ='(05,11.) 


G2n-ltm+1 = 


as=([3>5) a; = [2 ae as=([5,7)- 


Let A, = {a,,..., @n}*. Then it is not difficult to see that Ay, Az, As,... 
is a strictly increasing sequence of subalgebras such that for each n > 1, there 
is a unique atom x, € At(A,) such that an4; splits rp, i-e., @ C Ant C Ln. 
In fact, one can easily show by induction that if k is of the form 2"-! + m 
with 0 <m < 271, then 


At(Ax) = {[gr, Bt): 0<i<ambuf{[ sh, Ab)imej cr}. 


gn ? Qn gn-1 » gn-1 
Hence 
_ ¢2m wm+l 
Gkt1 = oe ae ) 
splits the atom 
= m m+1 
tk lee 7 9gn-1 ) 


of A,. It follows that A, has exactly n atoms for each n 2 1, so that A, has 
exactly 2” elements. 
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We use this generating sequence and its corresponding sequence of sub- 
algebras 
A, C Ap C Ag Cees 


to define the standard and tally representations of B([0, 1)). 


The Standard Representation of B((0,1)). 


First we describe a coding of the elements of B([0,1)) which we call the 
standard representation of B([0,1)). Our idea is to use binary numbers of 
length n to code the elements of A, \ An_; for n > 1. Formally, we de- 
fine a one-to-one correspondence 6 — ss; between Bin (w) and B({0,1)) by 
induction. 


For the base step, set 


For the induction step, assume that the correspondence bin (k) + sx has 
been defined between {bin (k) : 0 < k < 2"} and A,. We then extend our 
correspondence to A,+ as follows. Given a binary number m of length n+1, 
let m = k- 2' where k is odd, so that bin (m) = 0'~ bin (k), and let 


SpU a, if 5, N Gn41 =@ 
a = ie (8.1) 


Sk \ Gn41 if 8, D Gn4i- 


Now let At(A,) = {21,... , 2n-1, tn} where z, is the atom of A, which 
is split by an4,. Then it is easy to see that every element of Anyi \ An is 
either of the form 


Qn41 U U Lz; 
1ES 
or 
(24 Sigal ee 
ies 
for some set S C {1,... ,n—1}. Thus (8.1) defines a one-to-one correspon- 


dence between {k : 2" < k < 2"*!} and Anyi \ An- 


Indeed it is quite easy to use (8.1) to recursively construct s,. We write 
Sbin(n) for Ss, in the following. 
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Example 8.1 Suppose bin(n) = 0101101. Then s, can be constructed 
as follows. 


So = @. 


1 : 
so. = a2 = [0, 5) since a2 So = @. 


Cc 
eo 
a 
ml ow 
—* 
II 
— 
ro) 
BL oo 
— 
= 
=| 
io) 
re) 
a 
~ 
=) 
H 
i=) 
2 
UN 
Ss 


So1o1 = Soi U a4 = [0, 5) 


$01011 = $0101 \ @5 = [0, a)N [o, 5) = [F. >) since a4 © So101- 


~ 
| co 
— 
7 
oss: 
Nle 
Coy on 
—— 
Il 
— 
OO [ 
Nim 
—* 
Cc 
—_ 
Colon 
we} oo 
~~ 


$0101101 = So1011 \ 47 = [0 
since a7 C Soj011- 


It is not difficult to show that given two o and r in Bin (w) with |o| < |r], 
we can find a, and y in Bin (w) such that 
Sq = 8; US, $8 = 8 $7, B= (0 gt le Se 


in polynomial time in |r|. Furthermore, note that each of a, @ and y has 
length < 2\|r|, since each of s,, sg and s, belongs to A, if s; € An. See [54] 
for details. It follows that if we then define 


oA,T =a 
oV,T = 2 
Tg SSF 


then st(B) = (Bin(w), As, Vs, 7s) is a polynomial-time representation of 
the countable atomless Boolean algebra B((0,1)) which we call the standard 
representation of B([0,1)). 


The Tally Representation of B((0,1)). 


The tally representation tal (B) of B({0,1)) can easily be defined from the 
binary representation st(B((0,1)) to be the isomorphic image under the map 
taking bin (n) to tal (n) and is therefore a p-time structure by Lemma 3.4 in 
light of the note above. 
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Nerode and Remmel [54] studied three basic properties of ideals in recur- 
sive Boolean algebras. Here, given a Boolean algebra B = (B, Ag, VB, 7B), 
we say I C B is an ideal if Og (the zero of B) is in J, if for all z,y € J then 
zVey € B,and ifforz € and z€ Bthen zAgz € I. Then / is a mazimal 
ideal if for all z € B, either z € J or agz € I. 


Nerode and Remmel studied polynomial-time analogues of the following 
well known results on r.e. ideals in a recursive presentation of B((0,1)). 


(A) In a recursive Boolean algebra, every r.e. maximal ideal is recursive. 
(B) Every proper recursive ideal is contained in a recursive maximal ideal. 


(C) There exists an r.e. ideal of B([0,1)) which is not extendible to a re- 
cursive ideal. 


We note that (C) is equivalent to the proposition that there is an roe. 
axiomatizable theory which is not contained in any decidable theory. 


First consider (A). The fact that every r.e. maximal ideal of a recursive 
Boolean algebra is recursive is based on Kleene’s lemma that a set which is r.e. 
and co-r.e. is automatically recursive. The obvious p-time analogue of (A) 
is that every NP maximal ideal of a p-time Boolean algebra is polynomial- 
time. However in this case, it is a long standing open problem whether 
NP co-NP = P. Moreover, by well known results of Baker-Gill-Solovay [3], 
there exist recursive oracles X and Y such that NP* M co-NP* # P* and 
NPY Mco-NPY = PY, but PY # NPY. Thus it should come as no surprise that 
the analogue of (A) is oracle dependent. That is, Nerode and Remmel were 
able to modify the Baker-Gill-Solovay constructions to prove the following. 


Theorem 8.1 There exists a recursive oracle X such that there exists a 
mazimal ideal I of tal(B) such that I € NP* \ P*, 


Our next corollary immediately follows from Theorem 8.1 and Lemma 3.3. 


Corollary 8.2 There exists a recursive oracle X such that there exists a 
mazimal ideal I of st(B) such that I € NEXT* \ DEXT*. 


Theorem 8.3 There ezists a recursive oracle Y such that there exists a 
mazimal ideal J of st(B) such that J € NPX \ P%. 
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Theorem 8.4 There ezists a recursive oracle E such that P> #4 NP® and 
the following hold. 

(i) Every mazimal ideal I of tal(B) which is in NP® is in P®. 
(ii) Every mazimal ideal J of st(B) which is in NEXT® is in DEXT®. 


(iii) Every maximal ideal K of st(B) which is in NP® is in P®. 


Theorems 8.1-8.4 then yield the following results. 


Theorem 8.5 Arguments which remain valid under relativization to oracles 
do not suffice to prove any of the following. 


(i) P #NP implies that every NP mazimal ideal of tal (B) is in P. 


(ii) P 4 NP implies that there is an NP mazimal ideal of tal(B) which is 
not in P. 


(iii) P # NP implies that every NP mazimal ideal of st(B) is in P. 


(iv) P A NP implies that there is an NP mazimal ideal of st(B) which is not 
in P. 


Next we turn to the analogues of (B). In this case, Nerode and Remmel 
proved that the obvious analogues of (B) are true for both tal (B) and st(B), 
although the argument requires a great deal more care. That is, Nerode and 
Remmel [54] proved the following. 


Theorem 8.6 Every proper ideal I of st(B) which is in P can be extended 
to a mazimal ideal J of st(B) which is in P. 


Theorem 8.7 Every proper ideal I of st(B) which is in NPM co-NP can be 
ettended to a mazimal ideal J of st(B) which is in NP co-NP. 


Theorem 8.8 Every proper ideal I of st(B) which is in DEXT can be ez- 
tended to a maximal ideal J of st(B) which is in DEXT. 


Theorem 8.9 Every proper ideal I of st(B) which is in NEXT M co-NEXT 
can be extended to a maximal ideal J of st(B) which is in NEXT co-NEXT. 
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Theorem 8.10 Every proper ideal I of tal (B) which is in P can be extended 
to a mazimal ideal J of tal(B) which is in P. 


Theorem 8.11 Every proper ideal I of tal(B) which is in NPM co-NP can 
be extended to a maximal ideal J of tal(B) which is in NPM co-NP. 


Finally we turn to the analogues of (C). In this case the analogues are 
oracle dependent, despite Theorems 8.6-8.11. 


Theorem 8.12 There exists a recursive oracle A such that PA # NP4 and 


(i) every proper ideal I, of st(B) which is in NP“ is extendible to a 
maximal ideal J, of st(B) which is in NPA, 


(ii) every proper ideal I, of tal(B) which is in NPA is extendible to a 
maximal ideal Jz of tal(B) which is in NPA. 


(iii) every proper ideal Iz of st(B) which is in NEXT“ is extendible to a 
mazimal ideal J3 of st(B) which is in NEXTA. 


Proof. Homer and Maass [36] constructed a recursive oracle A such that 
p4 4 np4 but NP4 = co-Np4. Thus we can use the relativized version 
of Theorem 8.7 to prove part (i) and we can use the relativized version of 
Theorem 8.11 to prove part (ii). Finally part (iii) follows from part (i) and 
Lemma 3.3. Oo 


The proof of the other direction of the oracle dependence requires a new 
construction which is much more subtle than any of the previous theorems 
on ideals in our p-time representation of B((0,1)). The actual proofs can be 
found in [54]. 


Theorem 8.13 


(i) There exists a recursive oracle C' and an ideal J, of tal(B) which is in 
NP° and which is not contained in any mazimal ideal of tal (B) which 
is in NP®. 


(ii) There exists a recursive oracle B and an ideal Jz of st(B) which is in 
NP? and which is not contained in any mazimal ideal of st(B) which 
is in NPB. 
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Of course, we can combine Lemma 3.3 and Theorem 8.13 (i) to prove the 
following. 


Theorem 8.14 There exists a recursive oracle C and an ideal J3 of st(B) 
which is in NEXT© and which is not contained in any mazimal ideal of tal (B) 
which is in NEXT®. 


9 Conclusions and Future Directions 


In this survey, we have presented the basic definitions of complexity theoretic 
algebra and model theory and have attempted to outline the current state of 
knowledge in the field. There is a great deal more which remains to be done. 
We will just mention four possible themes for future research. 

First, we observe that the results on complexity theoretic algebra were 
limited to the study of ideals in the free Boolean algebras and subspaces of 
infinite dimensional vector spaces. There are many other algebraic structures 
that have been studied in recursive algebra, including fields, modules, subal- 
gebras of Boolean algebras, subgroups of groups, etc.. Cenzer, Downey and 
Remmel [9] have recently investigated torsion-free Abelian groups. We have 
also given complexity theoretic results in combinatorics. Other related areas 
of mathematics such as geometry and number theory should also provide 
fruitful bases for investigation. 

Second, most of our results concerned the notions of polynomial-time 
complexity, with some results given on linear time and on exponential-time 
complexity. There are many other interesting notions of complexity, includ- 
ing for example, PSPACE and LOGSPACE, which should provide both compa- 
rable and contrasting results. 

Third, we gave only a few results involving the important complexity 
hypotheses of theoretical computer science, such as whether P = NP or 
NP = PSPACE. In the complexity theory of real functions, Ko [42] has pro- 
vided many such results. For example, he gives a condition (not involving 
complexity) on a real function f showing that if P = NP and if f is a p-time 
computable function on the unit interval which satisfies this condition, then 
all roots of f are p-time computable. There should be similar results in 
complexity theoretic algebra. 

Fourth, we have only begun the study of complexity theoretic model 
theory with a few results on relational structures and with the general notion 
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of Scott sentences and categoricity. If one studies the recursive model theory 
survey by Harizanov [33], many problems suggest themselves. For example, 
the authors have recently investigated complexity theoretic versions of the 
effective completeness theorem in [17]. Decidability is also of interest in the 
study of prime and saturated models and in stability theory. 
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Chapter 11 


A Bibliography of Recursive Algebra 
and Recursive Model Theory 


I. Kalantari 


Mathematics is replete with ‘constructions’. It is natural to interpret ‘con- 
structions’ in the mathematical world by ‘constructions’ in the physical world. 
For Euclid, a construction in geometry was permissible only if it was with 
ruler and compass. The development of arithmetic, analysis and algebra es- 
tablished construction of mathematical objects through ‘computation’. 
When advanced and diverse branches of mathematics in the twentieth cen- 
tury found foundation and unification in the Cantorian school, much success 
was achieved, and so Hilbert proposed methodical lines of inquiry. However, 
this new school’s ‘nonconstructive’ methods created obstacles for full accep- 
tance. The theorems became general and the proofs elegant but often the 
mathematical objects could not be constructed in any computational sense. 


When recursive functions found its origins in the works of Gédel, Church, 
Kleene, Turing and others, and when some of Hilbert’s questions found reso- 
lution in ‘incompleteness’ and ‘undecidability’, it was natural to investigate 
the recursiveness or non-recursiveness of mathematical constructions. 


It is this spirit that gave rise to the subjects of recursive algebra and 
recursive model theory. 


Recursive algebra and recursive model theory have emerged over the last 
thirty years as lively and successful subjects pursued world-wide, largely due 
to the influence of Nerode and his school of thought and Ershov and his 
school of thought. In particular, the voluminous and novel works of Remmel 
in the West, and those of Goncharov in the East have helped establish great 
inroads in the field. A more detailed history can be found in the introductory 
section of this Handbook. Here, we leave the remaining permitted room for 
the long and self-explanatory bibliography. 
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This bibliography is a list of papers which are mostly either in recursive 
algebra or recursive model theory. Some other papers (and a few books) 
closely related (in the view of this collector) to these two subjects, such as 
those in recursive combinatorics, constructive algebra, reverse mathematics, 
recursion theory or logic in general, are also included. 


A Bibliographer’s Apology 


This list was put together with velocity, and is certain to be imperfect. To 
the reader who finds any of the blemishes, I offer apologies. It is hoped that 
an electronic and expanded version of this list will be kept and updated with 
the help of the publishing company of this Handbook: Elsevier. To repair 
any oversight committed here, corrections, suggestions and remarks should 
be e-mailed to: i-kalantari@wiu.edu. 
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Chapter 12 


A Bibliography of Recursive Analysis 
and Recursive Topology 


V. Brattka and I. Kalantari 


Introduction 


This Handbook’s focus is on recursive algebra and recursive model theory 
with a list of references of work in those areas. In this note, we present a 
brief look into recursive analysis and recursive topology, and gather refer- 
ences for the work on these subjects since Turing’s [344] original paper on 
computability of reals. 

Recursive mathematics investigates the ‘constructive’ nature of mathe- 
matical results when ‘constructive’ is interpreted via recursive function the- 
ory or Turing computability, and while the classical laws of logic are adopted 
intact. Recursive analysis focuses this approach of study to classical analysis. 

Recursive analysis begins by noting that a real x is computable (or re- 
cursive) if there is a computable (or recursive) Cauchy sequence (Tn)new of 
rational numbers which converges rapidly to x, that is |z—r,,| < 1/2" forall n. 
Clearly, there are only countably many computable reals and thus uncount- 
ably many noncomputable ones. All algebraic real numbers and well-known 
constants such as 7 and e are computable in this sense. Turing [344] gave 
an equivalent and mathematically precise definition for ‘computable reals’ 
in his famous paper “On computable numbers, ... ”. Indeed, the idea of 
a computable real was one of the basic motivations for the invention of his 
machine model of computability. Besides Cauchy sequence representation, 
there are several other representations of the real numbers (p-adic represen- 
tations, continued fraction representation, representation by nested intervals) 
which, when effectivized, all induce the same notion of computability of real 
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numbers. In his original paper, Turing used the decimal expansion represen- 
tation, but in a correction to his paper [344], he observed that the decimal 
representation is not appropriate to introduce computability of real-valued 
functions. For example, even an elementary function such as Ar f(x) = 3z is 
not computable with respect to the decimal representation. Later, Mostowski 
[268] found that the notion of a computable sequence of real numbers, also, 
depends on the chosen representation for the reals. Computable reals have 
many interesting properties which warrant pursuit of the subject; for exam- 
ple, Rice [303] proved that computable real numbers form a real algebraically 
closed field. 

In the next stage of development of recursive analysis, Grzegorczyk [119, 
121] and Lacombe [240, 241, 242] defined computability of real functions. 
Their notion can be characterized as follows: a real-valued function f is 
computable if there is a Turing machine M which transforms each Cauchy 
sequence of rational numbers rapidly converging to z into a Cauchy sequence 
of rational numbers rapidly converging to f(z). All polynomials with com- 
putable real coefficients and other well-known continuous functions, such as 
the trigonometric functions and the exponential function, are computable in 
this sense. It turns out that continuity is a necessary condition for com- 
putability of real functions and thus some classically familiar phenomena 
hold for this class of functions. However, further interest develops as some 
pathologies arise. For instance, a counterexample of Myhill [275] shows that 
the derivative of a computable function need not be computable, and one 
of Specker’s [324] (also see Lacombe [244]) shows that a computable real 
function need not attain its maximum (a computable value) at a computable 
real. It is important to note that in the Grzegorczyk/Lacombe definition, 
computable real functions are functions with domains equal to all of the re- 
als including the non-computable ones. In contrast to that, some authors 
in the ‘Russian school’ have studied computable functions whose domains 
are restricted to the computable reals. Their reports are, however, disparate 
and not over an apparent uniform platform. Recently, Kalantari and Welch 
{161, 162] have developed a setting that unifies the study and reveals many 
properties of such functions. 

With attention paid to sets of real numbers, in a series of papers, Lacombe 
[244] and Kreisel and Lacombe [199] defined what is now called a recursively 
enumerable open subset of the real numbers. An open subset A of the real 
numbers is recursively enumerable if there is a computable sequence of pairs of 
rational numbers (r;,, $n )new such that the union of the open intervals (rj, $n) 
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is equal to A. This notion fuses nicely with recursion theory and yields 
interesting results in topology and analysis. (See Kalantari [153], Kalantari 
and Remmel {156] and Spreen [327] for a sample.) 

There has been much further work on recursive analysis; see Aberth [5], 
Brattka [24, 26, 25], Caldwell and Pour-El [54], Ceitin (65, 66], Ceitin and 
Zaslavskii [69], Ge and Nerode [101, 102], Goodstein [112], Grzegorezyk [120, 
121], Hauck [123] to [137], Hertling (142, 141], Kalantari [153], Kalantari and 
Leggett [154, 155], Kalantari and Remmel [156], Kalantari and Retzlaff [157], 
Kalantari and Weitkamp (158, 159, 160], Kalantari and Welch [161] to [164], 
Ko [181, 184], Kreisel, Lacombe and Shoenfield (200], Kreitz and Weihrauch 
[205] to [208], and [361], Lachlan [238], Lacombe [240] to [247], Mazur [256], 
Metakides and Nerode [259], Metakides, Nerode and Shore [260], J. Rand 
Moschovakis [264, 265], Y. Moschovakis [266, 267], Myhill [275], Nerode and 
Huang [278], Orevkov [279] to (289], Pour-El and Richards [293] to [301], 
Rice [303], Sanin [308] to [312], Shepherdson [318], Soare [320, 321], Specker 
[323, 324, 325], Spreen [326] to [331], Troelstra [334] to [341], Weihrauch [350] 
to [359], Weihrauch and Zheng (365, 366], Zaslavskii [372], Zhong [375], and 
Zhou [378, 379]. 


We sketch some of the more recent approaches: 


The Sequence Approach 


Pour-El and Richards [301] introduced an axiomatic approach to computabil- 
ity in Banach spaces. The axiomatized notion is that of a computable se- 
quence. A subset of sequences of a Banach space is called a computability 
structure on that space if it fulfills three axioms. Roughly speaking, these 
axioms express that computable sequences are closed under linear combi- 
nations, under norm, and under limit (in a specific sense). This ‘sequence 
approach’ to computability has been inspired by the observation that a real 
function (defined on the unit interval, say) is computable in the sense of 
Grzegorczyk/Lacombe, if and only if it maps computable sequences to com- 
putable sequences and it admits a computable modulus of continuity. Pour-El 
and Richards applied their theory to L? and I? spaces, investigated com- 
putability of eigenvalues and formulated a criterion, for closed linear opera- 
tors f : X — Y and Banach spaces X,Y, which characterizes the pathology 
that ‘there is a computable point z such that f(x) is non-computable’. When 
X is separable and there exists a computable sequence (€n)ne. Whose linear 
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span is dense in X, and further (f(en))new is a computable sequence, their 
finding is: f(x) is computable for each computable point z if and only if f 
is bounded. 

There are some further results which are related to recursive functional 
analysis: Metakides, Nerode and Shore [260] have investigated the Hahn- 
Banach Theorem and Ge and Nerode [101] the Krein-Milman Theorem. In 
these papers located sets, subsets with computable distance functions, play 
a key role. Closed sets with this property have been investigated by Ge 
[100], Ge and Nerode [101] and Zhou [378]. An interesting example of use 
of located sets is in Metakides, Nerode and Shore [260]. They establish 
a recursive counterexample to the Hahn-Banach Theorem by showing that 
there is a recursively presentable Banach space B and a recursive linear 
functional A defined on a recursively presented linear subspace V of B where 
A has a recursive norm (through a recursively located kernel) but there is no 
recursively continuous linear functional on all of B which extends » and has 
the same norm as 4. 

The sequence approach of Pour-El] and Richards has been generalized to 
Fréchet spaces by Washihara and Yasugi [349] and recently to metric spaces 
by Mori, Tsujii and Yasugi [263]. 


The Filter Approach 


Kalantari and Welch [161, 162] have organized a systematic approach to 
recursive topology which uses filters as a device to define points, recur- 
sive points, functions and recursive functions for (well-behaved) topological 
spaces. In the filter approach, the objects of study are not points, they are 
‘neighborhoods’. The objects are ‘pieces’ of the space which approximate a 
location of the space as accurately as desired but not infinitely accurately. 
Their approach exposes explanation for existing phenomena on pathology of 
domains of recursive real functions while presenting new results and machin- 
ery to apply to recursive analysis. 

After finding that for interesting spaces (such as R”) the filter approach 
produces a space homeomorphic to the original space, they show that the 
computable points and the computable functions obtained are precisely the 
traditional recursive points and recursive real functions. However, they also 
find a class of functions which, while perfectly computable and therefore com- 
putably continuous, have controllably small domains by ‘avoiding’ a certain 
class of points. 
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This approach leads to application of the theory to recursive analysis. As 
a consequence, they find that the collection of classical reals divide into the 
three disjoint sets of recursive reals, avoidable reals and shadow reals. The 
recursive reals are the traditional recursive points while avoidable points 
are those which, through recursive operations can be excised from the do- 
main of a recursive function without affecting the effective continuity of the 
function. The shadow points are those which do not permit recursive ex- 
cision; they act as if they are ‘attached’ to recursive points and therefore 
remain in the domain of every recursive function. Kalantari and Welch [161] 
name recursive functions with missing points from their domains recursive 
quantum functions and find a mathematically rich structure for them. For 
example in [162], they build a computable function on [0,1], generated by a 
recursive quantum correspondence (a partial function from basic open sets 
to basic open sets with controlled properties), that is not just partial, but 
nonextendible to a computable continuous function of larger domain. This 
function is of unbounded variation and its domain, which is an open set, can 
be made as small, in Lebesgue measure, as desired. 


The Representation Approach 


Another interesting approach to recursive analysis, the so called ‘Type 2 The- 
ory of Effectivity’, has been developed by Kreitz and Weihrauch [206, 360}. 
The fundamental notion of this theory is the notion of ‘representation’. For- 
mally, a representation of a set X is a mapping from Cantor space (the space 
of all infinite sequences over a finite set) onto X, and intuitively, a representa- 
tion is a description of how to code arbitrary points of X by infinite sequences 
of symbols. Examples of representations are the Cauchy representation and 
the decimal representation of the real numbers. In this approach, it is easy 
to define computability of points, sequences, and functions for a large class of 
spaces (To spaces with countable bases). The best investigated spaces are the 
real numbers, the space of continuous functions, the hyperspace of closed sub- 
sets, L? spaces, and measure spaces [29, 357, 358, 359]. The ‘representation 
approach’ offers tools to single out well-behaved (admissible) representations 
and is a natural way to find appropriate effectivity notions for many spaces. 
Recently, Hertling {143] has shown that the real number structure is effec- 
tively categorical: up to equivalence, there is only one representation which 
makes the basic operations of the structure computable. 
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In the ‘representation approach’, classical theorems can be expressed in 
highly effective versions. For example, Kreitz and Weihrauch [208] show 
that an effective version of the Heine-Borel Theorem holds and Hertling [141] 
shows that an effective version of the Riemann Mapping Theorem holds. 

One further advantage of this approach is that it provides a direct way 
to investigate complexity in analysis. This is because representations allow 
a direct measurement of the amount of time and space that Turing machines 
use to carry out the desired computations; see Weihrauch [353], Muller {270, 
271] , Schroder [316]. The results found there are polynomially equivalent 
to the results of Ko [181] who uses Turing machines with oracles to measure 
complexity. Besides studying other topics on complexity in analysis, Ko has 
also investigated representations of real numbers from a complexity point of 
view (e.g., [179]). 

There is also a series of papers of Hauck ((123] to [133]), who indepen- 
dently developed a theory of representations for recursive analysis. 

Representation-based computability for the space of reals, and more gen- 
erally for complete separable metric spaces, can also be characterized through 
representation-free means: Brattka [24, 26] shows that, for such spaces, from 
some basic operations, and by applying certain closure schemes, (essentially) 
exactly the computable operations of Type 2 Theory can be generated. 
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